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Abstract. The Kurzweil-Henstock approach has been successful in giving an alternative
definition to the classical It0 integral, and a simpler and more direct proof of the Itd6 Formula.
The main advantage of this approach lies in its explicitness in defining the integral, thereby
reducing the technicalities of the classical stochastic calculus. In this note, we give a unified
theory of stochastic integration using the Kurzweil-Henstock approach, using the more
general martingale as the integrator. We derive Henstock’s Lemmas, absolute continuity
property of the primitive process, integrability of stochastic processes and convergence
theorems for the Kurzweil-Henstock stochastic integrals. These properties are well-known
in the classical (non-stochastic) integration theory but have not been explicitly derived in
the classical stochastic integration.
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1. INTRODUCTION

Stochastic calculus has been well developed in the study of stochastic integrals,
see [3], [8], [14], [18], [19], [20], [21], [22], [32]. In the classical theory of integration
the Riemann integral with uniform mesh is found to be deficient. In the 1950s,
J. Kurzweil and R. Henstock independently modified the Riemann integral by using
non-uniform meshes, that is, meshes that vary from point to point. It turns out that
this integral is more general than the classical Riemann integral and the Lebesgue
integral, see [4], [5], [6], [9], [10], [11].

Along this line of thought, the Henstock approach, also known as the generalized
Riemann aproach, has been used to study stochastic integrals, see [2], [7], [10], [12],
[13], [15], [16], [17], [23], [24], [25], [26], [27], [31], [33]. The advantage of the gen-
eralized Riemann approach is that it gives an explicit and intuitive definition of the
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stochastic integral using L2-convergence. Even for the stochastic integrals, it turns
out that Henstock’s definition encompasses the classical stochastic integrals, see [23],
[24], [25], [26], [27]. The Henstock approach was also used to characterize stochastic
integrable processes in [29] and an integration-by-part formula is also derived for
stochastic integrals, see [28]. The Henstock approach has also been shown to be able
to give an easier and more direct proof of the It6 Formula, see [30].

In this note, we shall establish the results of the theory of stochastic integration
using the Kurzweil-Henstock approach. We shall use an L2-martingale as the in-
tegrator in most of our discussion. The Kurzweil-Henstock approach is well-known
for its explicitness for the classical integration theory. In addition, we also estab-
lish the convergence theorems for the stochastic integrals. As Brownian motions are
special cases of L2-martingales, the results of this paper encompass It6’s stochastic
integration as well (which consider Brownian motion as the integrator).

2. SETTING AND DEFINITION OF THE INTEGRAL

Let (2, #, P) be a probability space, and {.%,} an increasing family of o-subfields
of Z for t € [a,b], that is, %, C &%, for a < r < s < b with %, = %#. The probability
space together with its family of increasing o-subfields is called a standard filtering
space and denoted by (Q, #,{F#:}, P).

A process {p(t,w): t € [a,b]} on (Q,.F, P) is a family of #-measurable functions
(which are called random variables) on (€2,.%, P). We also denote the process ¢(t,w)
by @i (w).

The process {p¢(w): ¢ € [a,b]} is said to be adapted to the filtering {.%;} if for
each t € [a,b], ; is F-measurable. In this paper, we shall fix the standard filtering
space (Q,.7,{%#}, P) and simplify it to the process ¢ being adapted.

Definition 1. A measurable process X = {X (¢,w), t € [a, b]} defined on [a, ] is
called a martingale if
(i) X is adapted to the filtration, that is, X; is .#;-measurable for each ¢ € [a, b];
(ii) [ |X¢|dP < oo for almost all ¢ € [a, b]; and
(i) B(X¢|%s) = X, for allt > s.

For a given random variable ¢ on (Q2,.%, P), let E(p) denote its expectation in
the probability space, that is,
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and let us use the notation E(X;|.%,) to denote the conditional expectation of X
given %, which is defined as the .Z;-measurable random variable such that

/E(Xt|ﬁs)dP:/Xth
A A

for each A € .%,. By the Radon-Nikodym Theorem, E(X;|.%;) exists and is well-
defined.

Remark la. As an easy consequence of (iii) of Definition 1 and the definition of
conditional expectation, for all ¢ # s we have
(a) B(X,) = B(X,);
(b) BE(X; — X,|%,) =0; and
(c) if 0 is a random variable that is .7,-measurable, then

B(O(X, — X,)|Z,) = 0B(X; — X,| 7).

It is also clear that for any random variable ¢,
(@) E(¢) = E(B(pl2.)).

A martingale X is said to be an L?-martingale if, in addition to satisfying the
conditions (i), (ii) and (iii) above, we also have

sup /|Xt|2dP<oo.
tefa,b] JQ

In this note, the integrator we shall be considering is an L2-martingale. We shall
also assume that the integrator is cadlag, that is, it has sample paths which are right-
continuous with left limits. Throughout our discussion, we fix an L2-martingale as
the integrator and denote it by X. All stochastic integrals are taken with respect to
the integrator.

Definition 2. For any L?-martingale X, there exists an increasing adapted
stochastic process (X ) such that X?—(X) is also an L2-martingale. This process (X)
is called the quadratic variation process associated with the martingale X.

The proof of existence of the quadratic variation process for an L?-martingale can
be found in classical textbooks, for example, see [35, pp. 212-213, Proposition 11.20].
It is also shown in [3] that the process (X) is an adapted cadlag process provided
the L?-martingale is cadlag.

For each (c,d] C [a,b], we denote the measure induced by the quadratic variation
process by

pxle,d] = E((X)a — (X)e).
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Definition 3. Let § be a positive function on [a,b]. A finite collection D of
interval-point pairs {((&;, v:],&:): i =1,2,3,...,n} is a §-fine belated partial division
of [a,b] if

(i) (&,v,7=1,2,3,...n, are disjoint left-open subintervals of [a, b]; and
(ii) each [¢;,v;] is d-fine belated, that is, [&;, v;] C [&, & + (&)

Given n > 0, the partial division D is said to fail to cover [a,b] by at most px-

measure 7 if

pxla, bl — ZMX[&,W] <
i=1

In this note, for each positive function § on [a,b] and each positive constant 7
we shall always assume that there exists a J-fine belated partial division of [a, b]
which fails to cover [a,b] by at most px-measure n (see for example [12, p. 52]).
As a special case, if X is the classical Brownian motion, then (X); = t (see for
example [34, p. 288], and [1]), hence px is the Lebesgue measure.

Definition 4. An adapted process f = {f:: t € [a,b]} is said to be Kurzweil-
Henstock stochastic integrable on [a, b] (with respect to X) if there exists an A €
L?(2) such that for any € > 0 there exists a positive function ¢ on [a, b] and a positive
number 7 > 0 such that for any J-fine belated partial division D = {((&;, v;],&): i =
1,2,3,...,n} of [a,b] which fails to cover [a, b] by at most 1, we have

n 2
E(fo7[Xv7 _Xfi] _A> Se.
i=1

Definition 4a. In Definition 4, if X is replaced by a classical Brownian motion,
then the process f is said to be It6-Henstock integrable to A (see [2]).

Proposition 5. If an adapted process f is Kurzweil-Henstock stochastic inte-
grable, then the integral of f is unique up to a set of P-measure zero.

The proof of Proposition 5 follows easily from definition, hence it is omitted.
Subsequently, in view of the above uniqueness proposition, we shall denote the
integral of the adapted process f with respect to the L?-martingale X by the symbol

b
/ f, dX..

Example 6. Let h:  — R be a bounded random variable on (9, #, P), that
is, there exists M > 0 such that |h(w)] < M for all w € Q. Let s € [a,b] be
fixed and let h be .#;-measurable. Suppose ¢ = s implies fi(w) = h(w) for all
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w € Q; and suppose t # s implies fi(w) = 0 for all w € Q. Then f is Kurzweil-
Henstock stochastic integrable to zero on [a,b]. We remark that this function f is
also stochastic integrable to 0 under the classical setting (see for example [2]).

Proof. For any € > 0 there exists a positive function ¢ on [a,b] such that
whenever ((§,v],€) is d-fine, we have
0< E({X)o = {X)e) < 373
This is possible since (X); is right-continuous, hence E(X); is right-continuous by
Dominated Convergence Theorem for integration with respect to measures. Consider
any d-fine belated partial division D = {((§;,v;],&;)}jL; of [a,b]. Assume that s = ¢;
for some j; otherwise, it is trivial since f¢; =0 for all j =1,2,3,...,m. Thus,

E(Z(f& [ij - XEJ‘] - 0))2 = E(fS[XUj - Xij])Q

< M?E(X,, — X,)? = M?E((X)., — (X)s)

() ==
The above inequality holds for any J-fine belated partial division of [a,b]. Hence,
f is Kurzweil-Henstock stochastic integrable to zero on [a, b]. O

Notation. We shall use the symbol S(f, D, d,n) to denote the Riemann sum
n
Z f§i (XUL - Xﬁz)
i=1

where D = {((&,vi],&): i =1,2,3,...,n} is a d-fine belated partial division which
covers [a, b] except for a set of px-measure not exceeding 7.

Proposition 7 (Cauchy Criterion). Let f be an adapted process on [a,b]. Then
f is Kurzweil-Henstock stochastic integrable on [a,b] if and only if for each € > 0
there exist a positive function § on [a, b] and a positive constant 1) such that whenever
Dy = {((&,vi], &)}y and D2 = {((n;,t;],m;)}72, are two d-fine belated partial
divisions of [a, b] failing to cover [a,b] by at most 1, we have
2
) < e.

gl
The proof of Cauchy Criterion is analogous to the classical case for Henstock

Zf& (qu - X§7) - Z fnj (th - XWJ')
i=1 =1

(nonstochastic) integral (see [9]), hence it is omitted here.
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Theorem 8. Let f be an adapted process on [a,b]. Then f is Kurzweil-Henstock
stochastic integrable on [a,b] if and only if there exist A € L*(Q), a decreasing
sequence of {6,(€)} of positive functions defined on [a, b], and a decreasing sequence
of positive numbers {n,} such that whenever D,, is a d,,-fine belated partial division
of [a, ] that fails to cover it by at most px-measure 1, we have

lim E(|S(f, Dny6n,nn) — AJ?) = 0.
n—oo
Furthermore,

b
A= / £, dX,.

Theorem 8 provides an alternative definition of the Kurzweil-Henstock stochastic
integral using limits of sequences of Riemann sums. This was first used in [30] for
Henstock’s Ito integral and [25] for Multiple Wiener integral, where the integrators
are Brownian motion. The proof is similar to the two cases with obvious modifica-
tions, hence we omit the proof here.

2. NON-STOCHASTIC PROPERTIES

We shall use the term “non-stochastic properties” to refer to the properties of the
integral which can be established using the standard approach of Kurzweil-Henstock
(non-stochastic) integration, without using the results on probability. The term
“stochastic properties” will be used to refer to those properties that can only be
established using the properties of probability, and which are not generally shared
with classical Kurzweil-Henstock (non-stochastic) integration theory. In this section
we shall state without proving some basic non-stochastic properties of the integral.
These non-stochastic properties can be derived easily using the non-uniform Riemann
approach (see, for example, [9] for the details of the various proofs).

Proposition 9. Let f and g be adapted processes on [a,b] which are Kurzweil-
Henstock stochastic integrable on [a, b], and let « € R. Then both f + g and af are
Kurzweil-Henstock stochastic integrable on [a, b], and furthermore,

Q) [2+g0dX, = [0 fdX, + [P g dX,
(ii) f: af dX; = Oéf: frdX.

Proposition 10. Let f be Kurzweil-Henstock stochastic integrable on [a, c] and
[c,b]. Then f is Kurzweil-Henstock stochastic integrable on [a,b]; further,

b c b
/ftdxtzf ftdxt+/ £, dX..

834



Proposition 11. If f is Kurzweil-Henstock stochastic integrable on |a,b], then
f is integrable on any subinterval [c,d] of |a, b].

Henstock’s Lemma is a crucial result of classical (nonstochastic) integration theory.
The proof of Lemma 12 is parallel to that for classical integrals, hence the proof is
omitted.

Lemma 12 (Henstock’s Lemma). Let f be Kurzweil-Henstock stochastic inte-
grable on [a,b] and let F(u,v) = (X HS) [ fidX, for any (u,v] C [a,b]. Then

for each € > 0 there exists a positive function d on [a,b] such that whenever
D = {((&,vi], &)} is a d-fine belated partial division of [a, b], we have

In Definition 4, the Riemann sum Y fe, (X,, — X,,) over almost the entire interval

Z(f§7 (quz - X&:) - F(gi,vi))

i=1

[a,b] was used as an “approximation” of A with a small “accumulated error” from
the classical integration theory. In Lemma 12 (Henstock’s Lemma), the “absolute

error” fe,(Xo, — Xu,) — F(&,v;) is small over any subinterval of [a,b]. Henstock’s
Lemma asserts that these two are equivalent.

3. STOCHASTIC PROPERTIES AND ISOMETRIC EQUALITY

In this section we derive the stochastic properties of the Kurzweil-Henstock
stochastic integral and the isometric equality. Throughout this section, we let the
integrator X be an L?-martingale.

For a stochastic process Y on [a,b] and for a given subinterval J = (u,v] C [a, b]
we let Y (J) denote the random variable Y, —Y,, throughout our discussion from this

section onwards.

Lemma 13. Let f be Kurzweil-Henstock stochastic integrable on [a,b] and let
F(I) = [, fedX,, where I is a left-open subinterval of [a,b]. Let J and K be two
disjoint left-open subintervals of [a,b]. Then

() B(F(T)) = 0;
(ii) F has the orthogonal increment property, that is, E(F(J)F(K)) = 0;
(i) B(X(J)F(K)) = 0;
(iv) E(F(a,t)|-%#s) = F(a,s) if s < t; and
(v) E((fe, X (J) = F(J))(fe, X (K)— F(K))) = 0, where &; is the left-end point of .J
and &; the left-end point of K.
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Proof. By using the properties listed in Remark la, we have
E(fe(Xy — X¢) = E(E(fe(Xy — X¢)[Fe))

E(feBE(Xy — Xl F))
E(fe-0) =0.

Hence, E(S(f,D,d,n)) = 0. By Theorem 8, we obtain E(F(J)) = 0, completing the
proof of (i).

To prove (ii) and (iii), suppose that (&;,v;] and (&;,v;] are disjoint. Without loss
of genereality, we may assume that v; < §;. Then

E(fe,[Xv, — Xe, ) fe; [ Xo; — Xgj]) = B(BE((fe,[Xv, — X1 fe; [ Xo;, — Xe; DI Fe,))
= BE(fe,[ X, — X&) fe, E([ X0, — X¢;1|F¢;)) =0,

noting that the last step follows since fe, (X, — X¢,) is F¢;-measurable. Let D(J)
and D(K) denote the partial divisions of J and K respectively. Then, for any d,
and 7,, and any two disjoint intervals J and K of [a, b],

E(S(f, D(J),0n:10)S(f, D(K), 0n, 1)) = 0.
Further, by Theorem 8, choose {4, } and {n,} such that

nllngo E(S(f, D(J);0n,mm) — F(‘])|2) =0

and
then

E(F(J)F(K)) = Y}LH;OE(S(ﬁD(J)v5n777n)‘8(f7D(K)a5n777n)) =0.
Similarly,

BX(I)F(K)) = Tim B(X(J)S(f, D(K),6n,10)) =0,

thereby completing the proofs of (ii) and (iii).
To prove (iv), let s < ¢. First note that

E(G¢|%5) = G,
where

n
Gy = Zm(Xv,;At - Xu,;/\t)
i=1
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and each 7; is #,,-measurable while u A ¢ is the minimum of u and ¢. Thus

( (va 577 |ﬂ Zf& vAs T u/\s)-

Hence we have
E(F(a,b)|.,) = F(a,5).

Similarly,
E(F(a,t)|.Zs) = F(a,s).

By (iii) and (iv), we get (v), completing the proof. O

Lemma 14. Let f be Kurzweil-Henstock stochastic integrable on [a,b] and let
F(u,v) = (#HS) f frdX:. Let D = {((&,vi], &)}~ be a d-fine belated partial
division of [a,b]. Then

n
g
i=1

Z fEa‘, (XUi - X&:)

g
i=1

Proof. To prove (i), note that

E(Z f&: [XUi - X&:])Q
= B{Y (feu X, = Xe)) + 3 (feu S, [Xo, — Xe (X0, — X))}
i i#£j

= DB a0~ Xe ) = B(X 22.((X), ~ (X)e)

thereby completing the proof of (i).

2) = E[gfi«X}w = <X>§i)},
2) _ E(ilfgi(Xvi ~ Xe,) —F(fi,vi)|2>,

X'Ui - XEL) - F(fivvi)

The proof of (ii) follows immediately from Part (v) of Lemma 13. O

Lemma 15 (Henstock’s Lemma—Strong Version). Let f be Kurzweil-Henstock
stochastic integrable on [a,b] and let F(u,v) = [’ f,dX, for any (u,v] C [a,b).
Then for every € > 0 there exists a positive function 0 on [a,b] such that whenever
D = {((&,vi], &)} is a d-fine belated partial division of [a,b] we have

E(Z |fe. (X0, — Xe,) — F(fz‘,vi)IQ) <e.
=1

Proof.  This is an immediate consequence of Part (v) of Lemma 13 and
Lemma 14. g
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Note that Lemmas 12 and 15 are different as in the former, the expression involves
the expected value of the square of the sum while in the latter it is the expected value
of the sum of squares. We are able to switch the order of squaring and summation by
virtue of the stochastic properties; in the general integration theory, the switching
of order of the two operations is not true in general.

Definition 16. Let f be an adapted process on [a,b]. Then f is said to be (X)-
integrable to A € L?(Q2) on [a, b] if for each ¢ > 0 there exist a positive function &
on [a,b] and a positive constant 7 such that whenever D = {((¢,v],£)} is a o-fine
belated partial division of [a, b] failing to cover [a,b] by at most ux-measure 1, we
have

B(|(D)Y fel(X)v — (X)) - 4]) <=

We denote A by fab frd{X):. We shall also denote the above Riemann-Stieltjes
sum 3 (D) fe((X)o — (X)¢) by S(f, D, 6,7).

Note that if X is a classical Brownian motion, the above Riemann-Stieltjes sum
is the usual Riemann sum, which defines the McShane integral (which is equivalent
to the Lebesgue integral).

Remark. The corresponding result of Theorem 8 also holds for f € .#2, that
is, an adapted process f on [a,b] is jx-integrable to A € L? on [a,b] if and only if
there exist a positive sequence of functions d,, on [a,b] and a positive sequence of
constants 7, such that whenever D,, is a d,,-fine belated partial division of [a, b] that
fails to cover [a, b] by at most px-measure 7, we have

lim E(|S(f% D,dn,m) — A|) = 0.

n—oo

The technique of the proof of the above is similar to that for Theorem 8, which was
quoted from [30]. Hence we omit the proof here.

Theorem 17 (Isometric Equality). Let f be Kurzweil-Henstock stochastic inte-
grable on [a,b] and f € £?. Then

([ ) ()

We remark that the integral on the left in the above equation is the Kurzweil-
Henstock stochastic integral while that on the right in the above equation is the
usual Henstock-Stieltjes integral.
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Proof. By Theorem 8 and the remark preceding Theorem 17, there ex-
ist a decreasing sequence {J,} of positive functions on [a,b] and a decreasing se-
quence 7, of positive numbers such that for any J,-fine belated partial division
D, = {(({i(n), vgn)], fi(n))}fg) that fails to cover [a,b] by at most px-measure 7, we

have , )
and ,

lim E<‘§(f2,Dn,5n,nn) —/ fEA(X); > =0.
Then

lim E(|S(f, D, 6n,10)[?)

2
)

n—oo

p(n) 2
= lim E( fg(n)(Xv(n) — Xg("”))

i=1

= lim E(S(f%, Dn,0pn,1m)) = E(/b fEd<X>t),

n— oo

which completes the proof. O

Theorem 18. Let f and g be Kurzweil-Henstock stochastic integrable on [a, b].
Then

@) E(f: frdX;) =0;
n n
(i) E(X f; fi dXt)2 = > E( gv fi dXt)2 for any finite collection {(&;,v;]}?, of
i=1 i=1
disjoint subintervals of [a, b]; and

(iii) E((fab fedXy) (fab g:dXy)) = E(fab ftge d(X);) if f and g are also in £2.

Proof. The results (i) and (ii) follow from Lemma 13 by taking limits. For
a proof of (iii), it is instructional for the reader to go through the proof of Theorem 17
with the obvious modifications. O

Theorem 19. Let f be Kurzweil-Henstock stochastic integrable on any subinter-
val [a,b] of [0,00) and let Fy = [ fydX;. Then the stochastic process {Fy: s > 0}
is an L?-martingale with respect to the natural filtration.

Proof. This result follows from (iv) of Lemma 13. d
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4. ABSOLUTE CONTINUITY PROPERTY

In this section we shall discuss the relation between the stochastic analogue of
absolute continuity and the Kurzweil-Henstock stochastic integral. As in the previous
section, we fix the integrator X as an L?-martingale.

Definition 20. Let F' be a stochastic process on [a, b]. Then F is said to have the
ACx-property if for each € > 0 there exists > 0 such that whenever D = {[u,v]}
is a partial division of [a,b] with ux (U[ui, vz]) < n, we have

D

2
)ée.

B((0)| (5 - )

It follows from the martingale property that
pox (Ul vi]) = B((D) Y- (XD, = (X)ui)))-
D i

Lemma 21. Let f be Kurzweil-Henstock stochastic integrable on [a,b]. Given
e > 0, there exist a positive function ¢ on [a,b] and a positive number 7 such that

B(|0) 3 felx, - xd]) <2

for any d-fine belated partial division D = {((&,v],&)} which fails to cover [a,b] by
px-measure at most 1.

Proof. Given ¢ > 0, there exist a positive function ¢ on [a,b] and a positive
number 1 such that for any J-fine belated division Dy that fails to cover [a, b] by at

2
) <

Let D = {((§,v],&)} be a o-fine belated partial division of [a, b] such that

most 7, we have

= ™

E(‘(DO)ng[XU — X¢] — /ab frdX,

B((D) Y ((X), — (X)) <n.

Construct a 0-fine belated partial division D; of [a, ] that fails to cover [a,b] by
at most 7 and is disjoint from D, such that D U D; is also a d-fine belated partial

2
) <

division of [a, b] failing to cover [a, b] by at most 7. Hence

E(‘(DUDl)ng[XU — X¢] —/abftht

= M
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Consequently,

B(j0) Y felx. - xd[ ) = E\(D UD) Y fel Xy — X~ /ab frdX,

b
+/)ﬂ¢&—%Dﬂ§:kH¢—Xd

1)
)

thereby completing the proof. O

b
< 2E< (DUD) Y fel Xy — Xe] —/ frdX,

b
/ fedXy — (D1) ) fel Xy — X

€ €
<2-+42-=¢g,
1 + 1 €

+2E<

Theorem 22. Let f be Kurzweil-Henstock stochastic integrable on [a,b]. Let
®(u) = [ fdX;. Then ® has the ACx property.

Proof. Lete > 0begiven. By Lemma 21 there exist n and a positive function §
on [a,b] such that whenever D1 = {((§,v],£)} is a d-fine belated partial division of
[a,b] with E((D1) > ((X)v — (X)e)) < n we have

E(‘(Dl) S felX, - Xg]f) <e.

Let {(a;,b;]}X, be a finite collection of disjoint subintervals from [a, b], where

E(fj«xni - (X)) <

i=1

Then f is Kurzweil-Henstock stochastic integrable on each [a;, b;], i =1,2,3,..., N.
On each [a;, b;] there exist a positive function ¢; and a positive number 7); such that

2
€
)<
whenever D; = {((&,v],£)} is a d;-fine belated partial division of [a;, b;] which fails to
cover [a;,b;] by at most 7;, and it is clear that > n; < n. We may assume that

N
3:(&) < 6(¢) for each i = 1,2,...,N. Now D = |J D, is a d-fine belated partial
i=1

E(‘(Di)ng[Xv — X¢] /ab frdX;

division of [a, b] with
B((UD:) (%) = (X)0)) < B3 (X0, — (X)) <.

841



so that we have

2
)éa.

(o)

Consequently,

E( Z/ab frdX,

)

2> < 2E< Z{/ab fed Xy — (D) Y felXo — XE]}
v2m(|3 00 Y fex - xd|)

<2 ;\/E(

VE
<2{Z? + 2¢ < 4e,

i=1

2

2
) + 2¢

b;
[ fiaxe— D) Y selx, - x4

showing that & possesses the AC'x property, thereby completing our proof. O

Theorem 23. Let f and F' be stochastic processes on [a,b]. Then f is Kurzweil-
Henstock stochastic integrable on [a,b] with F(u,v) = [ f; dX, if and only if F' has
the ACx property and for every € > 0 there exists a positive function § on [a, b] such
that whenever D = {((&,vi], &)}, is a d-fine belated partial division of |a,b], we
have

B30 06 - Xe) - s, m))Q <e

i=1

Proof. Sufficiency is guaranteed by Theorem 22 and Lemma 15. We just
need to prove the converse. Given € > 0, choose a positive 7 such that whenever
{(ui, v;]}7, is a finite collection of subintervals of [a, b] with

E(é«xm - X0.) <
E< 2> <e.

Choose a d-fine partial division D = {((&,v],€)} of [a,b] such that it fails to cover
[a, b] by at most 17 > 0. Then the measure of the part of [a, b] not covered by D is at

we have
m

ZF(ui, ’Ui)

i=1
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most 7. Denote this finite collection of subintervals as {(s;, #;]}},. Hence
2 2
E(|(D)Y fe(Xo = X&) = Fla,b)| ) < 2B(|(D) Yo (fe(Xo = Xe) = Fig,v))|)
N
Z F(S’ia tt)

2
) < 2e + 2¢ = 4e,
i=1

+2E<

showing that f is Kurzweil-Henstock stochastic integrable to F'(a,b) on [a,b]. Sim-
ilarly, we can show that f is Kurzweil-Henstock stochastic integrable to F(a,v) on
[a,v] for any v € [a, b], hence completing the proof. O

5. INTEGRABLE FUNCTIONS

In this section we shall prove that if f € #? is jux-measurable, then f is Kurzweil-
Henstock stochastic integrable.

We use the same setting throughout: fix (Q,.%,{%#}, P) to be the standard fil-
tering space as in the previous sections. An adapted process f on [a,b] is said to be
a simple step process on [a,b] if f can be written as

fi(w) = ap(w 1{a} + Zaz 1(u,,v, t),

where each «; is a .#,,-measurable bounded random variable for each i = 1,2,..., n;
the random variable «y is .#,-measurable. Let {(u;,v;]}?; be a finite collection of
disjoint left-open subintervals of [a, b] with |(u;, v;] = (a,b].

Lemma 24. Let f be a simple step process as given above. Then f is integrable

b n
/ frdX; = Zai(Xw - Xui)
@ i=1

E(/:ftht>2 = E(/abffdo()t).

Proof. We only need to consider the adapted simple step process

and we have

and

Ji = aolyay(t) +arl(qy(t),

where |ap(w)| < M and |ai(w)| < M for all w € . By Example 6, we may assume
that ap =0, i.e. fi = a1l(a(t).
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Let ¢ be a positive function on [a, b]. For any subinterval (u,v], define
F(u,v] = a1 (Xpaw — Xanw)-
Let D = {((&,v],£)} be a é-fine belated partial division of [a,b]. Then
(D) Z(fE(Xv - X¢) — (X, — X¢)) =0.

Further, it is clear that a4 (X, — X¢) possesses the ACx property. By Theorem 23,
we get the required result. O

Theorem 25. Let f € £? be pux-measurable. Then f is Kurzweil-Henstock
stochastic integrable on |a, b].

Proof. According to the classical theory of integration with respect to mea-
sures, there exists a sequence { f (”)} of simple step processes such that

5(/ U gy (X)) =0

as n — o0o. Hence .
B( [ - sy acon) o

as n,m — oQ.

On the other hand,

5(/ 1 gy dxt)Q —5(/ g gy X)),

Thus there exists A € L%(2) such that

b 2
E(/ ft")dXt—A) ~0

as n — co. We claim that f is Kurzweil-Henstock stochastic integrable to A.
Let € > 0. Then there exists a positive integer n such that

b 2
E(/ ft(”)dXt—A> <e

E( / - f)2d<X>t> <e.

and
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Let n be fixed and let (™ be denoted by ¢ in the following formulas:
E(|S(faDa5777)_A|2)<4E(|S( 7D577) (97D75,ﬂ)|2)

b
+4E<‘ (9,D,d0,7n) — /gtht
a

)

2
+ 4E( grd Xy — ) ;
and
E(|S(f,D,(S,77) - S(gva(san)F) = E(|S((f - g)QaDaévn)D
Therefore, f is Kurzweil-Henstock stochastic integrable to A on [a, b]. O

6. CONVERGENCE THEOREMS

It was shown in [2], [23], [24], [25] that the Kurzweil-Henstock stochastic integral
encompasses the classical Ité integral. The techniques of proofs use implicitly some
form of convergence theorems.

In this section we shall establish three convergence theorems for the Kurzweil-
Henstock stochastic integrals. The integrator X in this section is restricted to the
classical Brownian motion.

From the previous section, any process A on [a,b] can be treated as a random
variable defined on all left-open intervals by letting A[u,v] denote A, — A, for any
subinterval [u,v] of [a, b].

Definition 26 (Mean convergence). Let A and A n=1,2,3,..., bestochastic
processes on [a,b]. Then A is said to converge in mean to A if given & > 0 there
exists a positive integer IV such that for any finite collection of disjoint intervals
{[wi,vi]: i=1,2,3,...,¢q} we have

q 2
E(Z{A(n) (ui,vi) — A(ui,vi)}> g [
i=1
for alln > N.

Theorem 27 (Mean Convergence Theorem). Let f") n=1,2,..., beasequence
of Ité-Henstock integrable processes (see Definition 4a) on [a,b] and let f be an
adapted process such that

1. for almost all t € [a,b], E (ft(n) — f1)? = 0 asn — oo;

(f (f) — flm)y, dXt)2 — 0 asn,m — oo.
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Then f is It6-Henstock integrable on [a,b] and
b 2
([ - maxf o
a

We shall skip the proof of Theorem 27 which was extensively used (and proved)

as n — oQ.

in [2], [23], [24], [25] to show the scope of Henstock’s approach. As a natural corollary
of the Mean Convergence Theorem, we have the Uniform Convergence Theorem for
the Kurzweil-Henstock stochastic integral:

Corollary 28 (Uniform Convergence Theorem). Let f™ n=1,2,..., be a se-
quence of Ité6-Henstock stochastic integrable processes on [a, b] and let f be a stochas-
tic process on [a,b] adapted to the standard filtering space such that

1. E(ft") — f+)? — 0 uniformly as n — oo;

2. E(f:(f(") — fm), dXt)2 — 0 asn,m — oo.

Then f is It6-Henstock integrable on [a,b] with

b 2
o[- o] o

Note that the Uniform Convergence Theorem is a direct consequence of the Mean

as n — oQ.

Convergence Theorem, where the choice of n is independent of the value of ¢ € [a, b
as in the proof of the Mean Convergence Theorem (see [2], [23], [24], [25]). Finally,
we state and prove the Dominated Convergence Theorem for the Kurzweil-Henstock
stochastic integral.

Theorem 29 (Dominated Convergence Theorem). Let f(™, n = 1,2,3,..., be
a sequence of Ito-Henstock integrable processes (see Definition 4a) on [a,b]. Let f
and g be stochastic processes on [a,b] having the following properties:
(i) E( t(") - ft)2 — 0 asn — oo for almost all t € [a, b];
(i) |fi(w)| < gi(w) for almost all w € Q and almost all t € [a,b]; and Elg?] is
Lebesgue integrable over [a, b].
Then f is It6-Henstock integrable on [a,b]. Furthermore,

E</b(f<n>—f)det> -0

as n — oQ.
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Proof. By the Isometric Equality (Theorem 17), E| ft(n)2] is Lebesgue integrable
on [a, b]. By the Dominated Convergence Theorem for the classical Lebesgue integral,
E|[f?] is integrable on [a,b] and (L) f: E[ft(n) — fiJ?dt — 0 as n — oo. Hence, we
have that (L) ff E| t(") — t(m)]2 dt — 0 as m,n — oco. Applying Theorem 17 again,

2
E( / (g, dXt> —0

as n,m — oo. Finally, the result is obtained by applying the Mean Convergence
Theorem to {f(™}. O

7. CONCLUSION

This note is an extension of our earlier papers where we attempted to show that
the Kurzweil-Henstock approach could be used to study stochastic integrals. In this
note, we have used the Kurzweil-Henstock approach to provide a unified theory of
stochastic integration theory. Using this approach, some useful results of classical
(non-stochastic) integration theory can be shown to be satisfied by the stochastic
integral. These results include Henstock’s Lemmas, the absolute continuity of the

primitive and convergence theorems.
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