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Abstract. We consider the weighted space W1(2)([R, q) of Sobolev type

W R, q) = {y € ARLR): Iy lz, @) + Nlaylz, ) < oo}
and the equation
(1) —y"(2) +q(x)y(z) = f(z), z€R.

Here f € L1(R) and 0 < g € LS(R).
We prove the following:

1) The problems of embedding WI(Q)([R7 q) — Li(R) and of correct solvability of (1) in
L1 (R) are equivalent;

2) an embedding W1(2)(IR7 q) — L1(R) exists if and only if

z+a
Ja > 0: inf q(t)dt > 0.

z€R Jy—qa
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1. INTRODUCTION

In the present paper, we consider the weighted functional space W1(2)([R,q) of
Sobolev type (see [5]):

2 1
(1.1) WP (R, q) = {y € AC(R): 19" |1y + llayll 2, wy < 00}
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and the Sturm-Louiville equation
(1.2) —y"(2) +q(@)y(z) = f(x), zeR.

Here f € L1 (L1(R) := L, || fllz, == IIfll1), AC’(l)([R) is the set of functions abso-

loc
lutely continuous together with their first derivative on any finite interval, and

(1.3) 0 < g€ LY(R).

Our general goal is to reveal the relationship between the problem of the existence
of an embedding Wl(z)([R, q) — L1 (see [5]) and the problem of correct solvability of
the equation (1.2) in the space L; (see [2]). To be more precise, let us introduce the
following definitions.

Definition 1.1 [5]. We say that the space WI(Q)(R,q) is embedded into the
space Ly (and write Wl(z)([R, q) — L) if W1(2)([R7 q) € Ly and

(1.4) Iyl < e{lly"ll + layli}, Yy € W (R, q).

Our general convention is to denote by the letter ¢ absolute positive constants
which are not essential for exposition and may differ even within a single chain of
calculations.

Definition 1.2. By a solution of (1.2) we mean any function y € AC(I)([R)

loc
satisfying the equation (1.2) almost everywhere in R.

Definition 1.3. The equation (1.2) is called correctly solvable in the space L;
if the following assertions hold:
I) for any function f € L; there exists a unique solution of (1.2) y € Lq;
IT) for the solution of (1.2) y € Ly we have the inequality

(1.5) lylls <ellflli, Vfe L.
We can now formulate our main results.

Theorem 1.4. An embedding Wl(z)([R, q) — L exists if and only if the equation
(1.2) is correctly solvable in the space L.
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Corollary 1.5. An embedding Wl(z)([R, q) — L1 exists if and only if

xz+a
(1.6) da > 0: inf / q(t)dt > 0.

TR —a

In connection with this corollary, note that under the restrictions (1.3), the con-
dition (1.6) is a minimal requirement guaranteeing the embedding Wl(Q)([R,q) —
L,(R), p € (1,00). This assertion will be proved in a forthcoming paper.

Corollary 1.6. Denote
(1.7) 2 ={yeLi:yeACL)(R), —y" +qy € L1}.

loc

Then under the condition (1.6) we have the equality
7 =W (R, q).

In the monograph [5], a well-known handbook on the theory of weighted Sobolev
spaces, conditions for the embedding of such spaces into the spaces Ly, p € [1, 0],
are expressed in terms different from (1.6). Therefore, to complete the picture,
we reformulate Corollary 1.5 using the language adopted in [5]. Towards this end,
suppose that in addition to (1.3) the following requirement holds:

(1.8) /1’ q(t)ydt > 0, /OO q(t)dt > 0, Vr € R

— 00

(see [1], [2]). We now fix € R and consider the equation in d > 0:

(1.9) d/erdq(t) dt = 2.
x—d

It is known (see [1]) that under the conditions (1.3) and (1.8), (1.9) has a unique
finite positive solution. Denote it by d(x), € R. The function d was introduced by
M. Otelbaev (see [5]). Note that the function

¢@)=d @), ceR
is the Steklov average with step d(z) of the function ¢(t), t € R at the point t = x

(see (1.9)): i)
)= L[

In [2] it is shown that the condition (1.6) holds if and only if we have (1.8) and ¢ > 0
where

*:.f * .
@ ;requ(x)

Together with Corollary 1.5, this implies the following assertion.
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Corollary 1.7. There exists an embedding WI(Q)([R, q) — Ly if and only if the
condition (1.8) and the inequality ¢} > 0 hold.

Example. It is known (see [2]) that if
(1.10) q(x) = 14 cos(|z]?), 6>0, z €R,

then the equation (1.2) is correctly solvable in L; if and only if 8 > 1. Therefore for
(1.10), Theorem 1.4 implies that W1(2)([R, q) — L; only for 6 > 1.

2. PRELIMNARIES

Lemma 2.1 [1]. Suppose that (1.3) and (2.1) hold:

(2.1) /1’ q(t)dt > 0, /OO q(t)dt >0, VxeR.

— 00

Then there exists a fundamental system of solutions (FSS) {u,v} of the equation
(2.2) 2'(x) = q(z)z(x), z€R

which has the following properties:

(2.3) uw(x) >0, wv(x)>0, u(z)<0, v (z)>0, VreR,
(2.4) V(@)u(x) —d (z)v(z) =1, z€R,
(2.5) T

Throughout the sequel we reserve the symbol {u,v} for denoting a FSS of (2.2)
with the properties (2.3)—(2.5).
Let us introduce the Green function corresponding to (1.2)

u(x)v(t), =1t
(2.6) G(a:,t)z{ (@)(t) <y

Lemma 2.2 [1]. Suppose that (1.3) and (2.1) hold. Then

(2.7) supT(z) <1, T(x)= /00 q@t)G(z,t)dt, zeR.

z€eR — 0o
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Lemma 2.3 [1]. Suppose that (1.3) and (2.1) hold. Then (2.2) has no solutions
z € Ly except for z = 0.

Theorem 2.4 [2]. Under the condition (1.3), the equation (1.2) is correctly
solvable in Ly if and only if (1.6) holds.

Theorem 2.5 [3]. Suppose that (1.3) and (2.1) hold. Then the equation (1.2) is
correctly solvable in Li if and only if the Green operator G: Ly — L1 is bounded.
Here

(2.8) (Gﬂ@%:[%G@¢V@ML sER, Vi€l

If, in addition, ||G|l1=1 < oo, then the solution y € Ly of (1.2) is of the form
y=Gf.

Theorem 2.6 [3]. Suppose that (1.1) is correctly solvable in Ly. Then its solution
y € L, satisfies the inequality

(2.9) 1”1l + llaylle < 31f1lx-

Remark 2.7. The inequality (2.9) was stated as a conjecture by R. Oinarov (see
[5, p- 259]) and proved in [4] under the requirement ¢ > 1, in addition to (1.3). See
[1], [6], [7] for various generalizations of this result from [4]. Theorem 2.6 provides
another assumption for a version of (2.9) to hold, which is especially adjusted to our
terminology. See §3 for the proof of Theorem 2.6. In connection with inequalities of
type (2.9), see also the papers [8], [9].

3. PROOFS

Lemma 3.1. Suppose that (1.3) holds and Wl(Q)([R,q) — Ly. Then (2.1) also
holds.

Proof. Assume the contrary, say

/wqu—o

Zo
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for some zy € R. Let ¢ be such that ¢ € C*(R), supp ¢ = [x9,0), 0 < ¢ < 1 for
z € Rand p(z) =1 for z > 29 + 1. Clearly, ¢ € AC(I)([R) and

loc

| taewiar= [~ awende=o

—0o0 zo

[e%e] xo+1
0</ |ga”(t)|dt:/ " (1) dt = ¢ < .

—0o0 0

Hence ¢ € Wl(z)([R, q) and since W1(2)([R7 q) — Lj, we have
(o] oo oo oo
oo [Tl [ lawelarf > [ ewlas [ ta-x.
—o00 —00 —00 zo+1
a contradiction. O
Lemma 3.2. Suppose that (1.3) and (2.1) hold. Set y = Gf where f € Ly

(see (2.8)). Then y is a solution of (1.2) which satisfies (2.9). In particular, y €
WP (R, q).

Proof. Lemma 2.1 implies the inequalities

/x v@®1fO]dE < v(@)[| f, /OOU(t)If(t)IdtSU(J?)IIfIIu zeR.

— 00

Hence the function y(z) = (Gf)(z), = € R, is well-defined. Since

B ¥ =GN =) [ w00+ [ uor ser,
from (3.1) and Lemma 2.1 we immediately obtain
V@) =) [ i@ [Cunsa ser,

y'(@) = a()yle) - f(z), zER.
Hence y € AC’I(;C) (R). Further, by Fubini’s theorem and (2.7), we have
62 o= [ @) / " G ) f(t)dt] da < / @) / " Gl 0)| (1) dt da
- /m |f<t>|</°° 4(2)G(z, 1) dx> dt < /°° F@)dt = £

— 00 — 00 — 00

From (3.2), (1.1) and the triangle inequality, we obtain (2.9), and hence y €
Wi (R, q). O
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Proof of Theorem 2.6.  Since the equation (1.1) is correctly solvable in L,
y = Gf is a unique solution of (1.1) from the class L; (see Theorems 2.4 and 2.5).
It remains to refer to Lemma 3.2. (I

Proof of Theorem 1.4. Necessity. Suppose that Wl(z)([R, q) — L. Since (2.1)
holds due to Lemma 3.1, and Gf € Wl(z)([R, q) for f € Ly due to Lemma 3.2, then
by (1.4) and (2.9) we have

G flln < c{IGH I+ lgG I} < ellflli. V€ L.

Thus the operator G: L; — Lj is bounded, and by Theorem 2.5 the equation (1.1)
is correctly solvable in L;. (Il

Proof of Theorem 1.4. Sufficiency. Suppose that the equation (1.1) is correctly
solvable in L; and g € Wl(z)([R, q). Then from the triangle inequality it follows that
f(g) € Ly where f(y) = —y" + qy. Denote by y the solution of the equation (1.1)
with f = f(g) from the class L. It is easy to see that the function z = y — g is
a solution of (2.2), and by (2.9) and (1.1) we have

(3:3) ezl < llgyllx + Mgzl < 3@ + gzl < 3015711 + 4llgglly < oo.
Since z is a solution of (2.2), it is of the form
(3.4) z(x) = cqu(x) + cav(x)

(c1, co are arbitrary constants). Let us show that ¢; = co = 0. Assume the contrary,
say, co # 0. From (2.5) it follows that there is 2y > 1 such that for all x > z we
have the estimates

(35)  |2(2)| = |eru(@) + c2v()] 2|czh(x)[1——‘§§ ZE;;} S lel o,

Note that from Theorem 2.4 and (1.6) it follows that
0 o
(3.6) ‘/q@&z/qwﬁzm
—oo 0
Therefore by (3.3), (3.4), (3.5), (3.6) and (2.3), we have
o> [ alwla [ awioiaz 2 o a

2
—00 To 2 xo

> ) [Caar=,

4]
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a contradiction. Hence ¢y = 0, and, similarly, ¢; = 0. Thus § = y € L; and therefore
by (1.5), we have

~ ~ ~ ~ ~ ~ ~ 2
131 = Iyl < el f@lh = el = 37 +ailh < {1771 + laglh}, Vi e WP (R, q).

O
Proof of Corollary 1.5. It follows from Theorems 1.4 and 2.4. U

Proof of Corollary 1.6. By Theorem 2.4, the equation (1.2) is correctly solvable
in L1. Let y € D. Then y € L; and f € Ly where f = —y"” + qy. Hence y"” € L1,
qy € Ly (see (2.9)), and therefore y € Wl(z)([R,q), ie., D C Wl(z)([R,q). Conversely,
let y € Wl(Q)([R7 q). Since Wl(Q)([R, q) — L1, due to Theorem 1.4, we have y € Ly, i.e.,
y € D, and therefore Wl(z)([R, q) C D. Thus D = WI(Q)([R, q). O
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