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Abstract. For the general modulo ¢ > 3 and a general multiplicative character y mod-
ulo ¢, the upper bound estimate of |S(m,n, 1, x, ¢)| is a very complex and difficult problem.
In most cases, the Weil type bound for |S(m,n, 1, x,q)| is valid, but there are some coun-
terexamples. Although the value distribution of |S(m, n, 1, x, ¢)| is very complicated, it also
exhibits many good distribution properties in some number theory problems. The main pur-
pose of this paper is using the estimate for k-th Kloosterman sums and analytic method to
study the asymptotic properties of the mean square value of Dirichlet L-functions weighted
by Kloosterman sums, and give an interesting mean value formula for it, which extends
the result in reference of W.Zhang, Y.Yi, X.He: On the 2k-th power mean of Dirichlet
L-functions with the weight of general Kloosterman sums, Journal of Number Theory, 84
(2000), 199-213.

Keywords: general k-th Kloosterman sum, Dirichlet L-function, the mean square value,
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1. INTRODUCTION

Let ¢ > 2 be an integer and x a Dirichlet character modulo ¢. Then for any given
integers m and n, we define the general k-th Kloosterman sum S(m,n,k,x;q) as
follows:

ma® + nﬁ)
p 5

S(m. .k xia) = x(a)e(

where @ denotes the solution b of the congruence equation ab =1 (mod ¢). That is,
b is the inverse of @ modulo ¢, and e(y) = e?™¥.
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The upper bound estimation of S(m,n, 1, x; ¢) has been studied by many authors.
For example, A. Weil’s important work [10] gave the upper bound estimate

=

SIS
|

|S(m7na 17X07p)| < p (man7p)' ’
where p is a prime, (m,n,p) denotes the greatest common divisor of m, n and p, xo
denotes the principal character mod p.

H. Salié and others proved a similar estimate for the prime power case. T.Ester-

mann [7] gave the general conclusion:

N
N

|S(man7laX07q)| g d(Q)q (m7naQ) )

where d(q) denotes the Dirichlet divisor function.
The upper bound estimate

(1.1) 1S(m,n,1,x;p)| < (m,n,p)zps+e

is due principally to A. Weil’s classical work [10], related results can also be found in
S.Chowla [2] and A. V. Malyshev [9].

For the general modulo ¢ > 3 and a general multiplicative character y modulo g,
the upper bound estimate of [S(m,n, 1, x, ¢)| is a very complex and difficult problem,
see Lemma 12.2 and Lemma 12.3 in the book of H.Iwaniec and E.Kowalski [8]. In
most cases, the Weil type bound for |S(m,n,1,x,q)| is valid, but there are some
counterexamples, see Example 5.1 in T.Cochrane and Z.Zheng’s paper [4], other
related results can also be found in [3], [5], and [6].

Although the value distribution of |S(m,n,1,x,¢)| is very complicated, it also
presents many good distribution properties in some number theory problems. For
example, Zhang Wenpeng, Yi Yuan and He Xiali [11] proved the asymptotic formula

2
Z |S(m,n, 1aX;q)|2|L(1,X)|2 — % @2((])1_[ (1 _ ]%) + O(q:s/QJrg)7

X7#X0 plg

where || denotes the product over all prime divisors of ¢, € denotes any fixed positive

plg
number.

This paper is inspired by [11]. We use the mean value theorem for Dirichlet L-
functions and the analytic method to study the asymptotic properties of the mean
value

S 18(myn kX3 )2 - (LX),
XF#Xo0
and give a sharper asymptotic formula for it. That is, we shall prove the following:
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Theorem 1. Let p be an odd prime, k > 2 any fixed positive integer with k | p—1.
Then for any integers r, m, n with (mn,p) = 1, we have the asymptotic formula

00
d%(n _
Z |S(m7n; k7X7p)|2 . |L(1,X)|27" :p2 Z % 4 O(p2 1/k+e)7
x mod p el
X7#X0

where d,.(n) denotes the general Dirichlet divisor function, defined by the coefficients

of ("(s) = ild,«(n)/ns with s > 1.

x(n)e(mn*/q), we can also
1

For the general k-th Gauss sums G(x, m, k;q) =

q
n=

get the following similar conclusion:

Theorem 2. Let p be an odd prime, k > 2 any fixed positive integer with k | p—1.
Then for any integers r, m with (m,p) = 1, we have the asymptotic formula

r > d(n B A
> 1Gem k) B =S T o,
n=1

x mod p =
XFX0

From our theorems we may immediately deduce the following two corollaries:

Corollary 1. Let p be an odd prime, k > 2 any fixed positive integer with k | p—1.
Then for any integers m, n with (mn,p) = 1, we have the asymptotic formulae
2

0 > 180min,kxip) P LX) = T 97+ 074 );
D S Gem k)l L) = g PP 4 O/,

Corollary 2. Let p be an odd prime, k > 2 any fixed positive integer with k | p—1.
Then for any integers m,n with (mn,p) = 1, we have the asymptotic formulae

(©) > 1S(man b oxsp)P - LA, x)|* = 57—1124 p? + O(p* FE);
o
(i) > 1G0Gm ks p)P - |L(1L x| = 57—];1 p? 4+ O(p* ).
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2. SOME LEMMAS

In order to complete the proof of our theorems, we need the following several
lemmas.

Lemma 1. Let p be an odd prime, k any fixed positive integer with k | p — 1.
Then for any integers m and n, we have the estimate

P
S(manvkaXO;p) = Ze(

a=1

k ak
TR ) < k- (m,n,p)?p? .
p
Proof. Let x; be a character of order k mod p, that is, x} = xo with k the
smallest possible, let xo be the principal character mod p. Then from the properties
of characters mod p and the estimate (1.1) we have

p—1

_ ma + na
Stmon. ko xoip) = Y20+ xa(@) 4 (@) + - a@)e ()
a=1
U ma + na
=> " xi(a) ( ) < k- (m,n,p)7p?*e.
r=0a=1 p
This proves Lemma 1. O

Lemma 2. Let p be an odd prime, let x be the Dirichlet character modulo p.
Then we have the estimate

DI XML, | =0
r=1

XFXo

(»'*),

where xo denotes the principal character modulo p, and € > 0 denotes any fixed
positive number.

Proof. See Lemma 5 of [11]. O

Lemma 3. Let p be an odd prime, let k be any fixed positive integer with
k| p—1, and let xo denote the principal character modulo p. Then for any fixed
positive integer r, we have the asymptotic formula

r_ P — d; (n - 1/k+e
> LX) =2 )y
k n2

XFXo n=1
x(P=1/k=xq

where ¢ denotes any fixed positive number.
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Proof. Let A(y,x) = Y. x(n)d.(n), then from the definition of Dirichlet
N<n<y
L-functions and Abel’s identity (see Theorem 4.2 of [1]) we have

8 e Z o), [" A0
1<§NX (ZN ML) ([ A0 g, )

Let g be a primitive root of modp. Taking N = p? , note that for any integer
1<s<k—1,if g*®D/* = r(s) mod p with 1 < r(s) < p—1, then 7*(s) = 1 mod p,
S0 r( ) > pl/k and r(s) > p'/*, where r(s)r(s) = 1 mod p, and from the orthogonality
of the characters we have

2
G Y |y ke PR DL 0]

- ¥

n
XF#X0 1<n<N x mod p 1<n<N
xP=1/k =y xP=1/k=x
dr(m)d,(n)
= €
>y HEW s )+ 06)
1<mN 1<nEN x mod p
xP=1/k=xq
k—1

—_

p— d.(m)d,.(n R
Sy Yy o
s 1<m<N 1<n<N
mn=gs(P—1)/k mod p

k—1
p—1 dr(m)d,(n dr(m)d,(n
_ (Z WO SR S S UAD) I
1<mEN 1<n<N s=1 1<m<N 1<n<N
mn=1 mod p mn=gs(®—-1)/k mod p

= B (n i, m)d,(n
S Aoty ¥ 3 S o)
K 1<nN
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From Lemma 4 of [11] we know that
(14) DA )P < y? R
XFX0

Then applying the Cauchy inequality and (1.4) we can deduce that

o L[ ) s

X#X0
xP=1/k=xq

and

(1.6) ‘/ y’ ‘ < p°.

X?ﬁXo
xP—1/k=xq

Now combining (1.2), (1.3), (1.5) and (1.6) we may immediately deduce the asymp-
totic formula

Z |L |2r _ B i dz (n 1 1/k+5)
XFX k n=1 n? .
o =
x(P=1/k =y,

This proves Lemma 3. 0

3. PROOF OF THE THEOREMS

In this section, we shall complete the proof of our theorems. First we prove
Theorem 1. From the properties of the Dirichlet characters modp we have

(1.7) D 1S(mun b, xsp) P [L(L X))
XF#X0
BB (k= s (rk —3)n 9
=33 (! ) 3 xR
r=1s=1 XFX0
p—1p—1 k
(rF —)ym 4+ 357 — 1)n
ST e(E ) S amE
r=1s=1 X#X0
p—1
=olp) >, D XML X))
r=1  x#xo
rk=1 mod p
p—1 p—l k (ke <k (7
sP(r® =1 m+3s"(r" - 1)n -
¥ (TS 2Dy Sy 10
r=1 s=1 b XF#X0
(rk—1,p)=1
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Using (7), Lemma 1, Lemma 2 and Lemma 3 we get

> S(mn, x, p)PILA X =ke(p) > LX)

X#X0 X#X0
x(P=1D/k=x,
p—1
1 1
D VTR D SRR}
r=1 XFX0
(r*—1,p)=1
2 - d3(n) 2-1/k = 2
A - SRR ET V) Sl D SRYCIZ RV
n=1 r=2" x#x0
oo oo
d?(n _ d?(n _
=" Tn(z )1 o1y £ o) = p2 Tn(z )1 oyt
n=1 n=1
This proves Theorem 1. O
Using the method of proving Theorem 1 we can also deduce Theorem 2. This
completes the proof of our theorems. O
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