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Abstract. In this paper, we are concerned with the existence of one-signed solutions of
four-point boundary value problems

—u” 4+ Mu=rg(t)f(u), u0)=u(e), u(l)=u(l-ce)
and
W Mu = rg()f (), u(0) = u(e), u(1)=u(l—e),

where e € (0,1/2), M € (0, 00) is a constant and r > 0 is a parameter, g € C([0, 1], (0, +00)),
f € C(R,R) with sf(s) > 0 for s # 0. The proof of the main results is based upon
bifurcation techniques.
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1. INTRODUCTION

In the past few years, the existence and multiplicity of positive solutions of non-
linear second-order Neumann problems

(1.1) u' +ou+ f(t,u) =0, te(0,1),
(1.2) u'(0) =/ (1) =0,
where ¢ is a constant with ¢ € (—o0,0) U (0,7%/4), has been studied by several

authors, see Jiang and Liu [3], Sun, Li and Cheng [10]-[11]. The main tool used in
[3], [10], [11] is the fixed point theorem in cones [2].

Supported by the NSFC (No. 11061030), the Fundamental Research Funds for the Gansu
Universities.
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Let € € (0,1/2) be given. Let us consider the existence of one-signed solutions of
the nonlinear four-point boundary value problems

(1.3) —u" + Mu=rg(t)f(u), te(0,1)
and
(1.4) '+ Mu=rg(t)f(u), te(0,1),

subject to the boundary conditions
(1.5) u(0) =u(e), u(l)=wu(l-—e),

where r > 0 is a parameter, g and f satisfy
(H1) g € C([0,1], (0, +00));

(H2) f € C(R,R) with sf(s) > 0 for s # 0;
(H3) there exist fo, foo € (0,00) such that

Obviously, if u € C[0, 1] satisfies (1.5), then by Rolle’s mean value theorem, there
exist £ € (0,¢) and n € (1 —&,1) such that
u'(§) =u'(n) = 0.
Letting € — 0, then £ — 0 and n — 1, and accordingly, (1.5) reduces to the Neumann
boundary conditions (1.2).
The purpose of this paper is to prove the existence of positive solutions of (1.3)

and (1.4) subject to the boundary conditions (1.5). By applying the well-known
Rabinowitz’s global bifurcation theorem [8], we will prove the following

Theorem 1.1. Let M € (0,00) be given and (H1)-(H3) hold. Let A\ be the
principal eigenvalue of the linear problem

(1.6) —u" + Mu=N(t)u, te(0,1), u(0)=ule), u(l)=u(l-e).
Assume that either
A1 AL
1.7 — < r< —
( ) foo fO
or
A A
1.8 —<r<—.
( ) fO foo

Then (1.3), (1.5) has two solutions u* and u~ with u™(t) > 0 on [0,1] and u™(t) < 0
on [0,1].
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Theorem 1.2. Let M € (0,72/4] be given and (H1)—(H3) hold. Let T be the
principal eigenvalue of the linear problem

(1.9) u' + Mu=rT1g(t)u, te(0,1), w(0) = ule), wu(l)=u(l-—e).

Assume that either

T1 T1
(1.10 — <r<—=
) foo fO
or
T1 T1
(1.11 —<r< —_=—.
) fO foo

Then (1.4), (1.5) has two solutions u* and u~ with u™(t) > 0 on [0,1] and u~(t) < 0
on [0, 1].

Remark 1.1. Conditions (1.7) and (1.8) are sharp to guarantee the existence of
one-signed solutions. This can be seen from the following example
(1.12) —u"+ Mu=1-1-(A\ —)u, u(0)=u(e), u(l) =u(l—e¢),
where \; is the principle eigenvalue of the linear problem
—u" 4+ Mu=Xu, u(0)=u(e), ul) =u(l—e¢),
and can be explicitly given by
A= M.

Take g(t) = 1 and f(u) = (\; — o)u. Then fo = fo = (M — o) and (1.7), (1.8) do
not hold. Though o is allowed to approach to 0, (1.12) has no nontrivial solutions

any more.

Remark 1.2. Miciano and Shivaji [7] studied the multiplicity of positive solutions
of the Neumann problem

u + Af(u) =0, te(0,1),
u'(0) =4/(1) =0
by the method of time map estimation. For other results on the existence of posi-
tive solutions of singular nonlinear Neumann problems, see Rachunkova, Stanék and

Tvrdy [9], Sun, Cho and O’Regan [12], Chu, Sun and Chen [1], Li [5], and Li and
Jiang [4].
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The rest of this paper is organized as follows: In Section 2 and 3, we construct
the Green functions of linear problems

(1.13) —u" 4+ Mu=0, te(0,1), u(0)=u(e), ul)=u(l—e)
and
(1.14) u'+Mu=0,te(0,1), u(0)=u(e), ul) =u(l—-e¢),

respectively. Moreover, we study the properties of these Green’s functions and in-
vestigate the principal eigenvalues of the associated linear eigenvalue problem (1.6)
and (1.9). Section 4 is devoted to prove our main results via Rabinowitz’s global
bifurcation theorem.

2. GREEN’S FUNCTION OF (1.13)

In this section, we assume that
(H4) € € (0,1/2) and M € (0,00).
Let m = /M, then (H4) implies that m > 0.
Let 11 be the unique solution of the initial value problem

(2.1) { = (t) + My (t) =0, te(0,1],

¥1(0) =0, ¢1(0)=1.

Let ¢1 be the unique solution of the initial value problem

(2 2) { _Solll(t) + Mpy (t) =0, te [Oa 1)7
' ©1(1) =0, ¢,(1)=-1.
Then
(2.3) Pi(t) = %(emt —e ™), telo,1],
(2.4) o1 (t) = %(emﬂfﬂ —e =) e o,1],

and it is easy to check that t1(¢) > 0 on (0,1] and ¢1(t) > 0 on [0,1). Moreover,
11 is strictly increasing and convex on [0, 1], o1 is strictly decreasing and convex on
[0,1].
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Lemma 2.1. Let (H4) hold. Then for each h € C[0,1], the linear problem
(2.5) —u"(t) + Mu(t) = h(t), te€(0,1), u(0)=u(e), u(l)=u(l—c¢)
is equivalent to the integral equation

1
(2.6) u(t) = / Ki(t,)h(s)ds, ¢ € [0,1],
0
where

Ki(ts) = Ga(t.s) + Gl(g,s)w(l —e)i(t) + (D) (W1 (1) — 1 (1 —¢))

01
R EE UL GATC)
1 [ i(s)pi(t), 0<s<t<l,
(2.7) Gi(t,s) = A, {wl(t)@l(5)7 0<t<s<l,
(2.8) YL )1 (t) — 1(t)ei(t) = 1(0) >0,
2.9) = 11 —¢) —1(1))(p1(e) = 91(0)) = 1(e)r (L —€) > 0.

Moreover, if h(t) > 0 and h(t) # 0 on [0, 1], then the function u defined by (2.6)
satisfies u(t) > 0, t € [0,1].

Proof. Firstly, we show that the unique solution of (2.5) can be represented
by (2.6). In fact, it follows from (2.3), (2.4) and (2.8) that the equation

—u"(t) + Mu(t) =0, te]l0,1]

has two independent solutions 7 and ¢i. Now, by the method of variation of
constants, we may assume that

(2.10) u(t) = C1(t)r(t) + Co(t)pr (1), t € [0,1],

and therefore

(2.11)

It follows from (2.11) that

Ci(t) =

—h(t)e:(t) Ch(t) = h(t)(t)
() () —a () (1) 2 1Be1(t) — ()i ()’
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thus,

e an=cm+ [ A cn=co+ [ Aieas

where A; is defined as in (2.8).
Now, it follows from (2.10) and (2.12) that

/wl $)ds + Ga(0 /w1 e

Let A1 = Cl( ) 1= CQ( ) then

(2.13) / G1(t,s)h(s)ds + A1 (t) + Brp1(t), te€]0,1],

where G is defined as in (2.7). This together with (2.3) and (2.4) implies that

(2'14) { U’EO) = fo Gl (0, S)h(S) ds + Alwl (0) + Bl<p1 (0) = Bl@l (O),

e) = [y Gi(e, 9)h(s) ds + A1 (€) + Bigi ()
and

(2.15) { 1) = fol G1(1,5)h(s)ds + A1 (1) + Bipi (1) = Ay (1),
. u(l—e)= fol G1(1 —¢g,8)h(s)ds + A1 (1 — &) + Brpi (1 — ¢).

Combining (2.14), (2.15) with (1.5), it concludes that

(2.16) A (e) + Bi(e1(e) — 1(0) = — [ Gi(e, 9)h(s) ds,
' A1 (1 =€) = 1(1) + Bipr(1 —€) = — [ G1(1 — &, 5)h(s) ds.

Let Cy := — fol Gi(e,s)h(s)ds, Cy := — fol G1(1 —&,5)h(s)ds. Then (2.16) yields

B Cip1(1 =€) — Ca(pi(e) — ¢1(0))
@I A= e -0 — (= 2) — (D) (ei(e) — 21 (0)’

Coi(e) = Ci(a(1 —e) = (1))
Y1(e)p1(l —e) = (¥1(1 — &) — 1(1))(e1(e) — 1(0))

Thus, the function u can be rewritten as

/ G1(t,s)h(s)ds + Crpn(1 —¢) __C(Z(‘Pl(g) —¢1(0))

(2.18) B =

Y1 (t)

L Getn(e) — i1 — ) — (1))
—01

$1 (t)a
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where
o1 = (W11 =¢) =1 (1))(p1(e) = ¢1(0)) = Yu(e)pr (1 —¢)
is defined as in (2.9).
We claim that g1 > 0. In fact, it follows from (2.3) and (2.4) that

1 1

(2.19) o1 = (—)2[(em — oMy = (em1=8) _ gmm-e)y2 (_)2(em5 M2,

2m
The properties of the function v, imply that

2m

e — e — gm1=e) 4 gmm(l=e) 4 gme _ gmme 5
and so we need only to prove that
e —e M — emllze) L gmmllme) _gme 4 omme 5 ),
Let f(t) = e™ —e ™! Then
') =me™ +e ™) >0 on0,1].
Moreover, it follows from the facts
f(0)y=0, f'(t)>0, tel0,1]
that f(t) > 0 for ¢ € (0, 1], and therefore
() =m2(e™ —e ™) =m2f(t) >0 te(0,1].
Consequently, f is strictly increasing and convex on [0, 1]. Hence
f() = f1 =) > f(e) = £(0),
ie.
e —e ™ — gm(1=8) 4 gmm(l=e) _ gme 4 gmme 5 ),
Thus, it follows from (2.19) that g; > 0.
By simple computations, we get

(2.20) / Ga(t, s) ds+/ MGl(e,s)h(s)ds

01

/ (p1(0) — ‘ p1(E)¥i(t) o Gi(1 — ¢, 5)h(s) ds
0 1
+ /01 pr®)(W1() =il =) 0 on(s) ds

01

+ /1 £1OV1E) 1 2 sy(s) ds.
0

01
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It follows from (2.20) that (2.5) holds with K(¢,s) given by

o1(1 = e)r1(t) + 1 (t)(P1(1) — 1 (1 —¢))
01
(1(0) = ¢1(£)) ¥ (t) + 1 (t)dha ()

01

Ki(t,s) = G1(t, s) + G1(g, s)

+Gi(1—¢,9)

Next, we check that the function defined by (2.6) is a solution of (2.5). From
(2.20) we know that

(221) = A0 [ e s+ 2uto [ lnts) as
-H/Jl(t)/o %Gl(e,s)h(s)ds
+ 1 (t )/1MG1(1—6,s)h(s)ds
/ hud “’1 1=9) (e, 5)h(s) ds
/ B9 Gy (1 e, s)h(s) ds,
A0 [Cnms s 3wt [ eion)as
+A—<P1()¢1() (1) - Allsm()wl() ()

+¢’1/(t)/0 %Gl(ﬁ,s)h(s)ds
+ (¢ )/ MG (1—¢,9)h(s)ds

+ @y (t / At 1/11 1-¢) Gi(g, s)h(s)ds

/ D) Gy (1~ e, s)h(s) ds.

Hence (2.20) together with (2.21) imply that

= Mu = 3O Oh(E) — 3OV O = 3 (~A0)h() = ~h()

- —u"(t) + Mu(t) = h(t), te€]0,1].
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Finally, we will show that the boundary conditions (1.5) can also be satisfied. It
follows from (2.20) that

Ci(p1(1 —¢) =1 (1)) — Corhi(e)

u(0) = 1(0),
01
/ Gi(e, ) ds+02(301(6)—801((;))—01801(1—5) ()
1
(1/11(1 — 6) 1Z)l(]-)) — C21l)1(5) 901(6)'
01
By routine computations, we can show that u(e) — u(0) = 0, i.e.
u(e) = u(0)
Similarly, we can prove that u(1 —¢) = u(1). O

Lemma 2.2. Let (H4) hold. Then the Green function K, defined as in Lemma 2.1
satisfies

(i) K1: [0,1] x [0,1] — [0,400) is continuous;
(ii) K1(t,s) > 0 for each (t,s) € (0,1) x (0, 1).

Proof. It follows from (2.7)—(2.9) that (i) and (ii) hold. O

Define a cone
(2.22) P:={uecC[0,1]: u(t) >0, te0,1]},

and a linear operator Ly: C|0, 1] — C]0,1],
(2.23) Llu / K1 t, S ( )d te [0, 1].

Lemma 2.3. Let (H1) and (H4) hold. Then
(a) L1: C[0,1] — C0,1] is a completely continuous linear operator;
(b) Li(P\0) C int P;
(¢) 7(L1) # 0, and there exists e; € C[0,1] with e; > 0 on [0,1] such that Lie; =
r(L1)e1. Moreover, A\; := (r(L1))~! is the principal eigenvalue of (1.6).

Proof. By the standard argument, we can prove (a).
To prove (c), by the well-known Krein-Rutman Theorem [2, Theorem 19.2 and
19.3], it is enough to show that (b) is true.
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For y € (P \ 0), there exist top € (0,1) and ¢ € (0, min{tg, 1 —¢o}) such that
y(t) >0, te (to—é,to—l—é).

Thus, it follows from Lemma 2.2 that

to+0

w0 = [ Kiagra@ueds> [ Kty ds> 0. te0.1)

which implies that Ly € int P. O

3. GREEN’S FUNCTION OF (1.14)
In this section, we assume that
(H5) € € (0,1/2) and M € (0,72 /4].

Let m = v/ M, then (H5) implies that m > 0.
Let 15 be the unique solution of the initial value problem

(3.1) { 5(t) + Mapa(t) =0, te(0,1],

¥2(0) =0, 1y(0) = 1.

Let @2 be the unique solution of the initial value problem

(3.2) {%0'2'(15)+Ms02(t) =0, telo,1),

pa(1) =0, ¢5(1) = —1.

Then it is easy to check that
(3.3) Yo (t) = L t (t) = . (1-1t), telo,1]
. in in -
2 _sinmt, @2 - sinm , , 1],

and t2(t) > 0 on (0,1], ¢2(t) > 0 on [0,1). Moreover, 19 is strictly increasing and
concave on [0, 1], ¢s is strictly decreasing and concave on [0, 1].

Lemma 3.1. Let (H5) hold. Then for each h € C[0,1], the linear problem
(3.4) u’(t) + Mu(t) = h(t), te(0,1), u(0)=u(e), u(l)=u(l—ce)
is equivalent to the integral equation

1
(3.5) u(t) = / Ky(t,s)h(s)ds, te]0,1],
0

602



where

Kaltos) — — Ga(tos) + Gale,s) P21 2(t) + ea()(¥a(1) = (1 = )

02
LGyl e, )20 <f’2(€))1/;z (1) + ea(t)a(e)
2(s)pa(t), < t <1,
(3.6) Gz(t,s)zi{w( pa(t) ) -

Moreover, if h(t) > 0 and h(t) # 0 on [0, 1], then the function u defined by (3.5)
satisfies u(t) > 0, t € [0,1].

Proof. Firstly, we show that the unique solution of (3.4) can be represented
by (3.5). In fact, it follows from (3.3) and (3.7) that the equation

u’(t) + Mu(t) =0, te]l0,1]

has two independent solutions s and ¢s2. Now, by the method of variation of
constants, we may assume that

(3.9) u(t) = D1(t)2(t) + D2(t)p2(t), te€[0,1],

and therefore

(3.10)

Then (3.10) yields

o h(t)e2(t) iy —h(t)2(t)

D)= 500 - 040 7Y B0w - w040
thus,
(3.11) Dl(t):Dl(l)—/ sOQA(;)h(s)ds, Dg(t)—Dg(O)—/Ot wi(j)h(s)ds,

where Aj is defined as in (3.7).
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Now (3.9) together with (3.11) imply that

/1/)2 )pa(s 5)ds + Daf /1/)2 )ipa(t

Let A2 = Dl(].), BQ = DQ(O), then

(3.12) / Ga(t, s)h(s) ds + Atz (t) + Bawa(t),

where G is defined as in (3.6). It follows from (3.3) and (3.12) that

(3.13) { u(0) = — [iy Ga(0,8)h(s) ds + Az1h(0) + Baw2(0) = Baga(0),
' u E = — fO GQ )h(S) ds + Agwg(f) + BQQOQ(E)
and
(3.14) u(l) = — fo G2(1,8)h(s) ds + Aath2(1) + Bawa(1) = Aatha(1),
' (1—5 —fo G2(1 —¢€,8)h(s)ds 4+ Aath2(1 — &) + Bapa(1 —¢).

Then (3.13), (3.14) together with (1.5) imply that

(3.15) {@%@+&wmwww»<ﬁ@@me&
. Az(P2(1 —€) —1h2(1)) + Bapa(1 —¢) = fol Gy(1 =€, s)h(s)ds.

Let

D, ::/0 Ga(e,s)h(s)ds, Dy ::/0 Ga2(1 —¢€,5)h(s)d

Then we know from (3.15) that

) Diga(l — <) — Dala(e) — 2(0))

(B16) A= e S (= 2) = s () (72&) = 2 0))
san B Daths(€) = Datha(1 = 2) — (1))

' Pa(e)pa(l —e) — (P2(1 — &) — ¥2(1))(w2(e) — w2(0))

Therefore, u can be rewritten as

__/%Mmmwm+DWﬂ—ﬂ—%@w%ww»

o Data(e) = Di(Wa(l —¢) — ¥2(1))
02

P2 (t)a
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where
02 = ¥a2(g)p2(1 —€) — (Y21 — ) — ¥2(1))(p2(e) — ¥2(0))

is defined as in (3.8).
We claim that g2 > 0. It follows from (3.3) that

(3.18) 2 = (%)Q[Sin me +sinm(1l — ¢) — sinm|[sinme — sinm(1 — ¢) + sinm].
It is easy to check that
sinme — sinm(1 — ¢) + sinm > 0,
and so we need only to prove that
sinme +sinm(1l —e) —sinm > 0.
Let g(t) = sinmt. Then
g'(t) =mcosmt >0 on[0,1).
Moreover, it follows from the facts
g(0)=0, ¢'(t)>0, tel0,1)
that g(¢) > 0 for ¢ € (0,1]. On the other hand,
g"(t) = —m*sinmt = —m?g(t) <0 on (0,1].
Hence, g is strictly increasing and concave on [0, 1], which implies that
sinme +sinm(l —e) —sinm = g(e) + g(1 —¢) —g(1) = g(e) — (g(1) —g(1 —¢)) > 0.

Consequently, g2 > 0.
In a similar manner as in the proof of Lemma 2.1, we can show that

Kolts) = — Ga(ts) + GQ(&S)@U —&)Ya(t) + 2(8) (¥2(1) — ¥2(1 —€))

02
+Ga(1—e,s) (#2(0) = pa(e))¥pa(t) + 302(73)1#2(5)7
02
and the function u defined by (3.5) is a solution of (3.4). O
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Lemma 3.2. Let (H5) hold. Then the Green function K defined as in Lemma 3.1
satisfies

(i) Ky: [0,1] x [0,1] — [0,400) Is continuous;
(ii) Kao(t,s) > 0 for each (t,s) € (0,1) x (0, 1).

Proof. Obviously, K is continuous on [0,1] x [0, 1].
Now, we divide the proof of this Lemma into three cases.
Case 1. e <s<1—e. If t <s, then

Kot 5) = —— £2(L= )2 + (W) — ¥l — €))a(t)

] a(e)ga(s)
9 02
o L (20) = D) sty
9 02
1
- Ata(0ea(s)

- Q21Ag [02(1 — &)ha(t) + (2(1) — 2 (1 — €))pa(t)] - ¥a(e)pa(s)

9222 [(p2(0) = pa(e))a(t) + Ya(e)p2(t)] - Y2(s)p2(1 — &)

- (- ()
= (£2() = 2(O) (W1 ) = Yo (t)ials)]
> 0.

If s < t, then

Kot ) = ALQ 2 (1 —e)iha(t) + (1/)29(21) — Va1 —€))pa(t) ba(€)pa(s)

N AL (2(0) = o) Vo) + V2(E)e2®) oy g — oy
2 02
— 2-va(s)eal)

= —leall — )a(t) + (1) — a1 — )a(0)] - va(e)ia(s)
02802

1

+
0209
1

AV
2(e

[(02(0) = w2(e))ha(t) + Pa(e)pa(t)] - Ya(s)p2(1 —€)

[1h2(e)p2(1 — )ha(s)pa(t)

- 02
— (p2(8) = ¥2(0))(P2(1 — &) — Pa2(1))2(s)p2(t)]
> 0.

606



Case 2. 0 < s <e. Ift <s, then

Ka(t,) = —=lea(1 = £)ua(t) + (52(1) = Va1 = (0] - vals)ea(e)

+ o l(92(0) = 2(E)wa(t) + valEDpal] - vals)pall o)
B 9222 [ (€)pa(l - e)ga(t)ea(s)

— (p2(e) = 2(0)) (2 (1 — &) — ¥2(1))2(t) p2(s)],

this together with the facts

P2(t) = pa(s),  Ya(t) < tha(s), t<s
implies that

Ks(t,s) >0 fors#0, tel0,1].
If s < t, then

Ks(t,s) = 9222 [2(1 = e)ha(t) 4+ (Y2(1) — ha(1 — €))a(t)] - Pa(s)pa(e)
+ 9222 [(02(0) — wa(e))ha2(t) + a(e)a(t)] - Ya(s)p2(l —¢€)
1

[1h2(e)p2(1 — )ha(s)pa(t)

AV
2(€) — ¢2(0))(P2(1 — ) — ¥2(1))1h2(s)p2(t)]

- 02
— (¥
>0
for s #0,t € [0,1].
Case 3. 1 —e < s < 1. By similar arguments as in Case 1 and 2, we can show that
Ky(t,s) >0 fors#1, te]|0,1].

Consequently, Ka(t,s) > 0 on (0,1) x (0, 1).

Define a linear operator Ly: C[0,1] — C|0, 1],

1
(3.19) (Lou) (1) = /0 Kot $)g(s)uls)ds, te[0,1].

Using a similar method as in the proof of Lemma 2.3, we can prove the following
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Lemma 3.3. Let (H5) and (H1) hold. Then
(a) Ly: C[0,1] — C10,1] is a completely continuous linear operator;
(b) La(P\ 0) C int P;
(¢) r(L2) # 0, and there exists ea € C[0,1] with ez > 0 on [0,1] such that Laes =
r(La)es. Moreover, 1 := (r(Lz2))~! is the principal eigenvalue of (1.9), where
P is defined as in (2.22).

4. PROOF OF THE MAIN RESULTS
Let Y = (0, 1] with the norm

- 1],
fl]] oo Jnax lu(t)]

Let
E={ueC0,1]: u(0)=u(e), u(l) =u(l —e)}

with the norm

lull = llullse + [l lloo-

Define an operator L: D(L) — Y by setting
Lu:=—u" + Mu, wue€ D(L),

where
D(L) = {u € C?[0,1]: u(0) = u(e), u(l) = u(l —¢)}.

Then L is a closed operator with L=!': Y — E compact.
(H3) implies that there exist two functions (,£ € C(R) such that

f(u) = fou+C(u),  f(u) = fooru+&(u)

and

Let

then £ is nondecreasing and
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Proof of Theorem 1.1. The proof is similar to the proof of [6, Theorem 1.1].
We state it here for readers’ convenience.
Let us consider

(4.1) Lu — Ag(t)r fou = Ag(t)rd(u)

as a bifurcation problem from the trivial solution u = 0.
The equation (4.1) can be converted to the equivalent equation

(4.2) u(t) = / Ky (¢, 5)hg(s)r fou(s) + Ag(s)r¢(u(s))] ds
— (ALY g()rfou()] + AL ()¢ () ).

Furthermore, note that ||L~[g(-)¢(u(-))]|| = o(]|u]|) for u near 0 in E, since

127 g
— ' LOK,(t,s)
= x| [ e st as| + mas | [ SR ac e as

< Co - max [9(s)] - [1€(u()) loo-

In what follows, we use the terminology of Rabinowitz [8]. Let S;” denote the set
of functions in E which are positive on [0,1] and let S| = —S;", S1 = S] U S}
They are disjoint and open in E. Finally, let <I>1i =R x Sit. The result of Rabi-
nowitz [8] for the problem (4.1) can be stated as follows: For v = {4, —}, there exists
a continuum %7 C ®Y of solutions of (4.1) joining (A1/rfo,0) to infinity. Moreover,
G\ (O /o, 0)} € @3,

It is clear that any solution of (4.1) of the form (1,u) yields a solutions u of the
four-point boundary value problem (1.3), (1.5). We will show that €}’ crosses the
hyperplane {1} x E'in Rx E. To do this, it is enough to show that €7’ joins (A1 /rfo,0)
to (A1/7foo, 00). Let (tin,yn) € €7 satisfy

o+ |[Ynl|l — oo.

Note that g, > 0 for all n € N since (0, 0) is the only solution of (4.1) for A = 0 and
6N ({0} x E) = 0.
Case 1. M/ foo <7 < A1/ fo. In this case, we show that the interval

Al A1 . v
<ﬁ—oor_1%) C {AeR: I\ u) € EY).

We divide the proof into two steps.
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Step 1. We show that if there exists a constant C' > 0 such that u,, C (0, C], then
&7 joins (A1/7rf0,0) to (A1 /7 foo, 00).
In this case, it follows that |y, || — oo. We divide the equation

(4.3) Lyn — ping()7 fooyn = png(t)r€(yn)

by ||lyn| and set ¥, = yn/||ynl|- Since 7y, is bounded in C2[0,1], after taking a sub-
sequence, if necessary, we have that 7, — 7 for some 7 € E with ||g]| = 1. Since € is
nondecreasing, lim &(u)/u = 0 together with (H2) imply that

uU— 00

L 6w

n=oe |lyn||

:07

since

Ewn@)] _ &y @D _ Elynllo) _ &(lyalD
byl gl =yl T llwll

Thus,
() = /O Ki(t, 8)irg(s) faoBi(s) ds,

where i := lim pu,, again choosing a subsequence and relabelling, if necessary. Thus
n—od

(4.4) Ly — g (t)rfoe§ = 0.

We claim that
7 E 6.

Suppose on the contrary that § € 47. Since § # 0 is a solution of (4.4) and has no
zeros, it follows that 7 € %7 for some [ € {+, —}.

By the openness of E \ €, we know that there exists a neighborhood U (7, o)
such that

Uy, 0) C E\ %7,

which contradicts the fact that 7, — ¥ in F and 7, € 4. Moreover, we have from
Lemma 2.3 that rfo = A1. So
M
= 7’f—oo
Therefore €7 joins (A1/rfo,0) to (A1/r feo, 00).
Step 2. We show that there exists a constant C' > 0 such that u, € (0,C] for all
n € N.
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Suppose on the contrary that there exists no C' such that u,, € (0,C] for all n € N.
Choosing a subsequence and relabeling, if necessary, it follows that

lim p, = oco.

n—oo

Because (un, yn) satisfies

n

Lyn = png(t)r Yn, 0<t <1,
from (H1) we know that there exists an interval [y, 0] C [0, 1] such that g(¢) > 0 for
all t € [v,6]. So for t € [y,6], lim pu, = co yields

n—oo

f(yn)

g r 29 oo n o oo,
Yn
By the Sturm comparison theorem, we get that y, has at least one zero in (v, 0)
for n sufficiently large, and this contradicts the fact that y, has no zeros in (0, 1).
Therefore
pn < C

for some constant C' > 0, independent of n € N.
Case 2. M\ /fo <1 < A/foo- In this case, if (un,yn) € €7 is such that

i (5 + [lyal]) = o0
n—oo

and
lim p, = oo,
then ) N
1 1 . v
(T—fo, 7“f—oo> C {A S (0,00) ()\,U) S %1 },
moreover,

{1} x BN &y £0.

Assume that {u,} is bounded, applying a similar argument to that used in Step 2
of Case 1, after taking a subsequence and relabeling, if necessary, it follows that

(ton, Yn) — (7’3\”—;’00)’ n — 00.

Again €7 joins (A1/rfo,0) to (A1/rfec,00) and the result follows. O
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Proof of Theorem 1.2. Applying the similar methods as in the proof of Theo-

rem 1.1, we can prove Theorem 1.2. O
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