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Abstract. Estimators of parameters of an investigated object can be considered after
some time as insufficiently precise. Therefore, an additional measurement must be realized.
A model of a measurement, taking into account both the original results and the new ones,
has a litle more complicated covariance matrix, since the variance components occur in it.
How to deal with them is the aim of the paper.
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1. INTRODUCTION

The necessity to realize an additional experiment can be illustrated by many ex-
amples. Instead of many others let us consider the following problem. Let the task
be to build a bridge consisting of prefabricated parts over the river. We have to know
whether the sizes of prefabricated parts are in agreement with the total length of
the bridge. This can be determined from the coordinates of some points of the state
geodetical network. Such points of the network are on both sides of the river, however
the precision of their coordinates need not be sufficient for the purpose mentioned.

Therefore, some additional measurement must be realized by a device (distance-
meter, theodolit, GPS), which is usually not the same as the measurement device
used in the measurement of the state network. Thus the characteristcs of accuracy
of both the measurements are included in the compound model of measurement. If
they are not known in advance, they must be estimated from the data obtained from
both the experiments.

* Supported by the Council of the Czech Government MS 4 198 959 214.
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The problem is whether these estimators can be used for an estimation of the
new coordinates of the state network points used for building the bridge. This leads
to sensitivity analysis. Problems of sensitivity analysis in linear models are studied
in (2], [4], [5], [6]-

The formulation of the problem of an additional experiment leads to a little bit
more complicated linear statistical model. Different structures of linear models are
investigated in many books and articles, see e.g. [4], [1], [12], [14], [13], [7], [8].

In practice the problem of an additional experiment is more complicated, however,
the essence of the problem has been shown.

To contribute to a solution of the problem is the aim of the paper.

2. NOTATION

The notation Y ~,, (X3, ¥) means that the observation vector Y is an n-dimen-
sional random vector with the mean value F(Y) equal to X3, where X is an n X k
known matrix and B € R* (k-dimensional linear vector space) is an unknown vector
parameter. The covariance matrix Var(Y) of the vector Y is Var(Y) = X.

The compound model of the original and the additional experiment is

Y, X4 ¥, O
(o)~ [Ge)2 (6 5]
where Y is the observation vector of the original model and Y5 is the observation
vector of the additional experiment.

In the following text it is assumed that the rank r(X;) is & < n; and the covariance
matrices are of the form X; = $; V1, 3o = ¥V,. The known matrices V; and
'V, are positive definite. The values 91,92 € (0, 00) are unknown. It is not assumed
that r(X2) = k < ng, since na can be equal even to 1 (one additional measurement).
The symbol M x means My = I — X(X'X)"'X’, where I is the identity matrix.

Let C; = X’lVl_1X1 and Cy; = X’2V2_1X2. In view of the assumptions the
matrix C; is regular, however, the matrix Cs need not be regular. The sym-
bol (MxVMx)" means the Moore-Penrose [9] generalized inverse of the matrix
MxVMx and under assumptions we have

(MxVMyx)"T =V ! - vIX(X'VIX)"' X'V
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3. PRELIMINARIES

Lemma 3.1. (i) The BLUE (best linear unbiased estimator) of B in the original
model is
BY = Cr'XI VY~ (B,01CTY).

(ii) The ¥-LBLUE (locally best linear unbiased estimator) of 3 in the compound
model is

B(9) = (0101+ 19—202) (X’ﬁ Vf1Y1+X’219—12V2‘1Y2),

1 1 -1
B) ~ B, (5-Ci+ 5-Ca) .
Proof. Proof is well known and therefore it is omitted (e.g., cf. [10]). O

Corollary 3.2. The estimator ,é'(ﬁ) can be expressed as

-1
/V2

b= (Y2 = XoBY),
2

B9 =B + (FCit Ca)

where () = CT'X, V'Y (estimator in the original model).
Proof. The two following equalities must be utilized:
1 1 -1
S-C1+ 5-X5V;'Xo)
(191 1+ 192 2 Vo 2
=9,C;t — 9, C X (92 Ve + Xo9 CTHXE) 1 X, C M,y

and
91C7 X, (02 Vs + Xo0, CT X)L = (%c1 + ﬁicz) b Lyt
1 2
Thus
B(9) = (ﬂ Cit - L xyvy 1X2) (x’lﬁivl—ly1 + Xy Lv; 1Y2)
1 1
=9,C~ 1xgﬁlv1 Y, — 9,C7 X (92 Ve + Xo9 CTHXE) 7!
X XoC 1 X - vy, 4 (Qgic1 n ﬁicg)_1 45V Yo
=B + (ﬂilcl + ﬁ—zx’vglxg) ﬁ LV, - X,80)
(cf. e.g., [1], p- 79). O
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The expression for ,é' (9) given in Corollary 3.2 is important from the viewpoint of
practice. The value ,é'(l) can be registered in the state documentation institute and
cannot be changed without a serious reason. Thus the correction

1 1 N1 .
(—01 T —CQ) X,V (Ys — X0 30)

021 I

has been used during the time of the building the bridge only.

Lemma 3.3. The random vectors

86(1917 192)

, =12
oY, 9=1,

are uncorrelated with the vector ﬁ?(ﬁl,o, ¥2,0), €.

9B(91,92)

0Y; }19:190} =0, =12

Covy, [3(190),

Here 9 is an arbitrary however fixed vector of variance components.

Proof. In the following text the notation

D' = (% + %)1, D! = (% + (1;—22)71

will be used.

Since
. vt
B(¥) = CT'X,ViY, + DX, 7922 (Y2 — XoC X VihY)
C vt
_ (1_13—1_2)(3;1><’1V;1Y1+D‘1X’2 2Y,,
192 192
we have
afé(ﬁ) 7101 7102 —1~/x7—1 7101 -1 /V2_1
=D Ap 12X/ Vi'Y, + D I=D X Y
a0, FrAr RS T 27y, 2
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and

5 9B (01, 92)
covy [6(19),78 o }
Cay _ _ C, C
(I—D 1192)01 XV VI VX O D 1192D L
+D*1X’2\;2 ﬁgvg‘;2 ?;D 1
2 1 2 1
Gy C
D '=Dp!'=D!
TR ®
C, C, Cs C; 1 G, C;
=-Cc/'-=D!'==D'+Cc/' =D ' -D'-D!'——=D ' —=D!
L, e TPy 9, 0, 0
C,. . C
D '=D =D !=
R )
Analogously,
agqg ) D IS;QQD IS;QC 1X/V1_1Y1
2
—1
+D- 13220 IX/'ViY, + D 1§§D X’Q‘:;Q Y,
-
-D X}, 1922 Y,
- (I—Dlg—j)Dlg—g OXOVIY,
C, vt
~(1-p° 1192)D XY
and
o oy 0B(91,92)
COVy |:ﬁ(’l9), 87192}
:(1—Dflg—j)cl—lxgvl—lﬁlvlvl—lxlc 1§§D (I %D*l)
—D‘1X’2\; = " XaD- (I—%D‘l)
2 2
C C C Cy.._,C
19 Y211 1 —19 Y211 1 2 2 1
= ClhED ! -D (D ﬁl)cl 015yD = G0 D oD
4G, C, 41Ca C, C,
Dl 119 Dl Dl Dl_Dl Dl Dl Dl
TS, %92 7 2o PR,
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1Ca C, )

= -C; IZp 4D D-=)CcTW —=p-!
1192 Dt ( 191) 1192 N
C, C,
+D 1D ' =D =
02 s

4. INSENSITIVITY REGION

The parameters 1, 2 are usually unknown and they must be estimated from the
measured data. With respect to the assumptions the parameter 9J; can be estimated

in the original experiment, i.e.

5, = Yi(Mx, ViMy )Y,

nl—k

The estimator is unbiased and in the case of normally distributed observation vec-
tor Y7 it has the smallest dispersion among all unbiased estimators in the original
model (cf. [6, pp. 81-85]).

The observation vector Yo of the additional experiment cannot be used for an
estimation of 9, since it can happen that ns < k.

Y
! ) is considered.

Thus an estimator based on <
2

Lemma 4.1. The ¥o-MINQUE (minimum norm quadratic unbiased estimator)

v
(in more detail cf. [11]) of (191) in the model
2

Y, X4 9 Vi, 0 49 0, O
Y,) Tt \x, ) ' Lo, o \o0, V,
is9 =9+ 5&9, where

-1

Y2 =X, B0 =Y — X))

- ()
v Y — Xof3(00)]/ 2 [Y5 — Xof(90)]

Pa, 0
2 _ / Vl_l / V2
B(90) = Dy (x - Y, + X, 7 YQ),
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o)+ 000 5

C; C,
{8tz ={8}a1 = Tr(DO 119 oDO 1192 0)

C,
{S}l,l =MNni — 2TI‘(D0 19

{S}az = no — 2Tr(D51%0) + Tr(DO 1 79020 D, 1;;20).

(It is assumed that the matrix S is positive definite.)

Y
In the case of a normally distributed vector (Yl ) we have
2

0
Vary, (19;) =928 L.

Proof. It is sufficient to take into account the relationships (in more detail

of. [11))

Y' (MxZoMx)TV,(MxZoMx)TY
9=8" : :
Y’(MXEOMX)JFV,,(MXEOMX)*Y
{S}M = Tr[Vi(MXEOMX)JFVj(MXEOMX)+], ,j=1,...,p,

for the 9o-MINQUE of 9 = (¢4, ...,9p)’ in the model

p
Y ~, <X/6a Z ﬁzvz> )
i=1

where (X, 1) =k <n, Vi,...,V,, are symmetric and positive semidefinite, 9; > 0,
P
i=1,...,p,and 3y = > 9;0V;. The expression
i=1

Y (MxEZoMx)"V,(MxZoMx)TY

can be rewritten as

If
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we obtain

{Sh.a=
("0 o[ v wzo)
(oo (e )| (M0 0)
Xl( 1_1({,191’07 vgl(;ﬁz,o> (EV??Z;EQ;)D?(X&X; X?Zj)”
~{[(o o)~ (%) e (i)
(G o)~ (5) e (s =) ]}
-{(o, o) -2(5) e (53

Xy 1 G ( /Vl /V2 )}
+ D, —D, | X , X
(0> O Yo Y10 " 000

_ cl> < . Cy 101>
=n; —2Tr(D;'—=— | + Tr( D; ' —=—=D; .
' ( O 10 O 910 Y Y

Analogously the expressions for {S}; 2 and {S}2 2 can be obtained. O

Now the “plug-in” estimator of 3 can be calculated, i.e.

B = CTIX, VLY, + (Cl 9) X —2— vy (Yy — XoC7 X VYY),
1 U ¥
This estimator is of practical use in such a case only when it is known with
sufficiently high probability that the actual values of 1; and ¥ are in the insensitivity
region. It is defined as follows.

Definition 4.2. Let h(3) = h’3, B € R” be a linear function of the parameter 3.
The set
Ni={9: (9 = 90)'Nu(9 — o) < aj}

with the property
9 € Nj, = Varyg, [0/ B(9)] < (1 4 £)*Varg, [h'B3(d0)]

is the insensitivity region for the function h(-) at the point ¥y. Here ¢ > 0 is a
sufficiently small real number (for more detail cf. [5], [6]).

The matrix Nj, and the number a} are given in Theorem 4.4.
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Lemma 4.3. We have
dB(01,2) 1 G = 1 G 1 C1
v ———{ D' ipsl-  prlipsiYlp
o ( 8191 Y=>9¢ 19% 0 0 191 0 19% 0 191 0 0 191’0 0
33(191,192)‘ 9B(V1,2) 1 116G 1 G
= —D,"—=D
€0V ( o 19:1907 8’[92 ‘19:190 h 0192 0 0 Do 0 0 19170 0
86(191,’[92) 1 CQ 1 C2 CQ 1
_ —D,"—D, —D;'—=D;'——=D;".
Varﬁo ( 8’[92 ‘19:190 19% ,0 0 192 0 0 19% ,0 0 192 0 0 19270 0
Proof. Since
B(V1,0:) = CT' X4 VilY, + D~ 1x’2‘:9 (Yo — XoCTIX VYY),
2

we have (cf. also the proof of Lemma 3.3)

73'6(55”92) = -D- 1§§D X, ‘;2 XIVETY + DY 1§§D 1X’2\:92 Y,
1 2
9BV, 92)
= Vam( 9,
01 1 Cs _ _ C, C, 1
:—D 1 lx/ 1 1X 1 D 1 D 1 -
o 191 1920 1Vi ViV X, Cy 7 9, 9
C, C, C,
1 1 1 1
+ D~ 192D 192D 192D
Ci - C, C,
~ 1p1%pa(p- )y 1 SpSipa
02 R ( V1 ) MY, V1
Ci1Co C,
D !'—D!'=p!'—p!
+’l92 191 192 191
CQ Cl Cl C2 Cl
=—D1D1D1——D1D1D1D1
192 192 191 192 191 192 191
Ci .G C,
D '—=Dp !'=p!'=—p!
+192 191 192 191
_ Ci 1G4
=D (DG 5D
C1 Cl Cl
_ -1 1__ 1 1 1
192D 191D 192D 191D 191D
The expressions for
9B(V1,02) 35’(191,192)‘ 35’(191,192)‘
cov190< 90, ‘19:190’ 90, 90 and Vary, 995 o

can be derived analogously.
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Theorem 4.4. The matrix Ny, from Definition 4.2 is

. h'Vary, (g—zli)h’ h’cov%(g—g, g—i)h
n h'covy, (3—52, g—{i)h, h'Vary, (g—i)h

and
a2 = 2eVarg, [0’ B(9)].

The derivatives in the expression for N}, are related to Y.

Proof. Let ¥ =19+ §9. Then

) . 98(9) 98(9)
/ ~h’ —— =
W39, + 50) ~ WB(00) + WS \ﬁ:%wl R R

and in view of Lemma 3.3
Vary, [h'B(9)] ~ h'Vardy [B(9o) | h + §9'N;,59.
Since
Vary, [0/3(9)] < (1 + ¢)?Varyg, [0’/B(90)],

we have

Vary, [0'B(9)] ~ h'Vary, [3(9)]h + 69'N,69
< (1 +€)*Vary, [h' B(d)]
= \/ h'Varg, [3(90)]h + 09'N,69 < (1 + e)\/ h'Vary, [3(9)]h,
1 §9'N,I0 )

\/h’Vawo [B(F0)Ih + 69'Np9 ~ \/h’VarﬂO [g(ﬁo)]h(l " 2 h'Varg, [8(9)]h

< (14 )4/ Varg, [0’B(9)],
/
lM < e = 69'Np69 < 2eVary, [h'B)9)]
2 h'Varg, [B(90)h

= a} = 2eVaryg, [0’ B(9)].

The expressions for the entries of the matrix INj, are given in Lemma 4.3.
The utilization of the above results can be described as follows.

(1) The value ¥y of the vector 9 is chosen as near as possible to the actual value
of 9.
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(2) An iteration procedure

Y1~ Xa B0 5 Vi Yy - X, B00)
HED) — §1(H) ﬁi

[Yo — Xzé(é(i))]'WV§l[Y2 — X2B(90)]
2

is proceeding until a stable value 9 is obtained. Then

a4 C.  C ‘1( , Vit , V5! )
I =—4+— X —Y; +X5—Y, ).
IB( ) (191 192) ! A ! 2 o ?

(3) The value 9 is considered to be g and by help of it the matrix N, and a,% are

calculated.

(4) When N}, is determined, it is necessary to check whether the actual value ¥

is an element of Nj,. The covariance matrix Varﬁ(ﬁ) = 287 (49) enables us

to construct (1 — «)-confidence region £ with sufficiently high level 1 — « of

confidence. If £ C Ny, then the plug-in estimator 3(19) of 8 is acceptable.

Remark 4.5. It is important to observe that the shift §9 = ¥ — 19 in the

direction of ¥ implies
Varg, [B(90 + 69)] ~ Vary, [B(9)).

In more detail (cf. Lemma 3.3)

Vary, [B(F0 + ndo)]

~ Vargo{[,é(ﬂo)] + 81883;9/0) 77’190}
= Vary, [,5’(190)] + 772(19170)2Var190 (%ﬁo))

9B(10) aB(%))

2
+n 191,0192,0C0V190( 99, ' 00,

9B(9) 9B(d) 0B(¥0)
2 2 2
+n 1927019170COV190( 90, , a0, +n (19270) Var 50,
R . C _ 4, C 4, C _
= Vary, [B(0)] + 772{D0 lwloDo '-D; IWZDO IWZDO !
4G, C 1C1 1Co 1Co
_D 1_D 1_D 1_D 1_D 1_D 1+D 1_D 1
O W0 0 1o ° O W10 0 ag O o °
4G Gy
_D 1_D 1_D 1
O o0 0 g ° }
A 2] 11 1 C1 1 Ca 5
= Vary,[B(F0)] + n°¢ Dy — Dg ﬁ—Do - D, 9o 20 = Vary,[B(d0)]-
1,0 2,0
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Thus mainly such shifts 61} cause the enlargement of the dispersion of the estimator
for which 9’9y = 0.
It is of some interest to know also the sensitiveness of the variance

Vary, [0/ 3(9 + 69)]
to the shift §1, i.e. to know
Varg, s9[h’ B(9¢ + 69)].

The corresponding insensitivity region Ny, is defined as follows.

Definition 4.6. The set Ny, is
Nvn = {69: Varg, 1 s9[h'B(90 + 69)] < (1 + €)*Vary, ['B(90)]}.
Lemma 4.7. The set Ny, at the point ¥¢ can be expressed as
Ny, = {69: |q},09| < 2¢h’Dj 'h},

qh:(h/ 0 CiD;'h WDy 'C,D 51h>/,
9o U0

Proof. We have

. Cy G -
Vary,4.50[8(do + 69)] = <191 0+ ot N V2,0 + 5192)
1 D— D 1 D-
~D;t+ D0 CiDe 5, Dy TCoDy
L V30

= Vary, +s0[h’B(9 + 69)] ~ h'D5'h + g}, 69.

Due to Definition 4.6,

VVaro, 50 0B(B0 + 59)] =/ Vary, [WB(90)] + a}69
< (14 €)y/ Varg, [0'B(¥0)]

q;, 009
h'Dy'h

=4/1+ < 1+4e=|q,69] < 2e¢h'Dy 'h
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5. NUMERICAL EXAMPLE

Let the regression function be y = 31 + B2z, * € R, let the measurement in
the original experiment be realized at the points x = —2;—1;0;1;2, and let the
covariance matrix of the vector Y; be Var(Y;) = 1I. Since in this experiment the
parameter (2 is estimated with relatively large dispersion (Var( Aél)) = 0.1), the
additional experiment is realized, i.e. Y5 ~1 (81 + (5210,0.1).

In this case we have

5 0 1 10
C, = ’ C, = ’ tho=1 ¥20=0.1
1 (07 10) ) 2 (10, 100) ) 1,0 ) 2,0 )

—1
1 0.196116, —0.019417
Dy'=(—Ci+—C,| = ’
0 <q9 o Tae 2> <—0.019417, 0.002913> ’
i.e. Varg, [32(9)] = 0.002913 < 0.1 = Var(3{").
Let us investigate the insensitivity region from Definition 4.2, which is in this case
interesting. Since (Lemma 4.3)

8B(ﬂ0) C1 101 C1
= —D, —D, —D, —D, —D, " =
vara, (255 R T T P T T
9B(%) 9BWo)y _ 1 Ci Cp
COV%( 001 7 9V, N 191,0192,0])0 192,0D0 I, oDO =0

<aﬂ<€9o> aﬂ<€90>>_ { <a,é<ﬂo> a,éwo)ﬂ’
P\ a0, a0 P\ o0 T av, )]

dB(0) 1, C 1 Co ,Cy
— D' 22D 2p-l2p-l_
Va”(’( 995 ) " 03, 0 Vs 0 D20 ° 0 )

—Dy
193 o "
the matrix N, from Definition 4.2, at the point ¢, is 0 for any function h(3) =
h’/3, B € R2. The insensitivity region A}, seems to be the whole parametric space
(0,00) x (0,00) of the parameter ¥. However, it is necessary to keep in mind that
the determination of A}, is based on the infinitesimal consideration.

In order to get an idea of the behaviour of Vary, [3(9 +619)] in the neighbourhood
of the point ¥ let us compare the matrices
o, G

=D ;' =D (), Yio=1, v20=0.1
7.910 192’0 0 ( 0)) 1,0 ; 2,0

Vg, [3(00)] = (-
and
Vary, [5(190 +69)]
_ P10 P20 _ _
=D ' (¥ + 59 <7’C +7’C)D L9 + 609) 71
(%o ) (P10 + 691)2 ! (P20 + 692)? ? (%o )
for different §19.
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1
In view of Remark 4.5 any shift §9 = k (O q ), k € R!, implies the approximate
equality

Vary, [B(J0 + kdo))] ~ Varg, [B(d0)].

Let 09 = ), cos p = 9,009/+/ 9,900 = 0.0995, ¢ = 84.3°. (This shift

0
0.05
is relatively large, i.e. 50% change of the value 93¢ = 0.1 and the direction of it is
dangerous.) Nevertheless,

N 0.196116, —0.019417
Varg, [B(90 + 69)] = < ) ,

—0,019417, 0.002915

which is practically the same as Vary, [3(90)].

Let 619 = ( 0 ) Then
0.2

R 0.196118, —0.019410
Vary, [B(9 + 69)] = < > .

—0,019410,  0.002948

Also in this case the agreement with the covariance matrix at the point ¥ of the
estimator B(d) is very good.
The insensitivity region Ny, (cf. Definition 4.6) is in the case h = (1,0)’, e = 0.1

Nv,a,0y = {69 |q),09] < 2¢h’D; 'h}
— {69+ ]0.196078 69, + 0.000379 69| < 0.039223}

and in the case h = (0,1)’, e =0.1
N0y = {9 [0.001970 69, + 0.009434 50,| < 0.000583}.

The set Ny, (1,0) is a strip orthogonal to q(q,9) = (0.196078,0.000379)" of the width
(=0.2,0.2). The set Ny, (g,1y is a strip orthogonal to q(,1) = (0.001970,0.009434)
of the width (—0.060, 0.060).

If 09 € Ny, 1,0y and d02 = 0, then |00 max| < 0.2.

If 69 € Ny, (1,01 and 691 = 0, then |62 max| < 103.5.

The variance of the estimator Bl is practically independent of the value 9J5.

In the case of Ny, (g 1y the analogous values are

(5192 =0= |6191,max| < 0296,
1 = 0 = 092 max| < 0.062.

The variance of the estimator Bg is much more sensitive to ¥ than the variance

of the estimator 5’1.

404



In practice it is more sutitable to use o; = 1/1; instead of ¥; and therefore to

express the admissible shift 619 in terms of the quantities doy, dos.

Since §9; = 20;60; + (d0;)? ~ 20;00;, i = 1,2, we conclude that

0, 0,
50’1' = — = .
QO'Z‘ 2\/’[91'
Thus
|091, max| < 0.2 = 601 max| < 0.1,
|6192,max| < 103.5 = |602,max| < 1636,
|5191,max| < 0.296 = |50'1,max| < 0.148,
[092, max| < 0.062 = |602 max| < 0.098.
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