Applications of Mathematics

Abdallah El Farissi; Benharrat Belaidi
On the growth of solutions of some higher order linear differential equations
Applications of Mathematics, Vol. 57 (2012), No. 4, 377-390

Persistent URL: http://dml.cz/dmlcz/142905

Terms of use:

© Institute of Mathematics AS CR, 2012

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/142905
http://dml.cz

57 (2012) APPLICATIONS OF MATHEMATICS No. 4, 377-390

ON THE GROWTH OF SOLUTIONS OF SOME HIGHER ORDER
LINEAR DIFFERENTIAL EQUATIONS

ABDALLAH EL FARISSI, BENHARRAT BELAIDI, Mostaganem

(Received April 12, 2010)

Abstract. In this paper we discuss the growth of solutions of the higher order nonhomo-
geneous linear differential equation

FO A fRY L Ao+ (Di(2) +
+ (Do(z) + Ao(z)ebz)f =

where a, b are complex constants that satisfy ab(a —b) # 0 and A;(z) (j =0,1,...,k— 1),
Dj(z) (j = 0,1), F(z) are entire functions with max{o(4;) (j = 0,1,...,k — 1), o(D;)
(j = 0,1)} < 1. We also investigate the relationship between small functions and the
solutions of the above equation.

Keywords: linear differential equations, entire solutions, order of growth, exponent of
convergence of zeros, exponent of convergence of distinct zeros

MSC 2010: 34M10, 30D35

1. INTRODUCTION AND STATEMENT OF RESULTS

Throughout this paper, we assume that the reader is familiar with the fundamental
results and the standard notation of the Nevanlinna value distribution theory and
the basic notions of Wiman-Valiron as well (see [11], [12], [15]). In addition, we
will use A(f) (A2(f)) and A(f) (A2(f)) to denote respectively the exponents (hyper-
exponents) of convergence of the zero-sequence and the sequence of distinct zeros
of f, o(f) to denote the order of growth of a meromorphic function f and g2(f) to
denote the hyper-order of f. A meromorphic function ¢(z) is called a small function
with respect to f(z) if T'(r,¢) = o(T(r, f)) as r — oo except possibly a set of r of
finite linear measure, where T'(r, f) is the Nevanlinna characteristic function of f. If
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f is of infinite order and ¢ is of finite order, then clearly ¢(z) is a small function
with respect to f(z). We also define

— 1
log ¥ (r, ——
AMf — @) = limsup i <r f“P)

r—00 logr

and

1
1%mN@f_

Xo(f — ¢) = limsup
r—00 logr

for any meromorphic function ¢(z).
For the second order linear differential equation

(1.1) f"+ef +B(z)f =0,

where B(z) is an entire function, it is well known that each solution f of equation (1.1)
is an entire function, and that if f, f2 are two linearly independent solutions of (1.1),
then by [7], at least one of f1, f2 is of infinite order. Hence, “most” solutions of (1.1)
will have infinite order. But equation (1.1) with B(z) = —(1 + e *) possesses a
solution f(z) = e* of finite order.

A natural question arises: What conditions on B(z) will guarantee that every
solution f # 0 of (1.1) has infinite order? Many authors, Frei [8], Ozawa [16],
Amemiya-Ozawa [1], Gundersen [9], and Langley [13] have studied this problem.
They proved that when B(z) is a nonconstant polynomial or B(z) is a transcendental
entire function with order o(B) # 1, then every solution f # 0 of (1.1) has infinite
order.

In 2002, Z.X. Chen [5] considered the question: What conditions on B(z) when
o(B) = 1 will guarantee that every nontrivial solution of (1.1) has infinite order?
He proved the following results, which improved results of Frei, Amemiya-Ozawa,
Ozawa, Langley, and Gundersen.

Theorem A ([5]). Let A;(z)(#0) (j = 0,1) and D;(z) (j = 0,1) be entire
functions with max{o(4;) (j =0,1), o(D;) (j =0,1)} <1, and let a, b be complex
constants that satisfy ab # 0 and arga # argb or a = ¢b (0 < ¢ < 1). Then every
solution f # 0 of the equation

(1.2) f" 4+ (D1(2) + A1 (2)e™) f + (Do(2) + Ao(2)e”) f = 0
is of infinite order.

Setting D; =0 (j =0, 1) in Theorem A, we obtain the following result.
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Theorem B. Let A;(z) (#0) (j = 0,1) be entire functions with max{o(A;): j =
0,1} < 1, and let a, b be complex constants that satisfy ab # 0 and arga # argb or
a=cb (0 <c<1). Then every solution f # 0 of the equation

(1.3) "4+ Ar(2)e® f' + Ag(2)e*f =0
is of infinite order.

Theorem C ([5]). Let A;(z)(#0) (j =0,1) be entire functions with o(A;) < 1
(j =0,1), and let a, b be complex constants that satisfy ab # 0 and a = ¢b (¢ > 1).
Then every solution f # 0 of equation (1.3) is of infinite order.

Very recently in [18], H.Y. Xu and T.B. Cao have investigated the growth of
solutions of some higher order nonhomogeneous linear differential equations and
have obtained the following result.

Theorem D ([18]). Let P(z) = > a;z" and Q(z) = > b;2" be nonconstant
i=0 i=0
polynomials, where a;, b; (i =0,1,...,n) are complex numbers, a,b,(a, — by,) # 0.

Suppose that h;(z) (2 < i < k — 1) are polynomials of degree not greater than n — 1
in z, Aj(2) #0 (j = 0,1) and H(z) # 0 are entire functions with max{o(4;) (j =
0,1), o(H)} < n, and ¢ is an entire function of finite order. Then every nontrivial
solution f of the equation

(1.4) PP p b fOY 4 hof” 4+ Ay (2)eP O f 4 Ap(2)eRP) f = H

satisfies o(f) = Mf) = A(f) = Mf — ¢) = 00 and 02(f) = Xa(f) = Xa(f) =
Ao (f —¢) <n.

Remark 1.1. In the original statement of Theorem D (see [18]), the condition
H # 0 must be added. Indeed, if H = 0, then the conclusions of Theorem D are

false. For example, the equation f” — f” —2e*f’ —e3*f =0 possesses the solution
f(z) = e with o(f) = 0o and A\(f) = 0.

It is natural to ask whether the polynomials hy_1(z),...,ha(z) in (1.4) can be
replaced by entire functions of orders that are less than 1. The main purpose of this
paper is to study the growth and the oscillation of solutions of the linear differential
equation

(1.5) FO 4 A f5D 4k Ao f” 4 (D1 (2) + Ay (2)e®) f
+ (Do(2) + Ao(2)e”) f = F

We obtain the following results.
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Theorem 1.1. Let a and b be complex numbers that satisfy ab(a — b) # 0.
Suppose that A;j(z) (j = 0,1,...,k —1), Aj(2) # 0 (j = 0,1), D;(2) (j = 0,1)
and F(z) are entire functions with max{g(4;) (j = 0,1,...,k — 1), o(D;) (j =
0,1), o(F)} < 1, and let p(z) # 0 be an entire function of finite order. Then every
solution f # 0 of equation (1.5) satisfies

(1.6) Mf=9)=o(f) =00, X(f—¢)=0(f) <L

Furthermore, if F' # 0, then every solution f of equation (1.5) satisfies

(1.7) M) =X =Xf—¢) =o(f) =
and
(1.8) A (f) =2Xa(f) =Xa(f —¢) = 02(f) < 1.

Remark 1.2. The proof of Theorem 1.1 in which every solution f of equa-
tion (1.5) has infinite order is quite different from that of Theorem D (see [18]). The
main ingredient in the proof is Lemma 2.9.

Remark 1.3. In [18], J.H.Y. Xu and T.B. Cao studied equation (1.5) and
obtained the same result as in Theorem 1.1 but under the restriction that the complex
constants a, b satisfy ab # 0 and ab < 0 and A;(z) (j = 2,...,k—1) are polynomials
of degree not greater than n — 1 in z.

Setting D; =0 (j =0, 1) in Theorem 1.1, we obtain the following corollary.

Corollary 1.1. Let a, b be complex numbers that satisfy ab(a —b) # 0. Suppose
that A;(z) (j =0,1,...,k—1), Aj(z) Z0 (j = 0,1) and F(z) are entire functions
with max{o(4;) (j = 0,1,....k — 1), o(F)} < 1, and let ¢(z) # 0 be an entire
function of finite order. Then every solution f # 0 of the equation

(1.9) O 4 Ap 1 f*5D 4 Ao 4 Ay (2)e®F f 4 Ag(2)e f = F (k> 2)

satisfies (1.6). Furthermore, if F' # 0, then every solution f of equation (1.9) satisfies
(1.7) and (1.8).

Remark 1.4. If o(F) > 1, then equation (1.5) can possess solution of a finite
order. For instance the equation

f/// —f”+ (e—z _ 1)fl+ezf — o7

satisfies o(F') = p(e*) =1 and has a finite order solution f(z) = 1.
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Theorem 1.2. Leta, b, Aj(z) (j =0,1,...,k—1), D;(2) ( =0,1), and ¢(z) sat-
isfy the additional hypotheses of Theorem 1.1, and let F(z) be an entire function
such that o(F) > 1. Then every solution f of equation (1.5) satisfies (1.7) and (1.8)
with at most one finite order solution fy. For the exceptional solution fy, if o(F') > 1,
then o(fo) = o(F) and if o(F) = 1, then o(fy) < 1.

Corollary 1.2. Let a, b, A;j(z) (j =0,1), D;(z) (j =0,1), and ¢(z) satisfy the
additional hypotheses of Theorem 1.1, and let F(z) be an entire function. Then the
following statements hold:

(i) If o(F) < 1, then every solution f # 0 of the equation
(1.10) "+ (D1(2) + A1(2)e®) f' 4+ (Do(2) + Ag(2)e")f = F (k> 2)

has infinite order and satisfies (1.6). Furthermore, if F' # 0, then every solu-
tion f of equation (1.10) satisfies (1.7) and (1.8).

(ii) If o(F) = 1, then every solution f of equation (1.10) has infinite order and
satisfies (1.7) and (1.8), with at most one finite order solution fo satisfying
o(fo) < 1.

(iii) If o(F) > 1, then every solution f of equation (1.10) has infinite order and
satisfies (1.7) and (1.8), with at most one finite order solution fq satisfying

o(fo) = o(F).

2. PRELIMINARY LEMMAS

Our proofs depend mainly upon the following lemmas. Before starting these lem-
mas, we recall the concept of the logarithmic density of subsets of (1,00). For
E C (1,00), we define the logarithmic measure of a set E by Im(E) = [ xg(t)/tdt,
where y g is the characteristic function of E. The upper logarithmic density and the
lower logarithmic density of E are defined by

_ Im(EN|1
log dens(E) = lim sup Im(EN[,r])
r—00 logr

and

Im(EN|1
log dens(E) = lim inf M
— r—00 log
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Lemma 2.1 ([10]). Let f be a transcendental meromorphic function of finite
order g, let I' = {(k1,71), (k2,j2), ..., (km, jm)} denote a finite set of distinct pairs
of integers that satisfy k; > j; > 0 for i = 1,...,m and let € > 0 be a given
constant. Then there exists a set Ey C [0,2n) that has linear measure zero, such
that if ¢ € [0,2n) — Ey, then there is a constant Ry = Ry () > 1 such that for all z
satistying arg z = ¢ and |z| > Ry and for all (k,j) € T we have

f(k)(z) —7)(o— 5
(2.1) f(j)(z)‘ < [z| ki em14e)

The next lemma describing the behavior of e”’(*) where P(z) is a linear polyno-
mial, is a special case of a more general result in [14, p. 254].

Lemma 2.2 ([14]). Let P(z) = (o +16)z, (o + 18 # 0), and let A(z) (# 0) be
a meromorphic function with o(A) < 1. Set f(z) = A(2)e"’®), z = rel?, §(P,0) =
acosf—Fsinf. Then for any given e > 0 there exists a set Ea C [0, 21) that has linear
measure zero such that if 6 € [0, 2n)\ (E2UE3), where E5 = {6 € [0,2n): §(P,0) = 0}
is a finite set, then for sufficiently large |z| = r, we have

(i) If6(P,0) > 0, then

(2.2) exp{(1 —e)d(P,0)r} < |f(2)| < exp{(1+4¢)d(P,0)r}.
(ii) If6(P,6) <0, then
(2.3) exp{(1+¢)d(P,0)r} <|[f(2)| < exp{(1—¢e)é(P,0)r}.

Lemma 2.3 ([4]). Let Ao, Ax,...,Ax_1,F # 0 be finite order meromorphic func-
tions. If f is a meromorphic solution with o(f) = oo of the equation

(2.4) FO 4 A fRD 44 A+ Agf = F,
then A(f) = A(f) = o(f) = oco.
Lemma 2.4 ([2]). Let Ag, A1,..., Ax_1, F % 0 be finite order meromorphic func-

tions. If f is a meromorphic solution with o(f) = co and p2(f) = p of equation (2.4),
then A(f) = A(f) = o(f) = oo and Xa(f) = Xa(f) = 02(f) = o
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Lemma 2.5 ([3]). Let a and b be complex numbers, ab # 0 such that arga # argb
ora=ch (0 <c<1). We denote index sets by

A1 = {0,@},
Ay ={0,a,b,2a,a+ b}.

(i) If H; (j € A1) and Hy # 0 are meromorphic functions of orders that are less
than 1, setting W1(z) = Y. H;(2)e’*, then Vi (z) + Hye® # 0.
JEA
(if) If H; (j € A2) and Ho, # 0 are meromorphic functions of orders that are less
than 1, setting Wo(z) = Y. Hj(z)e’*, then Wy(z) + Hape?®* # 0.
JEA2

By interchanging a and b in Lemma 2.5, we easily obtain the following lemma.

Lemma 2.6. Let a and b be complex numbers, ab # 0, such that a = ¢b (¢ > 1).
We denote the index set by

Az = {0,b}.

If H; (j € A3) and H, # 0 are meromorphic functions of orders that are less than 1,

setting W3(z) = Y. H;(z)e’?, then W3(z2) + H,e # 0.
JEA3

Lemma 2.7 ([6]). Let f(z) be a transcendental entire function. Then there

is a set E4 C (1,00) that has finite logarithmic measure, such that for all z with
|z| =r ¢ [0,1] U Ey at which |f(z)| = M(r, f), we have

(2.5)

/()
o6

‘<2rs (s e N).

Lemma 2.8 ([17]). Let f(z) and g(z) be two nonconstant entire functions with
0(g) < o(f) < oo. Given e with 0 < 4e < o(f) — 0(g) and 0 < 6 < i, there exists a
set Es with logdens(E5) > 0 such that

(2.6) ‘%‘ < exp{—re) =2}

for all z such that |z| = r € Ej is sufficiently large and that | f(z)| = M(r, f)vs(r)°~17.
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Lemma 2.9. Let a and b be complex numbers that satisfy ab(a —b) # 0. Suppose
that A;(z) (j=0,1,...,k—1), A;(2) #0 (j =0,1) and D;(z) (j =0, 1) are entire
functions with max{o(4;) (j =0,1,...,k—1), o(D;) ( =0,1)} < 1. We denote

(2.7) Ly=f® 4 A 1 fO=D 4 Ayf”
+ (D1(2) + A1 (2)e™) ' + (Do(2) + Ao(2)e”) f.

If f # 0 is a finite order entire function, then we have

o(Ly) = max{L, o(f)}.

Proof. Let f # 0 be a finite order entire function. First, if f(z) = C # 0, then
Lf = (Do(z) + Ao(z)ebZ)C.

Hence, 9(Ly) =1 and Lemma 2.9 holds.
We suppose f # C. Then, by (2.7), we have o(Ly) < max{1, o(f)}.
(i) If o(f) = 0 < 1, then o(Ly) < 1. Suppose that o(Ls) < 1. By (2.7), we easily
obtain a contradiction by Lemma 2.5 (i) or Lemma 2.6. Thus o(Ly) = 1.
(if) If o(f) = 0 > 1, then o(Ly) < o(f). Suppose that o(Lf) < o(f). We can
rewrite (2.7) as
k k-1 "
%: %‘FAk—lf(f : —|—+A27

+ (D1(2) + 44 (z)e“z)f% + Dy(z) + Ao(z)ebz.

(2.8)

We divide the proof in three cases.
Case 1. Suppose first that arga # argb. Set

max{o(4,) (7 =0,1,...,k—1), o(D;) (j=0,1)} =6 < 1.

Then, for any given ¢ (0 < ¢ < min(1 — 3, £(o(f) — o(Ly))), we have for sufficiently
large r

exp{r*} (j =0,1),

(2.9) |D;(z)
A; exp{r’*} (j=0,1,...,k—1).

14;(2)

By Lemma 2.8, we know that there exists a set E5 with logdens(Es) > 0 such that

| <
| <

L
(2.10) ‘Tf‘ < exp{—re=2} <1
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for all z such that |z| = r € Ej is sufficiently large and that |f(2)| > M (r, f)vy (r)’—i.
Also, by Lemma 2.1, for the above ¢ there exists a set Eq C [0,2n) that has linear
measure zero, such that if § € [0,2rn) — Fy, then there is a constant Ry = Ry(6) > 1
such that for all z satisfying argz = 6 and |z| > Ry, we have

(2.11) \f;izjﬂ <49 (i =1,... k).

By Lemma 2.2, there exists a ray argz = 6 € [0,2n) \ E1 U Es U Es, E3 = {0 €
[0,2n): 6(az,8) = 0 or 6(bz,0) = 0} C [0,2n), E1 U E5 having linear measure zero,
E3 being a finite set, such that

d(az,0) <0, §(bz,0) >0

and for any given ¢ (0 < & < min(1 — 3, 1(o(f) — o(Ly)))), by (2.9), (2.11) we have
for sufficiently large |z| = r

(2.12) |Age®?| > exp{(1 — €)d(bz,0)r},
f(k) f(kfl f//
(2.13) ‘TAH bk A +D0(z)‘
(k) (k—1)
‘fT‘HAk 1|‘f ‘+...+|A2 — (2)]

< phlem14e) o p(k=D(e=14e) oy rpfte) 1
4 p2le=1+e) exp{rﬂ‘”} + exp{rm‘e}

< krkle=1+e) exp{rﬁ"’s},

(2.14) (D1(2) + Al(z)e“)fjl
re7H (exp{(1 - £)d(az, 0)r} + exp{r®*})

<
< re (1 4 exp{rftey).
By (2.8), (2.10), and (2.12)—(2.14) we have
exp{(1 —€)d(bz, 0)r} < |Ape®?| < Kphkle=1te) exp{r’*t},
where K > 0 is a real constant. This is a contradiction by 8 4+ ¢ < 1. Hence,
o(Ly) = ol(f)-
Case 2. Suppose now a = ¢b (0 < ¢ < 1). Then for any ray arg z = 6 we have

0(az,0) = co(bz,0).
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Then, by Lemma 2.2, for any given ¢ (0 < ¢ < min((1 —¢)/(2(1+¢)),1 — 3,
1(o(f) — o(Ly)))) there exist E; C [0,2n) (j = 1,2,3) such that Ey, E> have linear
measure zero and Ej3 is a finite set, where E;, E5, and F3 are defined as in Case 1,
respectively. We take the ray argz = 6 € [0,2n) \ E1 U E2 U E3 such that §(bz,0) > 0
and for sufficiently large |z| = r, we have (2.12), (2.13), and

(2.15) (D1(z) + Al(z)eaz)f% <1 (exp{rPTE} + exp{(1 + €)cd(bz, 0)r}).

Thus by (2.8), (2.10), (2.12), (2.13), and (2.15) we obtain
(2.16) exp{(1 — &)d(bz,0)r} < |Age”|
< krRe=1%9) exp{rAte}
+ e (exp{rP T} 4+ exp{(1 + €)cd(bz, 0)r}) + 1
< (k4 1)rke=1%e) exp(pfte}
+re e exp{(1 +¢)ed(bz, O)r} + 1.
For £ (0 < e <min((1—¢)/(2(1+¢)),1 =8, 1(o(f) — o(Ly)))), we have as r — co

(k + 1)rke=1+2) exp{yBte}

(2.17) expl(1—¢)o(bz,0)rt v
re e exp{(1+e)ed(bz, O)r}

(2.18) exp{(1 —2)d(bz, 6)r} i

(2.19) 1 v

expl(1 —€)d(bz,0)r}

By (2.16)—(2.19), we get 1 < 0. This is a contradiction. Hence, o(Ls) = o(f).
Case 3. Finally, we suppose a = ¢b (¢ > 1). We can rewrite (2.7) as

ﬂi B f(k) f(k—l) 1 l
(2.20) T + A1 7 + ...+ Ay 7
+ (Do(2) + Ao(z)ebz)% + Di(z) + A1 (z)e?.

By Lemma 2.7, there is a set £y C (1,00) that has finite logarithmic measure such
that for all z with |z| =7 ¢ [0,1] U E4 at which |f(z)| = M(r, f) we have

f(z)
f'(2)
By Lemma 2.8, for ¢ (0 < & < min((c — 1)/(2(c+1)),1 = 8, 3(o(f) — o(Ly)))), we
know that there exists a set F5 with logdens(Es5) > 0 such that

(2.21)

‘QZT.

L
(2.22) ‘Tf‘ Cexp{—reN-2) <1
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1

for all 2 such that |z| = r € Ej is sufficiently large and that | f(2)| = M (r, f)vs(r)°~ 1.
Since Ey4 C (1, 00) has finite logarithmic measure and Ej5 satisfies logdens(E5) > 0,

we have logdens(FEs — ([0,1] U Ey)) > 0. By (2.21) and (2.22) for sufficiently large
|z| = r we get

Ly

(2.23) 7

= ’ﬁ i < 2rexp{—re) =21 L or,

rr

For any ray argz = 0, we have

0(az,0) = cd(bz,0).
By Lemma 2.2, there exists a ray argz = 6 € [0,2n) \ E1 U Es U Es, Es = {0 €
[0,2n): 6(az,8) = 0 or 6(bz,0) = 0} C [0,2n), E1 U E5 having linear measure zero,
E3 being a finite set, such that

0(az,0) = ci(bz,0) >0

and by (2.9), (2.11), and (2.21), for sufficiently large |z| = r we have

(2.24) |A1e?| = exp{(1 — €)cd(bz,0)r},

(2.25) ‘(Do(z) + Ag(2)e’? )JJ:/ < 2rexp{r®*e} + 2rexp{(1 + ¢)d(bz,0)r},
(k (k—1) "

(226) ff, + A 1ff =+ . -I—Ag%-l—Dl‘

T
B 52 v

< 2r(k — 1)rke=199) exp{rf+e) 4 exp{rf*e}

< 2herkle= 14+ exp {pftel,

|‘fD+|D1

By (2.20), (2.23), and (2.24)—(2.26), we have

(2.27) exp{(1 — €)cd(bz,0)r} < |Are??|
< 2krkle= 14t oxp fpAte)
+ 2rexp{r’Te} + 2rexp{(1 + €)6(bz, 0)r} + 2r
< 2(k + 1)pklemtHaH exp fpftel
+ 2rexp{(1 +¢€)d(bz, 0)r} + 2r.
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For ¢ (0 <e <min((c —1)/(2(c +1)),1 = B, 1(e(f) — e(Ly)))), we have as r — 00

2(k + 1)rkle=1+e)+1 oxp pAtel

(2.28) exp{(1 — &)cd(bz, 0)r} -0
2r exp{(1 +¢)d(bz,0)r} .

(2.29) exp{(1 — €)cd(bz,0)r} 0

(2.30) 5 —0

exp{(1 —€)cd(bz, 0)r}

By (2.27)-(2.30), we get 1 < 0. This is a contradiction. Hence, o(Ls) = o(f). O

By using the Wiman-Valiron theory [12], we easily obtain the following result of
which we omit the proof.

Lemma 2.10. Let Ag(z),...,Ax—1(2), F(z) be entire functions of finite order. If
f is a solution of the equation

(2.31) F® 4 A () f5 Y 4+ A(2)f + Ao(2)f = F,

then o2(f) < max{o(Ao),...,0(Ar-1), 0(F)}.

3. PROOF of Theorem 1.1

Assume that f # 0 is a solution of equation (1.5). We prove that f is of infinite
order. We suppose the contrary: o(f) < co. By Lemma 2.9, we have 1 < o(Ly) =
o(F) < 1 and this is a contradiction. Hence, every solution of equation (1.5) is of
infinite order and by Lemma 2.10 we have g2(f) < 1. Suppose that ¢(z) # 0 is an
entire function of finite order. Set g = f — ¢, then f = g + ¢ and due to o(p) < ©
we have o(f) = o(g) = 00, 02(f) = 02(g) < 1. Thus, g is a solution of the equation

9" + A1 gV 44 Asg” + (Dy + Are®®)g’ + (Do + Age®)g = H,
where
H=F-— (ga(k) + Ak_lgo(k_l) + .o+ As” + (D1 + A1e™)’ + (Do + Aoebz)go).

By ¢(z) # 0 and o(¢) < oo we have H # 0. Since o(H) < oo, by Lemma 2.3 and
Lemma 2.4 we get

Mf—@)=olf—¢)=o(f) =00, Xao(f—¢)=02(f — ) = 02(f) < L.
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Furthermore, if F' # 0, then by the fact that f is an infinite order solution of
equation (1.5), and due to Lemma 2.3 and Lemma 2.4 we have

4. PROOF of Theorem 1.2

Assume that fy is a solution of (1.5) with o(fo) = 0 < oco. If fi is another
finite order solution of (1.5), then o(f1 — fo) < oo, and fi1 — fo is a solution of
the corresponding homogeneous equation of (1.5), but o(f1 — fo) = oo by virtue of
Theorem 1.1, which is a contradiction. Hence, (1.5) has at most one finite order
solution fo and all other solutions f; of (1.5) are of infinite order and satisfy (1.7)
and (1.8). If o(F) > 1, suppose there exists a solution fy of (1.5) with o(fo) < oo.
Then, we have o(fo) > 1 and by Lemma 2.9 we get o(L) = o(fo) = o(F). Suppose
that o(F) = 1. If there exists a solution fy of (1.5) with o(fo) < oo, then o(fo) < 1.
Indeed, if we suppose that o(fo) > 1, then by Lemma 2.9 we get o(Ls) = o(fo) =
o(F) > 1 and this is a contradiction. O

5. PROOF of Corollary 1.2

By using Theorem 1.1 and Theorem 1.2, we obtain Corollary 1.2. (I

Acknowledgment. The authors would like to thank the referee for his/her help-
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