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Abstract

In the present paper, we establish some interesting results concerning
the quasi-Hadamard product for certain subclasses of analytic functions.
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1 Introduction and preliminaries

Throughout this paper, let the of functions of the form

f(z) = a1z + ianz", a; >0, a, >0, (1)
n=2
fi(z2) = a1,2+ i aniz", a1; >0, an; >0, (2)
n=2
g(z) = bz + ibnz", by >0, b, >0, (3)
n=2
gj(z) = b17jZ + i bn,jz”7 b1 >0, bn’j >0, (4)
n=2

be regular and univalent in the unit disc U = {z: |z| < 1}.
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36 Maslina Darus, Imran Faisal

For a function f(z) defined by (1) (with a; = 1) we define

Df(z) = f(2),
Di(a, B,m)f(2) = (“=HE5)1(2) + (555)2F'(2),
Di(@, B p) f(2) = D(DX(, B, 1) ] (2)); (5)

D (o, B, 1) f(2) = D(D5 (o, B, ) f(2))

If f is given by (1) then from (5) we have

DY (0. Bop)f _Z+Z<a+ u+aA+(7;—1)+6) 4, 2" (6)

where f € A, o, B, u, A > 0, o+ B3 # 0,n € N,. The operator D§(a, B, 1) f(2)
was introduced by authors, Darus and Faisal in [7].

By specializing the parameters of D} (c, 8, 1) f(2) we get the following dif-
ferential operators. If we substitute
o f=10, we gt Df(a,0,u)f(2) = z + Y07 (A=)
operator given by Darus and Faisal [8].
e 3 =1 p =0, weget Di(a,1,0)f(2) = z + ZZOZQ(%:H)’CCL”W of
differential operator given by Aouf et. al [3].
ea=1,3=o0,and u =0, weget D§(1,0,0)f(2) = 2+ rey(1+A(n—1))*a, 2"
of differential operator given by Al-Oboudi [1].
ea=13=0,p=0and A =1, we get DF(1,0,0)f(2) = 2+ > oo y(n)Fa,z"
of dlfferentlal operator given by Saldgean’s [12].
ea=13=1A=1andp=0,weget Di(1,1,0)f(2) = 24+ > o o(2L) a, 2"
of dlfferentlal operator given by Uralegaddi and Somanatha [16].
e3=1,A=1and =0, we get Dj(a,1,0)f(2) = z + >0, (24 ) an2" of
differential operator given by Cho and Srivastava [5, 6].
With the help of the differential operator D5 («, 8, 1) f(2), we define the classes
U(k,p,d,m), and Ry(n,p,d,n) as follows:

For, 0 <p<1,0<d§<1andn >0, welet U(k,p,d,n) denote the class of
functions f(z) defined by (1) and satisfying the analytic criterion

a, 2" of differential

(DE (o B, 1) £(2) )
%{ = (D@ B.10)f(2)) + p=(D%(a, B 10 F(2) ‘5}
(D% (e, B, 1) ()’

0 7 (D@ B. 1) () + p(D% (e B ) F ()

Suitably specializing the parameters of the class ¥(k,p,d,n) generalize the
classes defined by some well known authors see [13]-[15].

-1

>n‘ L zeU. (7)
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Using similar arguments as given in [11], we can easily get the following
results for functions in the classes ¥(n, p,d,n) and ¥ (k + 1, p, d,n) respectively.
A function f(z) € ¥(k,p,0,m) (0<p<1,0<6<1,n>0)if and only if

5~ (aJr(MJraAl(%_l)JrB) n(1+n) = +n)(1+np — p)llan]

S (1 _6)7 (8)

Now we introduce the following class of analytic functions which plays an
important role in our discussion as follows.

A function f(z) which is analytic in U belongs to the class R,(n,p,d,n) if
and only if

Zfat+(p+Nn—-1)+7
;_;( a+p

) n(1+mn) = (6 +n)(1+np—p)llan]

< (1 - 6)7 (9)

where 0 < p<1,0<6é < 1,7 >0 and p is any fixed nonnegative real number.

For p = k, it is identical to U(k,p,d,n). Also for p = f = p = 0, it is

identical to S,(p, d,n) defined in [11]. Further, for any positive integer p > h >
h—1>--->k+1>k, we have the inclusion relation

Rp(”vpv 6a 77) g Rh(n’ P, 67 77) g e g w(k + 17107 6a 77) g \I’(k’pa 67 77)

The class R,(n, p,d,n) is nonempty for any nonnegative real number p as the
functions of the form

f(z) = a1z

(a+B)P(1—9)

+i< An2™, (10)

a+(u+A)(n1)+5> n(L+mn) = (0 +n)1+np—p)]

where a1 > 0, A\, > 0 and X°\,, < 1; satisfy the inequality (10).
Let us define the quasi-Hadamard product of the functions f(z) and g(z) by

fxg(z) =arbiz+ Z anbpz", a1 >0, by >0, a, > 0. (11)

n=2

In this work we establish certain results concerning the quasi-Hadamard product
of functions for the classes ¥(k, p, §,n) and R,(n, p, 6, ) analogous to the results
due to V. Kumar [9] and [10] as well.
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2 The main results

Theorem 1 Let the functions f;(z) defined by (2) be in the class Y (k+1,p,d,n)
for every ¢ = 1,2,--- |1 and let the functions g;(z) defined by (4) be in the
class U(n,p,6,n) for every j = 1,2,--- ,q. Then the quasi-Hadamard product
Jix foxe -k frxgrxgak---xge(z) belongs to the class Ry (i12)+q(k+1)—1(7, 0, 0,7).

Proof We denote the quasi-Hadamard product fy* fos*- - % frxg1%go*- - -xgq(2)
by the function G(z) for the sake of convenience. Clearly,
] 2"

G@>=[ilmLﬂ[Ilbm@z+§:[l ][Ilwmj
§i<a+w+ﬂﬂn—D+ﬁ>HlMu+n%%6+mﬂ+np_m“%A

r

|an,i
1

Since f;(z) € ¥(k+1,p,d,n) implies

n=2 0[+ﬁ
< (1 =9)|al, (12)
for every i = 1,2,--- ,r. Implies
a+ B 1 -4
|an,i| < ( kﬂ) ) lay,ql,
(et (4 Nm=1)+8) " [n(0L+n) = (E+n)(1+np - p)]
for every i = 1,2,--- ,r. Implies
a+(p+N)(n—1)+p\ "2
1< : 1
|an,z| = ( a+5 |a1,z|a ( 3)

for every ¢ =1,2,---,r. Similarly g;(z) € ¥(k, p, d,n), implies

o k
< (1 —=0)[by 1, 14)

for every i = 1,2, ---¢. Implies

n=2

at (ut+Nn—1)+8\ """
ol < (SO b1l (15)
for every j =1,2,---,q. To prove the theorem, we need to show that
(a+(p+Nn—-1)+p K
> (RO IR (o) - G )0+ o )]
n=2

x[ilam@[ipMJ@S(l@[ipmAﬂiiwuq»

where t =r(k+2)+q(k+1) — 1.
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Using (13), (14) and (15) for ¢ = 1,2,-+- ;r, j=qgand j = 1,2,--- ;¢ — 1
respectively. we have (consider t =r(k+2) +g(k+1) — 1)

Z<a+(u+o?)+(7;§_l)+ﬁ) [n(1+n) = (5 +n) (1 +np—p)]

n=2

e

00 u+ )\)(TL . 1) +ﬁ r(k+2)+q(k+1)—1
Z ( a+p )

(n(1+n)— (@ +n)(1+np—p)]

n=2

X

(a +(p+ N —1)+ 5)‘“’“2) (a +(p+ N —1)+ ﬁ)—“—”(“”
a+p a+f

< o] U ar, ] {H Ibml} 2_: (a +(u +aA)+(7;— 1) +g>k
x [n(1+ 1) = (6 + )1+ 1p — p)][bu] [1_1 v [1_1 o

i)

Implies

[« MNn—=1)+p ¢
I e N B R R)

n=2

T

(it [T

=1

—6>[E|a1,i|} [1_11|bl,j

], t=rk+2)+qk+1)—

Using (9) we conclude that
Jixfoxooxfrrgrrgax--x gq(z) € Rr(kr+2)+q(k+1)fl(n7p7 5,1m). U

Theorem 2 Let the functions f;(z) defined by (2) be in the class (k+1,p,d,1n)
for every i =1,2,--- r. Then the Hadamard product fi(z) * fo(z) * -+ * fr.(z)
belongs to the class Ry (j42y-1(n,p,0,7m).



40 Maslina Darus, Imran Faisal

Proof To prove the theorem, we need to show that

= [« n— T -
Z( +(u+aA>+<B 1>+ﬁ) [n(14n) = (@ +n)(1+np —p)] [T lan

n=2
<@-9]]laval-
=1

Since f;(z) € ¥(k+1,p,d,n), implies

o _ k+1
z:z<a+(l~t+>\)(n 1)+5> [n(1+n) — @ +n)(1+np—p)]lan|

— a+f
< (1 =d)lavl, (16)
for every i = 1,2,--- ,r. Implies
(a+B)1(1-9)
|an,q| < ) lat,i,
(@+ (u+Xm—1)+5)"" [n(l+n) = @+n)(L+np—p)]
for every ¢ = 1,2,--- ,r. Implies
a+ (u+N(n- 1)+ﬂ>’“2
Qi) < a il, 17
o] < (LR . a7
for every i =1,2,--- ,r.

Simultaneously applying (16) as well as (17) fori =rand i =1,2,--- ,r—1
respectively, we get

T

o o n— r(k+2)—1
Z( + (p+ A 1)+5) [n(1+n) — (6 +m)(L+np—p)] [] lanil

n=2 at ﬁ =
0 A _ r(k+2)—1

<> <a+ . +a )+<T/Z3 : +5) [n(1+n) = (6 +m) (1 +np—p)]|an,|
n=2

A\ _ —(r=1)(k+2) r—1
y [(a+(ﬂ+a i_(r; 1)+ﬁ> Hlau@

i=1

. B kil r—1
:Z<a+<u+k><n 1>+ﬁ) [n<1+n>—<6+n>(1+np—p>]|am|[HIaul}

Oé—l—ﬁ i=1
= (1 — 5) H |a1,i
i=1

Hence fl(Z) * fQ(Z) *oeox fT<Z) € Rr(k+2)fl(k7p7 6a 77) U

Theorem 3 Let the functions f;(z) defined by (2) be in the class V(k,p,d,n)
for every i =1,2,--- r. Then the Hadamard product fi(z) * fo(z) * -+ * fr.(z)
belongs to the class Ry (j41y-1(n,p,0,7m).
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Proof Since f;(z) € U(k, p,d,n), implies

o k
3 <a+(u+a/\l(7; 1)+5> [n(1+n) — @ +n) (1 +np—p)]lan|

n=2
< (1 =d)lavl, (18)

for every i = 1,2,--- ,r. Implies

k
(Q+W+““"‘”+ﬁ)[mrwﬁ—w+mu+nwwﬂmma<u—®muu

a+p
or
(1-9)
|an7i| S A (1)1 k |a1,i|a
(o= (01 4 ) = (0 + m)(1+np — p)]
for every i = 1,2,--- ,r. Implies
at(p+Nn—1)+8\"
il < — jarl (19)

for every i =1,2,--- ,r.

To prove that fi(z) * fa(2) * -+ * fr(2) € Ryp(xg1)—1(n,p,0,n), it is enough
to show that

o /o . r(k+1)—1 T
Z( +<u+aA)+<ﬁ 1>+ﬁ) (1)~ @+ n)(1+np—p)] []lan]

n=2

Using (18) and (19) for ¢ =r and ¢ = 1,2,--- ,r — 1 respectively, then we have

= o . r(k+1)—1 T
Z( +(M+:)+(ﬂ 1)+ﬁ) [ m) = @+ m+np=p)] [T lani

© 7 n — T
sZ( + (1 + ) 1”6) [n(1+ ) = 3+ m)(1+np — p)][an,s

o) a+p
Nim 1 —(r=1)(k+1) r—1 -
x {<a+(/~‘+a)+<’; )+ﬁ> [T lavil = 0 =8) T laval-
i=1 i=1

Hence f1(2) * fa(2) * -+ * fr(2) € Rpgrgry—1(n, p, 6,m). O
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