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Abstract. We study the question of the existence, uniqueness, and continuous dependence
on parameters of the Carathéodory solutions to the Cauchy problem for linear partial
functional-differential equations of hyperbolic type. A theorem on the Fredholm alternative
is also proved. The results obtained are new even in the case of equations without argument
deviations, because we do not suppose absolute continuity of the function the Cauchy
problem is prescribed on, which is rather usual assumption in the existing literature.
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1. INTRODUCTION

On the rectangle D = [a, ] X [c, d], we consider the linear hyperbolic functional-
differential equation

O%u(t, x)

(1.1) Ot Ox

=L(u)(t,x) + q(t, x),

where ¢: C(D;R) — L(D;R) is a linear bounded operator and ¢ € L(D;R). Under
a solution to the equation (1.1) were understand a function w: D — R absolutely
continuous on D in the sense of Carathéodory (see Proposition 2.1) which satisfies
the equality (1.1) almost everywhere on the set D.

For the hyperbolic equation

(1.2) e = p(t, z)u + q(t, ),
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which is a particular case of (1.1), a number of results is known especially in the
case where the coefficients p and ¢ are continuous and the solution u to the equation
(1.2) is supposed to have continuous all derivatives up to the second order (see, e.g.,
6], [7], [8], [12], [13], [18], [19], [20], [22] and references therein). In this case one can
pass from the canonical form (1.2) to the wave equation

Utt — Ugy = ﬁ(tv x)u + (j(tv :L')

and vice versa.

If the coefficients p and ¢ in the equation (1.2) are discontinuous, the situation is
much more complicated. Nevertheless, the concept of Carathéodory solutions was
used and the results generalizing those known in the continuous case were obtained
(see, e.g., [1], [3], [4], [9], [10], [11], [21], [22]). We follow these results and consider
solutions to the equation (1.1) in the class of functions absolutely continuous on D
in the sense of Carathéodory (see Proposition 2.1). Various initial and boundary
value problems have been studied in the literature for hyperbolic equations and their
systems (see, e.g., [1], [3], [4], [6], [7], [8], [9], [10], [11], [12], [13], [18], [19], [20], [21],
[22], and references therein). In this paper, we investigate the Cauchy problem for
the equation (1.1) formulated in the following way: Let H be a strictly monotone
curve connecting the vertices (a,d) and (b, ¢) of the rectangle D, which is defined as
the graph of a decreasing continuous (not absolutely continuous in general) function
h: [a,b] — [c,d] such that h(a) = d and h(b) = c¢. The values u and u{z] are
prescribed on H as follows:!

(1.3) u(t,h(t)) =g(t) forte [a,b],
(1.4) Uy (R (z),z) =¢(z) for ae. z € [c,d],

where g € C([a,b]; R) and ¢ € L([c,d]; R). The functions g and ¢ cannot be chosen
arbitrarily, they must satisfy the so-called consistency condition (see Section 3). We
should mention here that every solution u to the problem (1.1), (1.3), (1.4) verifies
also the initial condition

(1.5) upy (t,h(t)) = ¢(t) for ae. t € [a,b],
where?

d
o(t) = % (g(t) + . »(n) dn) for a.e. t € [a,b]

! The symbol ub] stands for the partial derivative of u with respect to the second argument.

2 The existence of the derivative on the right-hand side of this equality is ensured by the
consistency conddition (see Proposition 3.1 below).
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(see Lemmas 3.3 and 3.4). Observe that the condition (1.4) is equivalent to
(1.4 ujy (t, h(t)) = 1(h(t)) for a.e. t € [a,b]

provided that h € AC([a,b]; R) and h=! € AC([c,d]; R) (see Lemma 3.1 below).
In [3], K.Deimling formulates the Cauchy problem for the hyperbolic equation
with Carathéodory right-hand side as follows:

(1.6) uly (6 () = @(t),
)

where h € CD([a,b];[c,d]) is an absolutely continuous function, g € AC([a,b]; R),
and ¢ € L([a,b];R). He proves, among other, that the problem (1.2), (1.6) has
a unique solution under the assumption h=! € AC([e,d]; R). Formulation of the
Cauchy problem in the form of the initial conditions (1.3), (1.4) is more general,
because we do not need to suppose that the function h is absolutely continuous.
However, if we assume that h € AC([a,b]; R) and h™! € AC([c,d]; R), then both the
formulations coincide (see Remark 3.2 below).

The aim of this paper is to prove the Fredholm alternative and theorems on the
continuous dependence of solutions to the problem (1.1), (1.3), (1.4) on the initial
conditions and parameters (see Sections 5 and 8). Moreover, some solvability con-
ditions for the problem considered are given in Section 7, and equations with the
so-called Volterra operators are studied as well.

The results obtained are applied to the equation with argument deviations

O?u(t,z)

!
(1.1) Ot Ox

= p(t,x)u(r(t, z), u(t, z)) + q(t, x),

where p,q € L(D;R) and 7: D — [a,b], u: D — [c,d] are measurable functions.

2. NOTATION AND PRELIMINARY RESULTS

The following notation is used throughout the paper.
(i) N is the set of all natural numbers. R is the set of all real numbers, Ry =
[0,4+o00[. Ent(z) denotes the entire part of the number = € R.
(ii) D = [a,b] x [¢,d], where —0o < a < b < 400 and —o0 < ¢ < d < +00.
(iii) The first and the second order partial derivatives of a function v: D — R at
a point (¢, z) € D are denoted by vfl] (t,x) (or v(t,x), Ov(t,x)/0t), va] (t,x) (or
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vg(t, ), Ov(t,x)/0x), ”ﬁ,z] (t,x) (or v (t,x), O%v(t,x)/0t Oz), and vf’m] (t,x)
(or vy (t,x), O*v(t, z)/0x Ot).

(iv) C(D;R) is the Banach space of continuous functions v: D — R equipped with
the norm ||v||c = max{|v(t,z)|: (t,x) € D}.

(v) CD(la,bl;[c,d]) is the set of continuous decreasing functions v: [a,b] — [c,d]

such that v(a) = d and v(b) = c.

(vi) AC([ev, B]; R), where —oo < oo < 8 < 400, is the set of absolutely continuous
functions u: [, 5] — R.

(vii) C*(D;R) is the set of functions v: D — R admitting the representation

v(t,x):e+/atk(s)ds+/;l(77)d77+/at/jf(s,n)dnds for (t,x) € D,

where e € R, k € L([a,b];R), I € L([c,d];R), and f € L(D;R). Equivalent
definitions of the class C*(D;R) are given in Proposition 2.1 below.
(viii) L(D;R) is the Banach space of Lebesgue integrable functions p: D — R

equipped with the norm ||p||z = [, |p(t, )| dt dz.

(ix) L£(D) is the set of linear bounded operators ¢: C(D;R) — L(D;R).

(x) mes A denotes the Lebesgue measure of the set A C R™, m =1, 2.

(xi) If X, Y are Banach spaces and T: X — Y is a linear bounded operator then
||I7"]| denotes the norm of the operator T, i.e.,

T = sup{l|T(2)[y: 2z € X,[lz]x <1}

(xii) A + B stands for the symmetric difference of the sets A and B, i.e., A+ B =
(A\B)U(B\ A4).
The following proposition dealing with equivalent characterizations of functions
absolutely continuous in the sense of Carathéodory plays a very important role in
our investigation.

Proposition 2.1 ([16, Theorem 3.1]). The following three statements are equiv-
alent:
(1) the function v: D — R is absolutely continuous on D in the sense of Carathéo-
dory?3;
(2) ve C*(D;R);
(3) the function v: D — R satisfies the conditions
(a) v(-,z) € AC([a,b]; R) for every x € [c,d], v(a,-) € AC([c,d]; R);
(b) vy (t,-) € AC([e, d); R) for almost every t € [a, b];
(c) vf1 9 € L(D;R).

3 This notion is introduced in [2] (see also [16]).
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Remark 2.1. It is clear that the conditions (3a)—(3c) stated in the previous
proposition can be replaced by the symmetric ones, i.e.,
(3) the function v: D — R satisfies the conditions
(A) v(-,¢) € AC([a,b]; R), v(t,-) € AC([c,d]; R) for every t € [a, b];
(B) va](',:c) € AC([a,b]; R) for almost every x € [c, d];
(C) vy € L(DsR).
Moreover, for an arbitrary function v € C*(D; R), the equality

V19 (t, ) = vy (t, ) for ae. (t,x) €D
holds.
Notation 2.1. Having a function h € CD(]a,b]; [c,d]), we put

H(t,z) = {(s,n) € R?: min{h~(z),t} < s < max{h~*(z),t},

(2.1)
min{h(s),z} < n < max{h(s),z}} for (t,z) € D

(see the pictures below as an illustration). It is clear that, for any (¢,x) € D, the set
H(t,z) is a measurable subset of D.

A A
d d
x
[T
.’r 444444444444444444
c c
a t b a t b

3. CONSISTENCY CONDITION

We first mention that the formulation of the Cauchy problem for the equation
(1.1) in the form of the conditions (1.3) and (1.4) is rather natural. Indeed, if
u: D — R is a function absolutely continuous on D in the sense of Carathédory (i.e.,
if w € C*(D; R)) then, using conditions (3a)—(3c) of Proposition 2.1 and (3A)—(3C)
of Remark 2.1, we get

U(~, h()) € C([a,b]; R)v u{l]('a h()) € L([av b], R)a U‘EQ] (hil(')v ) € L([Cv d]a R)
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provided h € CD([a,b];[c,d]). As was said above, the functions g and ¢ appearing
in the initial conditions (1.3) and (1.4) cannot be chosen arbitrarily. The following
definition is motivated by the notion of a consistency condition presented in the
monograph [22].

Definition 3.1. Let h € CD([a,b];[c,d]), g € C([a,b];R), and ¢ € L([c, d]; R).
We say that the pair (g, 1) is h-consistent (in the space C*(D;R)) if there exists
a function u € C*(D; R) satisfying the conditions (1.3) and (1.4).

Now we introduce conditions sufficient and necessary for a pair (g,%) to be h-
consistent; their proofs are postponed till Section 3.1 below.

Proposition 3.1. Let h € CD([a,b];[c,d]), g € C([a,b];R), and ¢ € L([e,d]; R).
Then the pair (g,) is h-consistent if and only if the function

d

(3.1) t—g(t) + Y(n)dn
h(t)

is absolutely continuous on the interval [a, b].

Proposition 3.2. Let h € CD([a,b]; [c,d]) be an absolutely continuous function,
g € C([a,b];R), and ¢ € L([c,d]; R). Then the pair (g, ) is h-consistent if and only
if the function g is absolutely continuous.

Remark 3.1. The assumption h € AC([a, b]; R) is not necessary for the existence
of an h-consistent pair. Indeed, let ¢ € AC([a,b];R). Then the pair (g,0) is h-
consistent for an arbitrary h € CD([a, b]; [c, d]).

Remark 3.2. Let h € AC([a,b];R) and h=t € AC([c,d]; R). It follows from
Proposition 3.2 that the pair (g,v) is h-consistent if and only if the function g is
absolutely continuous. Moreover, by using Lemma 3.1 below, we easily show that
the condition (1.4) is equivalent to (1.4'). Since h=! € AC([a, b]; R), the inequality
h'(t) < 0 holds for almost every t € [a,b] (see, e.g., [14, Chapter IX, Example 13]).
Therefore, if u € C*(D; R) satisfies the initial conditions (1.3) and (1.4) then it also
satisfies the conditions (1.6) with

o(t) = g'(t) — ¥(h(t))W'(t) for a.e.t € [a,b].

Conversely, if u € C*(D; R) satisfies the initial conditions (1.6) then it satisfies the
conditions (1.3) and (1.4), where

_ g w) — ol (@)
N ()

for a.e. z € [c,d].

Consequently, the Cauchy problems formulated in the form of conditions (1.3),
(1.4) and in the form of conditions (1.6) coincide in this case.
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A consistent pair can be also characterized in terms of the unique solvability of
the problem (1.1), (1.3), (1.4) with the zero operator £. More precisely, the following

statement is true.
Proposition 3.3. Let h € CD([a,b];[c,d]), g € C([a,b];R), and ¢ € L([c,d]; R).

Then the pair (g, 1)) is h-consistent if and only if the problem (1.1), (1.3), (1.4) with
¢ =0 has a unique solution for every q € L(D;R).%

3.1. Proofs. In order to prove propositions stated above we need the following
lemmas.

Lemma 3.1 ([14, Chapter IX, §3, Theorem 3]). Let f € AC ([, 0];R) be a de-
creasing function. Then the relation mes f(E) = f(a) — f(8) holds for an arbitrary
measurable set E C [a, 5] such that mes E = 3 — a.

Lemma 3.2 ([16, Proposition 3.5]). Let f € L(D;R) and

u(t,x)—/t/xf(s,n)dnds for (t,x) € D.

Then
(i) there exists a set E C [a,b] such that mes E = b — a and

upy(t,z) = / f(t,n)dn forte E and z € [c,d);
(ii) there exists a set F' C [c,d] such that mes F' = d — ¢ and
¢
UEQ] (t,x) = / f(s,x)ds fort € [a,b] and x € F;

(iii) there exists a set G C D such that mes G = (b — a)(d — ¢) and

Uﬁ,z] (t,x) = f(t,x) for (t,z) € G.

4The symbol 0 stands here for the zero operator.
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Lemma 3.3. Let h € CD([a,b];[c,d]), g € C([a,b];R), and ¢ € L([c,d]; R). Then
an arbitrary function u € C*(D; R) fulfilling the conditions (1.3) and (1.4) satisfies

(32) () =gt)+ [ Gmdg+ /I L Hhasmdsdn for (t2) € D

h(t)

)

t
(3.3) u(t,z) =g (h (z)) + /h_l( )uh](s,h(s)) ds
+ // ufy o(s,n)dsdn  for (t,x) € D,
H(t,x)

where the mapping H is defined by the formula (2.1).

Proof. Let a function u € C*(D;R) satisfy the conditions (1.3) and (1.4).
Then, using properties (3A)—(3C) of Remark 2.1, we obtain

M

x t
ufy o(s,7m) d5d77=/ / ufy, 11(s,m) ds dn
,x h(t) Jh=1(n)

:/x [ujg) (t,m) — ujg (R~ (n), m)] dn
h(t)

= u(t,z) — ult, h(t)) - / 0 )

for (¢t,x) € D. Consequently, by virtue of the initial conditions (1.3) and (1.4), the
relation (3.2) holds.

On the other hand, using properties (3a)—(3c) of Proposition 2.1, we get

// ufy (8,7 dsdn—/ / ufy o(s,m) dnds
H(t,x) h=1( h(s)
¢

= ufy (s, @) — ufy (s, h(s))] ds
S ) =y o)

=u(t,z) —u(h ' (z),2) — / ufy) (s, h(s))ds

h ()

for (t,x) € D and thus, in view of the initial condition (1.3), the relation (3.3) is
satisfied. 0
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Lemma 3.4. Let h € CD([a,b];[c,d]), g € C([a,b];R), and 3p € L([c,d]; R) be
such that the function (3.1) is absolutely continuous on the interval [a, b]. Moreover,
let

B4 ulta) =g+ [ wmndn+-/];a Ssm)dsdy for (1) €D,

R(t)

where f € L(D;R) and the mapping H is defined by the formula (2.1). Then
u € C*(D; R) and u satisfies the conditions (1.3), (1.4),

(3.5) uh] (t,x) = p(t) + " )f(t, n)dn for a.e. t € [a,b] and all x € [c,d],
¢

t
(3.6) uEQ](t,x) =¢(x) + /h—l( )f(s,x) ds fort € [a,b] and a.e. x € [c,d],

and
(3.7) ufy o(t,x) = f(t,x) for ae. (t,x) €D,

where the function ¢ is given by the relation
d

(3.8) o(t) = — <g(t) + P(n) 77> for a.e. t € [a,b].
dt h(t)

Proof. In view of the formula (2.1), it follows immediately from the relation
(3.4) that the function u satisfies the condition (1.3). It is clear that the equality
(3.4) can be rewritten to the form

h(t) h(t)
u(t,xz) = g(t) — Y(n)dn — / / ( ) (s,m)dsdn
L

/w wi//iW)sn®M+//fsn®M

for (t,z) € D. Therefore, u(t,-) € AC([c,d]; R) for every t € [a, b]. Moreover, in view
of Lemma 3.2 (ii) there exists a set Ey C [c,d], mes B} = d — ¢, such that

L) t
ub](t,x):w(x)—/ f(s,x)ds—i—/ f(s,z)ds fort € [a,b], x € E,

whence we get uj,, (h=(x),x) = ¢(z) for x € Ey, and thus the function u satisfies
the conditions (1.4) and (3.6).
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On the other hand, the equality (3.4) can be rewritten to the form

d ()
¥(n) dn—/ 5 )f(s,n) dnds

d t ph(s) t px
o)+ [ wtran - / / Fls,m)dnds + / / F(s,m) dnds

for (t,z) € D. Consequently, by using the assumption on the function (3.1), we obtain
that u(-,z) € AC([a,b]; R) for every = € [c,d]. Moreover, in view of Lemma 3.2 (i)
there exists Eo C [a, b], mes E» = b — a, such that

h(t) T
() = p0) = [ sy [ feaydn oree By a € fed,

where the function ¢ is given by the relation (3.8). Therefore, uh] (t,-) € AC([e,d]; R)
for every t € E5 and, by virtue of Lemma 3.2 (iii), there exists F3 C D such that
mes B3 = (b — a)(d — ¢) and uf| 5(t,2) = f(t,2) for ({,x) € E3. It means that the
conditions (3.5) and (3.7) are fulfilled and u[l 5 € L(D;R).

We have shown that the function u satisfies the relations (1.3), (1.4), (3.5)—(3.7)
and the conditions (3a)—(3c) of Proposition 2.1, and thus u € C*(D; R). O

Lemma 3.5. Let f € CD([a,b];[c,d]) be an absolutely continuous function and
w € C*(D;R). Then the function z defined by the formula

(3.9) z(t) = w(t, f(t)) fort € [a,b]
is absolutely continuous.

Proof. Let e > 0 be arbitrary. Then there exists d; > 0 such that
(3.10) // |w[12 5,1 |dsd77<6 for P C D, mes P < 63.
Moreover, there exists do > 0, do < 01, such that
(3.11) /|w s))|ds < § for I C [a,b], mesI < dg,
(3.12) / [wiy (F~ ),m) |dn < § for J C [e,d], mesJ < s.

Since the function f is absolutely continuous, there exists § > 0, § < d2, such that
the relation

(3.13) Z |f(br) — f(ar)| < 62
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holds for an arbitrary system {]ax,bi[}7_, of disjoint intervals in [a,b] with the
property

(3.14) zn: b — ax)

k=1

Now let {]ag,bx[}}_, be a system of disjoint intervals in [a, b] satisfying (3.14).
Since the function f is decreasing, {|f(bx), f(ar)[}}_, forms a system of disjoint
intervals in [c, d] such that (3.13) holds, and {[ag, bx] x [f(bk), f(ax)]}}_; is a system
of non-overlapping rectangles contained in D fulfilling

(3.15) Z ke — ax)(f(ag) <O (S b)) < 66y < 7.
=1

k=1
It is not difficult to verify that, for any £k = 1,2,...,n, we have

2(br) — z(ar) = w(bg, f(bx)) — w(ag, f(ar))
b f(ak)
= [ upys. 10y s - / why (k) Ay

b}c)
br pf(s)
z/ wiy (s, ds—/ / wiy 9 (s,m) dnds
ag f(bk)
flak) flak)
_/ w[](f d77+/ / w[21 (s,m)dsdn,
f(bi) f(br)

whence we get

flak)

by
#(00) — =Gl < | wlyy (7). )| an

by @] as+ [ -

be f(ak)
+2/ / |w[12 (s,m)|dnds for k=1,2,.
f@

Consequently,

Z|zbk — z(ag)] /‘w ds
/\w - )\dn+2/ [l o) sl
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where [ = Lnj [ak,bk), J = LnJ [f(br), f(ar)], and E = LnJ lak, bx] x [f(br), f(ax)].

k=1 k=1 k=1
The last relation, together with (3.10)—(3.15), guarantees that

- E € €
D olabr) —z(a)| S s + 42 =-¢,
3 3 6
k=1
and thus the function z is absolutely continuous. O

Now we are in a position to prove Propositions 3.1-3.3.

Proof of Proposition 3.1.  First suppose that the pair (g,1) is h-consistent.
Then there exists a function v € C*(D; R) satisfying the conditions (1.3) and (1.4).
According to Lemma 3.3, the function v admits the representations (3.2) and (3.3),
whose comparing and setting x = d yields

d

o)+ [ vy =gla)+ / wy(s,h(s)) s for t € [a,b],
h(t) a

whereas uf, (-, h(-)) € L([a,b];R). It means, however, that the function (3.1) is
absolutely continuous on the interval [a, b].

Now suppose that h, g, and ¢ are such that the function (3.1) is absolutely con-
tinuous on the interval [a,b]. Then, by virtue of Lemma 3.4, the function u defined
by the formula

(3.16) u(t,x) = g(t) +/ P(n)dn for (t,xz) € D
h(t)
belongs to the set C*(D; R) and satisfies the initial conditions (1.3) and (1.4). Con-
sequently, the pair (g,) is h-consistent. O
Proof of Proposition 3.2. If the pair (g,v¢) is h-consistent then, using

Lemma 3.5, we obtain that the function g is absolutely continuous on the inter-
val [a, b].
Conversely, let g € AC([a,b]; R). Then the function

(ta) = g + [ " dn+ / () ds / "y dy

is of the class C*(D;R). Therefore, by virtue of Lemma 3.5, it is clear that the
function (3.1) is absolutely continuous on the interval [a, b] and thus the pair (g,)
is h-consistent (see Proposition 3.1). O
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Proof of Proposition 3.3.  If the problem (1.1), (1.3), (1.4) with ¢ = 0 has
a unique solution for every ¢ € L(D;R) then it is clear that the pair (g,%) is h-
consistent.

Conversely, let the pair (g, 1) be h-consistent and let ¢ € L(D; R). Then, according
to Proposition 3.1, the function (3.1) is absolutely continuous on the interval [a, b]
and thus, by virtue of Lemma 3.4, the problem (1.1), (1.3), (1.4) with £ = 0 has at
least one solution. The uniqueness follows from Lemma 3.3. ([

4. AUXILIARY STATEMENTS

The following proposition plays a crucial role in the proofs of statements given in
Sections 5, 7, and 8.

Proposition 4.1. Suppose that h € CD([a,b];[c,d]) and ¢ € L(D). Then the
operator T: C(D;R) — C(D;R) defined by the formula

(4.1) T(v)(t,z) = //H(t )ﬁ(v)(s,n) dsdn for (t,z) € D, v € C(D;R),

where the mapping H is given by (2.1), is completely continuous.

The above statement can be easily proved in the case where the operator £ is
strongly bounded, i.e., if there exists a function n € L(D; R;) such that

(4.2) [L(v)(t, z)| < n(t,z)||v]|c  for a.e. (t,z) € D and all v € C(D;R).

However, Schaefer proved that there exists an operator £ € £(D) which is not strongly
bounded (see [15]). In order to prove Proposition 4.1 without the additional require-
ment (4.2) we need several notions and statements from functional analysis.

Definition 4.1 ([5, Definition II.3.25]). Let X be a Banach space, X* its dual
space.

We say that a sequence {z,,};/> C X is weakly convergent if there exists € X
such that f(zr) = nEIJIrloof(xn) for every f € X*. The element z is said to be the
weak limit of this sequence.

A set M C X is said to be weakly sequentially compact if every sequence of
elements from M contains a subsequence which is weakly convergent in X.

A sequence {z,}/°9 of elements from X is called a weak Cauchy sequence if
{f(x,)}, 2] is a Cauchy sequence in R for every f € X*.

We say that the space X is weakly complete if every weak Cauchy sequence of
elements from X possesses a weak limit in X.
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Definition 4.2 ([5, Definition VI.4.1]). Let X and Y be Banach spaces, T: X —
Y a linear bounded operator. The operator T is said to be weakly compact if it maps
bounded sets in X into weakly sequentially compact subset of Y.

Definition 4.3. We say that a set M C L(D;R) has a property of absolutely
continuous integral if, for every ¢ > 0, there exists § > 0 such that the relation

‘//Ep(t,x)dtda:

holds whenever the measurable set £ C D is such that mes E < §.

<e foreverype M

The following three lemmas can be found in [5].
Lemma 4.1 (Theorem IV.8.6). The space L(D; R) is weakly complete.

Lemma 4.2 (Theorem VI.7.6). A linear bounded operator mapping the space
C(D;R) into a weakly complete Banach space is weakly compact.

Lemma 4.3 (Corollary IV.8.11). If a set M C L(D;R) is weakly sequentially
compact then it has a property of absolutely continuous integral.

Proof of Proposition4.1. Let M C C(D;R) be a bounded set. We shall show
that the set T(M) = {T(v): v € M} is relatively compact in the space C(D;R).
According to the Arzela-Ascoli lemma, it is sufficient to show that the set T'(M) is
bounded and equicontinuous.

Boundedness. 1t is clear that

)(t, )| // v)(s,m)| dsdy < [|6@)]z < 14 [vlle
H(tx)

for (t,x) € D and every v € M. Therefore, the set T'(M) is bounded in C(D; R).

Equicontinuity. Let € > 0 be arbitrary. Lemmas 4.1 and 4.2 yield that the operator
¢ is weakly completely continuous, that is, the set £(M) = {£(v): v € M} is a weakly
relatively compact subset of L(D;R). Therefore, Lemma 4.3 guarantees that there
exists § > 0 such that the relation

(4.3) } / /E ((v)(t, ) dt dz

holds for every measurable set ' C D satisfying mes F < max{b — a,d — c}J.

<Z forve M
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On the other hand, we have
T (0)(t2, w2) — T(0)(t1, 21))|
/ £(v)(s,m) dsdn—// {(v)(s,n) dsdn
H(tz,xz) H(tlyml)
4

<

k=1
where measurable sets E, C D (k=1,...,4) are such that mes Ej, < (d — ¢)|t2 — t1]

for k = 1,2 and mes B, < (b — a)|za — x1| for k = 3,4. Hence, by virtue of the
relation (4.3), we get

// L(v)(s,m) dsdn‘ for (t1,1), (t2,z2) € D, v € M,
Ey

|T(’U)(t2,$2) — T(U)(t1,$1)| <e€
for (tl,l‘l), (f,g,l‘g) €D, |t2 — f,1| + |J)2 — J)ll <4, and v € M,

i.e., the set T'(M) is equicontinuous in C'(D; R). O

5. FREDHOLM ALTERNATIVE

Throughout this section, we fix a function h € C'D([a,b]; [c,d]). Along with the
problem (1.1), (1.3), (1.4) we consider the corresponding homogeneous problem

Ou(t,z)
(1.10) arry ik OIGEN
(1.3¢) u(t,h(t)) =0 fort € [a,b],
(1.49) ufy (R~ (x),z) =0 for ae. x € [c,d].

Observe that the homogeneous problem (1.1p), (1.3¢), (1.49) is well-defined because
the pair (0,0) is obviously h-consistent.

Now we establish the main result of this section, namely, the statement on the
Fredholmity of the problem (1.1), (1.3), (1.4).

Theorem 5.1. The problem (1.1), (1.3), (1.4) has a unique solution for an arbi-
trary h-consistent pair (g,v) and every q € L(D; R) if and only if the corresponding
homogeneous problem (1.1¢), (1.3¢), (1.4¢) has only the trivial solution.

Proof. Let u be a solution to the problem (1.1), (1.3), (1.4). According to
Lemma 3.3, u is a solution to the equation

(5.1) v="Tw)+f
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in the space C(D; R), where the operator T is defined by the formula (4.1),

(52)  flto)=g(t) + /;)wm)dm //H e dsdn for (.3) €D,

and the mapping H is given by the formula (2.1).

Conversely, if the pair (g,%) is h-consistent, ¢ € L(D;R), and v € C(D;R) is
a solution to the equation (5.1) with f given by (5.2) then, by virtue of Lemma 3.4,
v € C*(D;R) and v is a solution to the problem (1.1), (1.3), (1.4). Hence, the
problem (1.1), (1.3), (1.4) and the equation (5.1) are equivalent in this sense.

Note also that u is a solution to the homogeneous problem (1.1¢), (1.3¢), (1.4o) if
and only if u is a solution to the homogeneous equation

(5.3) v="T(v)

in the space C(D; R).

According to Proposition 4.1, the operator T is completely continuous. It follows
from the Riesz-Schauder theory that the equation (5.1) is uniquely solvable for every
f € C(D;R) if and only if the homogeneous equation (5.3) has only the trivial
solution. Therefore, the assertion of the theorem holds. O

Definition 5.1. Let the problem (1.1p), (1.3p), (1.4¢) have only the trivial so-
lution. An operator : L(D;R) — C(D;R) which assigns to every ¢ € L(D;R) the
solution u to the problem (1.1), (1.3¢), (1.4¢) is called the Cauchy operator of the
problem (1.1¢), (1.30), (1.49).

Remark 5.1. It is clear that the Cauchy operator is linear.

If the homogeneous problem (1.1p), (1.3p), (1.49) has a nontrivial solution then,
by virtue of Theorem 5.1, there exist a function ¢ and an h-consistent pair (g,)
such that the problem (1.1), (1.3), (1.4) has either no solution or infinitely many
solutions. However, as follows from the proof of Theorem 5.1, a stronger assertion
can be shown in this case.

Proposition 5.1. Let the problem (1.1p), (1.3¢), (1.4¢) have a nontrivial solution.
Then, for an arbitrary h-consistent pair (g,), there exists a function q¢ € L(D;R)
such that the problem (1.1), (1.3), (1.4) has no solution.

Proof. Let ug be a nontrivial solution to the problem (1.1y), (1.3¢), (1.49) and
let (g,) be an h-consistent pair.

It follows from the proof of Theorem 5.1 that wg is also a nontrivial solution to the
homogeneous equation (5.3) in the space C'(D; R). Therefore, by the Riesz-Schauder
theory, there exists f € C(D; R) such that the equation (5.1) has no solution.
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Then the problem (1.1), (1.3), (1.4) has no solution for ¢ = £(z), where

z(t,x) = f(t,z) —g(t) — h; Y(n)dn for (t,z) € D.

Indeed, if the problem indicated had a solution u then the function u + z would be
a solution to the equation (5.1), which would lead to a contradiction. g

6. VOLTERRA OPERATORS

The following definition introduces the notion of a [tg, h]-Volterra operator which
is useful in the investigation of the Cauchy problem for the equation (1.1) (see, e.g.,
Theorem 7.2 below).

Definition 6.1. Let ty € [a,b] and h € CD([a,b]; [c,d]). We say that ¢ € L(D)
is a [to, h]-Volterra operator if the relation

Lv)(t,x) =0 for ae. (t, ) € [ag,bo] x [h(bo), h(ap)]

holds for an arbitrary interval [ag, by] C [a,b] and every function v € C(D;R) such
that tg € [ag, bo] and

v(t,x) =0 for (t,x) € [ag, bo] % [h(bo), h(ao)].

Remark 6.1. If the operator ¢ in the equation (1.1) is a [to, h]-Volterra one then
the Cauchy problem (1.1), (1.3), (1.4) can be restricted to an arbitrary rectangle
[ao, bo] x [A(bg), h(ag)] C D containing the point (tg, h(to)).

Let the operator ¢ be defined by the formula
(6.1) L(v)(t,x) = p(t,x)v(r(t,x), u(t,z)) for a.e. (t,z) € D and all v € C(D;R),

where p € L(D;R) and 7: D — [a,b], u: D — [c,d] are measurable functions.
Then clearly ¢ € £(D). A sufficient and necessary condition for the operator ¢ to
be a [to, h]-Volterra one is given in the next proposition.
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Proposition 6.1. Let ty € [a,b] and h € CD([a,b];[c,d]). Then the operator ¢
defined by the formula (6.1) is a [to, h]-Volterra one if and only if the conditions

(6.2) Ip(t, z)| min{to, t, h~*(z)} ,x)|7(t, z)

,x)| max{ty,t,h " *(z)} for a.e. (t,r) €D

p(

< Ip(t
< p(t

and

(6.3) |p(t,z)| min{h(to), h(t), z}

are satisfied.

To prove this proposition we need the following lemma.

Lemma 6.1. Let o, 3: D — [y1,72] be measurable functions and E C D a set of
positive measure such that

(6.4) at,z) < B(t,x) for (t,x) € E.

Then there exist Ey C E and zy € |1, 2| such that mes Ey > 0 and

(6.5) at,x) < zo < B(t,z) for (t,x) € Ep.
Proof. Let
(6.6) En:{(t,x)eE: a(t,x)—b’(t,x)é—%} for n € N.

+oo
Clearly, F1 C E> C ... C F and |J E, = E. Therefore, in view of the assumption

n=1
mes £ > 0, there exists ng € N such that
(6.7) mes By, > 0.

Moreover, (6.6) yields that

1
(6.8) alt,x) — B(t,z) < —— fort € E,,.
no

Now we put
I(z) ={(t,x) € E,y: a(t,x) < z} for z € [y1,72).
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Clearly, I(y1) = 0 and (21) C I(22) C Ep, for 71 < 21 < 22 < 72, and thus we can
set

(6.9) 2" =sup{z € [y1,72]: mesI(z)=0}.

It can be easily verified that

+oo * *
I(Z*)ZUI(Z*—Z k%) and mesI(z*—Z k’yl):O for k € N,
k=1
which guarantees that
(6.10) mes I(z*) = 0.

Moreover, in view of (6.7) and (6.10) we have E,, \ I(z*) # 0, whence, on account
of (6.8), we get

1 1
2" <at,r) <Bt,z) — — <y2—— for (t,z) € By, \ I(2Y)
no i)
and, in particular,
(611) SO
. 2 L .
2! T Y2
Put
* N 1
(6.12) Eo:{(t,x)eEnO: 7 <alt,z) < 2 +ﬁ}'
0

Then I(z* 4+ 1/(2ng)) = I(2*) U Ey whereas the relation (6.9) guarantees that
mes I(z* 4+ 1/(2ng)) > 0. Consequently, by using (6.10), we get

(6.13) mes Ey > 0.

On the other hand, by virtue of (6.8) and (6.12), we have

1 1 1
*+— <ot — < Bt z) — — < B(t, for (t,z) € E
2*+ o aft,z) + o B(t, x) 5 B(t,x) for (t,z) € Eo

which yields
1
alt,x) < 2" + o < B(t,x) for (t,z) € Ey,
no

and thus the relation (6.5) holds with zo = 2* + 1/(2ny). O

409



Proof of Proposition 6.1. Let the operator ¢ be defined by the formula (6.1).

If the inequalities (6.2) and (6.3) are satisfied then it is easy to verify that the
operator £ is a [tg, h]-Volterra one.

Conversely, let the operator ¢ be a [tg, h]-Volterra one. Assume that, on the
contrary, the first inequality in (6.2) does not hold, i.e., that

[p(t,2)|7(t, 2) < |p(t, )| min{to, ¢, A" ()}

on a set of positive measure. Then, according to Lemma 6.1, there exist a set £y C D
of positive measure and zg € ]a, b[ such that

(6.14) p(t,x) #0, 7(t,x) < 20 < min{te,t,h ' (x)} for (t,x) € Ep.

Therefore, for every (t,2) € Ey we have zp < t, 29 < to, and © < h(z), which
guarantees that Ey C [z, b] X [¢, h(z0)]. Put

t—zyp fora<t<z, x€led,
u(t,z) =
0 for zo <t < b, = € ¢, d].
Then, clearly, v € C(D;R) and
v(t,x) =0 for (¢,x) € [20,b] X [¢, h(20)].
However, the relations (6.14) yield that
p(t, z)v(T(t, ), u(t,x)) = p(t,x)(r(t, ) — z9) <0 for (¢,2) € Ep,

which is a contradiction because the operator ¢ is supposed to be a [tg, h]-Volterra
one. The contradiction obtained proves that the first inequality in (6.2) holds. The
validity of the second inequality in (6.2) and the inequalities (6.3) can be proved
analogously. O

Proposition 6.1 yields
Corollary 6.1. Let tg € [a,b] and h € CD([a,b];[c,d]). Assume that
(t(t,z) —to)(7(t,x) —t) <0 for a.e. (t,x) € D

and
(u(t,x) — h(to))(u(t,x) —x) <0 for ae. (t,x) € D.

Then the operator £ defined by the formula (6.1) is a [to, h]-Volterra one.
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7. EXISTENCE AND UNIQUENESS THEOREMS

In this section, we fix a function h € CD([a,b];[c,d]) and give some efficient
conditions guaranteeing the unique solvability of the problem (1.1), (1.3), (1.4) as
well as (1.1"), (1.3), (1.4). We first formulate all the results, their proofs being
postponed till Section 7.1 below.

Introduce the following notation.

Notation 7.1. Let ¢ € L(D). Define the operators ¥,: C(D;R) — C(D;R),
k=0,1,2,..., by setting

(7.1) Po(v) = v, p(v) =T(Ik—1(v)) forve C(D;R), keN,
where the operator T is given by the formula (4.1).

Theorem 7.1. Let there exist m € N and « € [0, 1] such that the inequality
(7.2) [Im(u)llc < allullc

is satisfied for every solution v to the homogeneous problem (1.1p), (1.3¢), (1.4o).
Then the problem (1.1), (1.3), (1.4) has a unique solution for an arbitrary h-
consistent pair (g,) and every q € L(D;R).

Remark 7.1. The assumption a € [0,1] in the previous theorem cannot be
replaced by the assumption « € [0,1] (see Example 9.1).

Corollary 7.1. Let there exist j € N such that

b ph(t) b pd
(7.3) max{// p;(t,x)dz dt,// p;(t, x)dz dt} <1,
aJc a Jh(t)

where p1 = |p|,

(1.4) prsa(t.) = ple,2)] [ pu(s,m)dsdy for ae. (t,z) €D, keN,
H(r(t,x),pu(t,z))

and the mapping H is defined by the formula (2.1). Then the problem (1.1'), (1.3),
(1.4) has a unique solution for an arbitrary h-consistent pair (g,v) and every q €
L(D;R).

Remark 7.2. Example 9.1 shows that the strict inequality (7.3) in Corollary 7.1
cannot be replaced by the nonstrict one.

411



Theorem 7.2. Let { be a [to, h]-Volterra operator for some ty € [a,b]. Then the
problem (1.1), (1.3), (1.4) has a unique solution for an arbitrary h-consistent pair
(9,%) and every q € L(D;R).

Corollary 7.2. Let there exist to € [a,b] such that the conditions (6.2) and
(6.3) are satisfied. Then the problem (1.1’), (1.3), (1.4) has a unique solution for an
arbitrary h-consistent pair (g,v) and every q € L(D; R).

Corollary 7.3. Let either
T(t,x) <t, p(t,x)>x forae. (t,x) €D,

or
T(t,x) =2t, p(t,x) <z forae (t,x) € D.

Then, for an arbitrary h € CD([a,b];[c,d]), the problem (1.1'), (1.3), (1.4) has
a unique solution for every h-consistent pair (g,v) and all ¢ € L(D;R).

Remark 7.3. Let h € AC([a,b]; R) and h=! € AC([c,d]; R). The previous corol-
lary guarantees that the problem (1.2), (1.3), (1.4) is uniquely solvable without any
additional assumption imposed on the coeflicient p. Since the problems (1.2), (1.3),
(1.4) and (1.2), (1.6) are equivalent in this case (see Remark 3.2), the corollary
obtained coincides with the result of K. Deimling established in the paper [3].

7.1. Proofs. Now we prove the statements formulated above.

Proof of Theorem 7.1. According to Theorem 5.1, it is sufficient to show that
the homogeneous problem (1.1p), (1.3¢), (1.49) has only the trivial solution.

Let u be a solution to the problem (1.1p), (1.3¢), (1.40). Then, by virtue of
Lemma 3.3, u satisfies

u(t, x) // : (s,m)dsdn =T (u)(t,z) = V1 (u)(t,x) for (t,z) € D.
H(t,
Therefore, we get
u(t, ) = T(V1(u))(t, x) = I2(u)(t,z) for (t,z) € D,
and thus u = 9 (u) for every k € N. Consequently, the relation (7.2) implies
l[ulle = [9m(w)lle < aflulle,

which guarantees that u = 0, because « € [0, 1]. O

412



Proof of Corollary 7.1. It is clear that the equation (1.1’) is a particular case
of the equation (1.1), in which the operator ¢ is given by the formula (6.1). It is not
difficult to verify that

il < [ I s (), s s
t,x
< ||UHc// pr(s,n)dsdn for (t,x) € D, k€N, v e C(D;R).
H(t,z)

Since the functions py are nonnegative, we get for any k£ € N the relation

max (s,m)dsd
(thD{//H(tz ) 77}
—max{// petsn)dsan, [ pk(s,mdsdn}.
H(a,c) H(b,d)

Consequently, the assumptions of Theorem 7.1 are satisfied with m = j and
b rh(t) b pd
ozzmax{// pj(t,a:)da:dt,// pj(t,x)dxdt}.
aJe a Jh(t)

To prove Theorem 7.2 we need the following lemma.
Lemma 7.1. Let ty € [a,b] and let ¢ be a [to, h]-Volterra operator. Then

(7.5) khm [|9%]| = 0,

where the operators U, are defined by the formula (7.1).

Proof. Lete €]0,1]. According to Proposition 4.1, the operator 1, is com-
pletely continuous. Therefore, by virtue of the Arzela-Ascoli lemma, there exists
0 > 0 such that

| sdsdn— [ twsmdsdn] < < ule
tz,mz H(tlyxl)
for (tl,xl),(t2,$2)€p, |t2—t1|+|$2—$1| <5, w€C(D; R)

Since h € CD(]a,b];[c,d]), there exists do > 0 such that dy < §/2, dgp < max{ty —
a,b—to}, and

1)
(77) |h(t2) — h(t1)| < 5 for ti,te € [a,b], |t2 — tll < 50.
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Let

nzmax{Ent( % ) Et(bgoto)}—f—l.

Choose yn+1 € [a,to] and yn42 € [to,b] such that y,+2 — ynt1 = do, and put

yk:ynﬂ—(n—i—l—k)M for k=1,2,...,n
n

b— n
2) Yn+2
n

Y = Ynt2 + (k—n — fork=n+3,n+4,...,2n+ 2,

and
Dy = [YUnt2—ks Ynt1+k] X [P(Uns14k) P(Ynio—r)] fork=1,2,...,n+1.

Using the relation (7.7) and the definition of the numbers y;, for any j,r
1,2,...,2n 4+ 1, we get

(7.8) fto —ta| + |z — 1| <& for (t1,21), (L2, x2) € [yj, yj1] X [(yr41), A(yr)]-
Having w € C(D;R), we denote
|wl; = |wlcmp;ry fori=1,2,....,n+1.
Let v € C(D; R) be arbitrary. We shall show that the relation
(7.9) 9% (0)]l: < ai(k)e®|v|lc for k€ N
holds for every i = 1,2,...,n + 1, where

(7.10) ai(k) = k™! forkeN, i=1,2,...,n+1,
(7.11) ar=1, a1=i+1+ia; fori=1,2,...,n

By virtue of (7.6) and (7.8), it is easy to verify that, for any w € C(D;R) and
i=1,2,...,n+ 1, we have

(7.12) ‘// (s,m)dsdn| <icllw|c for (t,x) € D;.
H(t,z)
Observe that the previous relation immediately implies

(7.13) 191 (v)]; <igllv]|e¢ fori=1,2,...,n+ 1.
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Furthermore, on account of (7.6), (7.8), and the fact that ¢ is a [to, h|-Volterra
operator, we obtain

|19k+1<v><t,x>|=\ / /H o (O ) dsdn| <A@ for () €Dy, kN

Hence, by virtue of (7.13), we get
9% (v)|1 < ¥ ||v)lc for k€N

and thus the relation (7.9) holds for ¢ = 1.
Now suppose that the relation (7.9) holds for some i € {1,2,...,n}. We shall show
that the relation indicated is also true for ¢ + 1. With respect to (7.8), we obtain

9100 = max{ | [[ " KDL e s (1.a) € Diyr |

= ' / /H(tz’mz)fwm)(s,n)dsdn‘
) ‘//H@k,m Hou())le,n) ds dn‘
+‘//H(tw;;)M’“(“))“’”)dsdn— / /H oy OO m) dsdn‘

for k € N, where (t,2}) € Dit1, (tx,%%) € Di, and [t} — tx| + |2} — 21| < & for
k € N. Therefore, on account of (7.6), (7.12), and the fact that ¢ is a [to, h]-Volterra
operator, we get

1941 ()1 < € 19 ) lli+1 + el Pk ()i < & [Tk (v) i1 + iai(k)e" o]l
for k € N. Consequently, for any & € N we have
19541 (0) |41 < e(ellIn-1(0) i1 + dai(k = Der[lvlle) + iai(k)e" v
Continuing this procedure, on account of (7.13) we obtain
(7.14)  [Pea(©)]ign < G +1+i(oi(1) 4+ ...+ (k)" v]|¢  for k€N,
By using (7.10) and (7.11), it is easy to verify that

i+ 14i(a(1) 4+ ...+ oi(k) =i+ 14+, (17 + ..+ k7
i+ 14 ik P =i+ 1+ ik

<
< (i +14+i)k" = a1k’ < i (k+1).
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Therefore, (7.13) and (7.14) imply
[9k()[li4+1 < @ig1(k) e lvl|lc  for k € N.

Hence, by induction, we have proved that the relation (7.9) holds for every i =
1,2,...,n+1.
Now it is already clear that, for any k& € N, the estimate

19k ()l = 19k (V)lns1 € ans1k™e" Jullc for v € C(D;R)

is fulfilled and thus
0% < ang1 k™e® for k e N,

Since we suppose that € €]0, 1], the last relation yields the validity of the condition
(7.5). O

Proof of Theorem 7.2. According to Lemma 7.1, there exists a number mg € N
such that ||9,,] < 1. Moreover, it is clear that

[Omo ()llo < [Pm, |l lvllc for v e C(D;R),

because the operator ¥,,, is bounded. Consequently, the assumptions of Theorem 7.1
are satisfied with m = mg and a = ||9,, || O

Proof of Corollary 7.2. Tt is clear that the equation (1.1’) is a particular case of
the equation (1.1) in which the operator ¢ is given by the formula (6.1). By virtue
of the assumptions (6.2) and (6.3), Proposition 6.1 guarantees that the operator ¢
is a [to, h]-Volterra one. Consequently, the assertion of the corollary follows from
Theorem 7.2. ([

Proof of Corollary 7.3. It follows immediately from Corollary 7.2 with ¢ty = a
and ty = b, respectively. (Il

8. WELL-POSEDNESS

In this section, the well-posedness of the problems (1.1), (1.3), (1.4) and (1.1"),
(1.3), (1.4) is studied. We first formulate all the results, their proofs being given in
Section 8.1 below.

Throughout this section, we fix a function h € CD([a,b];[c,d]) for which the
mapping H is given by the formula (2.1). On the graph of the function h we consider
the Cauchy problem (1.3), (1.4) for the equation (1.1). Call that the pair (g,1)) is
supposed to be h-consistent.
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For any k € N, along with the problem (1.1), (1.3), (1.4) we consider the perturbed
problem

2u(t, x
(1.14) TAED) ) 1,2) + (1,2,
(1.3g) u(t, hi(t)) = gi(t) fort € [a,b],
(1.4g) Uy, (h; ' (2),x) =p(z) for ae. x € [c,d],

where (;, € L(D), qr € L(D;R), hi, € CD([a,b];[c,d]), and gr € C([a,b];R), ¢y €
L([c,d]; R) are such that the pair (gg,¢x) is hi-consistent.

Analogously to Notation 2.1, for given functions hy we put

(8.1) Hy(t, ) = {(s,n) € R*: min{h* (2),t} < s < max{h; '(z),t},
min{h(s),z} < n < max{hi(s),z}} for (t,x) € D, ke N.

It is clear that for any (¢,2) € D and k € N, the set Hy (¢, x) is a measurable subset
of D.

Notation 8.1. Let A € £L(D) and v € CD([a,b];[c,d]). Denote by M(A,~) the
set of functions y € C*(D; R) admitting the representation

T t
y(t,z) = / / A(2)(s,n)dsdn for (t,z) € D,
(&) Sy~ (m)
where z € C(D; R) and ||z]|c = 1.

Theorem 8.1. Let the problem (1.1), (1.3), (1.4) have a unique solution u and

(8.2) lim A, =0,
—>+oo
where
(8.3) A= sup {‘// )(s,m)dsdn — // )(s,m dsdn‘}
(t,z)eD Hp(t I) H(t,x)
yEM (€ hi)
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for k € N. Let, moreover,

(8.4) hm gk[// (s,m)dsdn — // (s,m dsdn} =
Hy(t, x) H(t,x)

uniformly on D for every y € C*(D; R),

(8.5) lim Qk[// ar(s,m) dsdn—// a(s,m) dsdn] =0
k—+o0 Hy(t,x) H(t,2)

uniformly on D,

x
(8.6) X hr_il gk/ [Yr(n) —1(n)]dn =0 uniformly on [c,d],
h(t)
(8.7) lim oy Y(x)dn =0 uniformly on [a, ],
and
. Ii — =
(8.8) i exllgr = gllo =0,
where
(8.9) or =1+ HZ}CH for k € N.

Then there exists kg € N such that for every k > ko, the problem (1.1;), (1.33),
(1.4%) has a unique solution uy, and

(8.10) lim |ur — ullc = 0.
k—-+o00

Remark 8.1. By using Lemma 3.3, it can be easily verified that the functions uy
and v in Theorem 8.1 also satisfy the condition

t
kggl gk/a [uk(y) (s, 7(s)) — ufyy(s,h(s))]ds = 0 uniformly on [a,d].
Note also that the sequence {hj} in the previous theorem does not necessarily con-
verge to the function h. Indeed, let £, = £ = 0,° g = q =0, ¢, = ¢ = 0, and let
9k, g € AC([a, b]; R) fulfil the condition (8.8). Then the assumptions of Theorem 8.1
are satisfied for arbitrary functions hi, h € CD([a,b;[c,d]).

If we suppose that the operators £; are “uniformly bounded” in the sense of the
relation (8.11) then we obtain the following statement.

5 The symbol 0 stands here for the zero operator.
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Corollary 8.1. Let the problem (1.1), (1.3), (1.4) have a unique solution u, let
there exist a function w € L(D; R,) such that

(8.11) |[li(y)(t,z)| S w(t,z)|lyllc for a.e. (t,x) € D and all y € C(D;R), k €N,
and
(8.12) lim // (s,n)dsdn = // L(y)(s,m)dsdn
k=+oo J J i, (¢,2) H(t,2)
uniformly on D for every y € C*(D; R).

Moreover, let

(8.13) lim // (s,n)dsdn = // q(s,n)dsdn uniformly on D,
k_’+°° Hy (t x) H(t x)

(8.14) i 1irf [wk(n) —(n)]dn =0 uniformly on [c,d],

h(t)

(8.15) lim Y(x)dn =0 uniformly on [a,b],
oo S (1)

and

(8.16) Jim gk —glle = 0.

Then the conclusion of Theorem 8.1 holds.

Remark 8.2. The assumption (8.11) in the previous corollary is important and
cannot be omitted (see Example 9.2).

Corollary 8.2. Let the problem (1.1), (1.3), (1.4) have a unique solution u and
let there exist a function w € L(D; R.) such that the relation (8.11) holds. Moreover,
let the conditions (8.13), (8.14), and (8.16) be satisfied,

(817) i [[ s, ~ @) n)dsdn =0
k—+oo H(t,x
uniformly on D for every y € C*(D; R),
and
(8.18) kgr—ir-loo lhe — hllc = 0.

Then the conclusion of Theorem 8.1 holds.
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Remark 8.3. If the functions ¢ are such that
lgr(t,x)| < o(t,z) fora.e. (t,z) € D, k€N

with o € L(D; R, ), then the condition (8.13) in Corollary 8.2 and other statements
containing the assumption (8.18) can be replaced by the more convenient condition

lim // [qx(s,n) — q(s,n)]dsdn =0 uniformly on D
k—+oo J JH(t,2)

(see Lemma 8.2 below).
Corollary 8.2 immediately yields
Corollary 8.3. Let the homogeneous problem (1.1¢), (1.3¢), (1.4¢) have only the

trivial solution. Then the Cauchy operator® of the problem (1.1p), (1.30), (1.4¢) is

continuous.

Now we give a statement on the well-posedness of the problem (1.1’), (1.3), (1.4).
For any k € N, along with the equation (1.1’) we consider the perturbed equation

O%u(t, x)
ot oz

where pg, qr € L(D; R) and 7,: D — [a,b], ux: D — [c,d] are measurable functions.

(11%) :pk(tam)u(Tk(tax)aHk(t7x)) +Qk(t7$)7

Corollary 8.4. Let the problem (1.1'), (1.3), (1.4) have a unique solution u, let
there exist a function w € L(D; R,) such that

(8.19) |pr(t,z)| S w(t,xz) forae. (t,z) € D, k€N,

and

(8.20) lim // [pr(s,m) —p(s,n)]dsdn =0 uniformly on D.
k—+too J J p(t,2)

Moreover, let the conditions (8.13), (8.14), (8.16), and (8.18) be satisfied, and

(8.21) klirf esssup{|m(t,x) — 7(t,x)|: (¢t,x) € D} =0,
(8.22) khIJ? esssup{|ur(t, ) — u(t,x)|: (t,x) € D} = 0.

Then there exists ko € N such that for every k > kg, the problem (1.1}), (1.3;),
(1.4%) has a unique solution uy, and the relation (8.10) holds.

Remark 8.4. The assumption (8.19) in the previous theorem is important and
cannot be omitted (see Example 9.2).

6 The notion of the Cauchy operator is introduced in Definition 5.1.
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Finally, we consider the hyperbolic equation without argument deviations (1.2) in
which p,q € L(D;R). For any k € N, along with the equation (1.2) we consider the
perturbed equation

(].Qk) Utz :pk(tvx)u+qk(tax)

where pg, gr € L(D; R).
The following statement can be derived from Theorem 8.1.

Corollary 8.5. Let the conditions (8.5)—(8.8) be satisfied,

(8.23) lim gk{ / / pi(s, ) ds dn — / / p(s,m) dsdn| =0
k—-o0 Hy(t,2) H(t,z)

uniformly on D,

and

(8.24) lim g // |p(s,n)|dsdn =0 uniformly on D,
k=00 H(t,x)=Hy(t,z)

where

(8.25) or =1+ HpkHL for k € N.

Then the relation (8.10) holds, where u and wy, are solutions to the problems (1.2)—
(1.4) and (1.2)—(1.4%), respectively.

Remark 8.5. If the relation sup{||px||r: k¥ € N} < 400 holds then the assump-
tion (8.24) of the previous corollary is guaranteed, e.g., by the condition (8.18) (see
Lemma 8.2 below).

Corollary 8.5 yields

Corollary 8.6. Let the conditions (8.14), (8.16), and (8.18) be satisfied,

2 li — =
(8.26) pm lpx —pllL =0,
and

(8.27) mllax =gl =0.

Then the conclusion of Corollary 8.5 holds.

8.1. Proofs. In order to prove Theorem 8.1, we need the following lemma.
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Lemma 8.1. Let the problem (1.1y), (1.3¢), (1.40) have only the trivial solution
and let the condition (8.2) hold, where the numbers Ay, are defined by the formula
(8.3). Then for any z € C*(D;R) there exist ro > 0 and ko € N such that

(828) [y~ lle < ro(l+ [l IAW, ) — Al Bl + [Ta(w, 2)llc]
for k > ko, y € C*(D;R),
where
6290 Aw)ta) = v(talo) + ; oy (" ()m) dy
for (t,z) € D, v e C*(D;R), v € CD([a,bl;[c,d))
and
(830)  Tu(ww)(t,z) = / /H i) — o~ w (s, dsd

- // wii o (s,m) ds dn
H(t,x)

for (t,x) € D, v,w € C*(D;R), k € N.

Proof. Letthe operatorsT,T): C(D;R) — C(D;R) be defined by the formulas
(4.1) and

T (v)(t, z) = //H . )Kk(v)(s,n) dsdn for (t,z) € D, v e C(D;R), k eN.

Clearly, we have

ITk()lle < 1@l < Il llyllc fory e C(D;R), keN.

Therefore, the operators Ty (k € N) are linear bounded ones, and the relation

(8.31) [ Tll <[4kl for k €N

holds. Moreover, the condition (8.2) with Ay given by (8.3) can be rewritten in the
form

(8.32) sup{|| Tk (v) = TW)|lc: v € M(lk,hx)} — 0 ask — +oo.

Assume that, on the contrary, the assertion of the lemma is not true. Then
there exist z € C*(D; R), an increasing sequence {k,,} > of natural numbers, and
a sequence {y,,} >, of functions from C*(D;R) such that

(833)  llym — 2zl >m(1 + |4

AWM, br,,) = Az, B)llc + [Tk, (Ym, 2)l €]

m
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for m € N. For any m € N and all (¢,2) € D, we put

 ym(t ) — 2(t, x)

(8.34) ity ) = P
(38 nlre) = AP 60) — M) Do o 2)02)
(8.36) om(t,2) = 2 (6, ) — Vo (£, ),

(8.37) Wi (t,) = Tho,, (20.m) (£, ) — T(20.m) (t, ) + T, (vm) (¢, 7).
Obviously,

(8.38) lzmllc =1 for m € N.

Using (8.29) and (8.30) in the relation (8.35), by virtue of Lemma 3.3 we get
(8.39) 20,m(t, ) = Ty, (zm)(t,x) for (t,z) € D, m € N,

and thus

(8.40) zo.m(t, ) = T(20,m)(t, ) + wp(t,z) for (t,z) € D, m € N.
Moreover, it follows from (8.33) and (8.35) that

A m, ) = Az, B)lle + [T (ymy 2l _ 1

8.41 vmlle <
B41) - lom| Tom — 2llc ST

)

m

for m € N. Now the relations (8.31) and (8.41) yield

Il €k
1+

m

1
< — form e N.
4y,

(8.42) 1T, (vm)llc < 1Tk, < m

Iomlle < o

m

Observe that the expression (8.39) and the condition (8.38) guarantee the validity of
the inclusion zg ,, € M (¢, , h,,) for m € N and thus, in view of (8.32), we obtain

(8.43) lim ||T%,, (z0.m) — T(z0.m)]|c = 0.

m——+oo

According to (8.42) and (8.43), it follows from (8.37) that

(8.44) lim |wm|c =0
m——+00
and, by virtue of (8.38) and (8.41), the equality (8.36) implies |zom|lc < 2 for

m € N. Since the sequence {||zo.m| ¢}, is bounded and the operator T is com-
+o0o

pletely continuous (see Proposition 4.1), there exists a subsequence of {T(20,m) } oy
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which is convergent. We can assume without loss of generality that the sequence
{T(20,m)} /2, is convergent, i.e., that there exists 2o € C(D;R) such that

lim ||T(z0,m) — z0llc = 0.
m—-+00

Then it is clear that
(8.45) hI}rl lz0,m — 2z0llc = 0,

because the functions zp ,, admit the representation (8.40) and the relation (8.44)
holds. However, the estimate (8.41) is true for v, and thus, the equality (8.36) yields

lim ||z — 20llc =0
oo

m——+

which, together with (8.38), guarantees that ||z9]|c = 1. Since the operator T is
continuous and the conditions (8.44) and (8.45) are fulfilled, the relation (8.40) gives
zo = T'(z0). Consequently, by virtue of Lemma 3.3, zp € C*(D;R) and z( is a non-
trivial solution to the homogeneous problem (1.1p), (1.3¢), (1.4¢), which is a contra-
diction. g

Proof of Theorem 8.1.  Since the problem (1.1), (1.3), (1.4) has a unique so-
lution, the homogeneous problem (1.1p), (1.3¢), (1.40) has only the trivial solution.
Therefore, the assumptions of Lemma 8.1 are satisfied and thus there exist rqg > 0
and kg € N such that

(8.46) [lyllo < ro(1+ [I&[DIIA(Y, he)lle + [ITk(y, 0)lc]  for k> ko, y € C*(D;R)

and

8.47)  ly —ulle <ro(L+[[EkIDIIA(Y, hr) — Alu, h)llc + [Tk(y, u)llc]
for k > ko, y € C*(D; R),

where the operators A and I'y, are given by the formulas (8.29) and (8.30), respec-
tively.
It is easy to verify that if for some k € N, ug is a solution to the problem
O%u(t, x)
— =/ t
) — () (1,2,
u(t,hg(t)) =0 fort € [a,b],
Uy (h;"(z),2) =0 for ae. z € [c,d],

(8.48)
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then A(up,hr) = 0 and T'y(up,0) = 0. Therefore, the relation (8.46) guarantees
that for every k > kg, the homogeneous problem (8.48) has only the trivial solution.
Hence, for every k > ko, the problem (1.1x), (1.3%), (1.4%) has a unique solution wuy
(see Theorem 5.1). Clearly, we have

A(’U,k,hk)(t,.lﬁ) = gk(t) + wk(n) d77 for (t,.l?) € Da k> kO;
hk(t)

Au, h)(t, x) = g(t) + - ¢(n)dn for (t,z) € D,

T (ug, w)(t, x) // (s,m)dsdn — // L(u)(s,n)dsdn
Hy (t, :C) H(t,x)
// qr(s,m)dsdn — // q(s,n)dsdn
Hy (¢, z) H(t,x)

for (t,x) € D, k > ko. Observe that the assumptions (8.6) and (8.7) yield that

and

(8.49) kEIJPoo(l + |14kl [/Chk(t) Yr(n)dn — Ch(t) ¥(n) dn} =0 uniformly on [a, b].
Therefore, by using the relations (8.4), (8.5), (8.6), (8.8), and (8.49), we get
(8.50) S (1D A, he) = Alu, h)[e + [Fr(ur, w)c] = 0.
On the other hand, it follows from the inequality (8.47) that
(8:51) [lug—ulle < ro(L+[[€s ) A(ur, ki) = Au, h)[[o +[[Tr(us, w)lc] - for k> ko

and thus, by virtue of the relation (8.50), the condition (8.10) holds. O

Proof of Corollary 8.1. We shall show that the assumptions of Theorem 8.1
are satisfied. Indeed, the relation (8.11) yields ||¢;|| < |lw||z for k& € N. Therefore, it
is clear that, by virtue of the relations (8.12)—(8.16), the assumptions (8.4)—(8.8) of
Theorem 8.1 are fulfilled. It remains to show that the condition (8.2) holds, where
the numbers \j, are given by the formula (8.3).

Assume on the contrary, that the condition (8.2) does not hold. Then there
exist g > 0, an increasing sequence {ky,};/°, of natural numbers, and a sequence
{ym };+22, such that

(8.52) Ym € MUy, , hi,,) formeN
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and

(8.53) max {‘ // ke, (Ym) (s,m) dsdn — // ym)(s,1m) dsdn‘} > €
(t.z)eD Hy, (tz H(t,z)

for m € N.

In view of (8.52) and Notation 8.1, we get

Ym (L, ) // U, (zm)(s,n)dsdn for (t,x) € D, m €N,
Hy,, (t,z)

m

where z,,, € C(D;R) and ||z;m|lc = 1 for m € N. Since we suppose that the operators
{;, are uniformly bounded in the sense of condition (8.11), we obtain ||ym|lc < ||w||L
for m € N and thus the sequence {y,,};> is bounded in the space C(D;R). We
will show that the sequence indicated is also equicontinuous. Indeed, let ¢ > 0 be
arbitrary. Since the function w is integrable on D, there exists § > 0 such that the
relation

(8.54) //Ew(t,a:) dtdz < %

holds for every measurable set E C D satisfying mes F < max{b — a,d — c¢}d. Using
the condition (8.11), for any (t1,x1), (t2,22) € D and m € N we get

‘// L, (zm)(s,n)dsdn — // L., (zm)(s,m)ds dn‘
Hy,, (t2,x2) Hy,, (t1,21)

Z//E (s,m) dsdn,

where the measurable sets Eq, Es C D are such that mes By < (d — ¢)|ta — ¢1]| and
mes Fy < (b — a)|za — x1|. Therefore, by virtue of (8.54), we have

|ym(t2,x2) - ym(tlaxlﬂ <e€
for (tl,l‘l), (tg,l‘g) €D, |t2 — tll + |J)2 — J)ll <6, meN.

Consequently, the sequence {y,, };+°°, is equicontinuous in the space C(D; R). There-
fore, according to the Arzela-Ascoli lemma, we can assume without loss of generality
that the sequence indicated is convergent. Hence, there exists pg € N such that

€0
2(flwllz + 11l + 1)

(855) Hym - ypo”C < for m 2 Po-
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Since yp, € C*(D;R) and the relation (8.12) holds, there exists p; € N such that

€0
8.56) max // s,m)dsd // 14 s,m)dsd ‘} < —
( & x)ED{‘ ” m k(Ypo)(s,m) ds dn — ) (Upo)(s,m) ds dn 5

for k > p1.

Now we choose a number M € N satisfying M > pg and kj; > py. It is clear that

‘//Hw(m) ekM(yM)(s,n)dsdn—//H(t)z) f(yM)(s,n)dsdn‘
...
.

+ ‘ // UYpy — yam)(s,m) dsdn‘ for (¢t,x) € D.
H(t,x)

t,x

) ekM Ym — ypo)(s 77) ds dn‘

Crens (Ypo ) (5,m) dsdn — // £(Ypo)(s,m) dsdn
(t,x) H(t,x)

Therefore, by virtue of the conditions (8.11), (8.55), and (8.56), the last relation
yields

max {‘// L (yar)(s,m) dsdn — // (ynr) sn)dsdn‘}
(t,z)eD Hy,, (t,2) H(t x)

< lwllellyar = ypolle + 3 + [ €lHlypo = yarlle < eo,

which contradicts the condition (8.53).
The contradiction obtained proves the validity of the condition (8.2) and thus all
the assumptions of Theorem 8.1 are satisfied. O

To prove Corollary 8.2 we need the following lemma.

Lemma 8.2. Let the condition (8.18) hold and let {o}};>] be a sequence of
functions from L(D;R) such that

(8.57) lok(t, z)| S w(t,z) fora.e. (t,z) €D, k€N,

where w € L(D;R4). Then

(8.58) lim // lok(s,n)|dsdn =0 uniformly on D
k—+too JJ g (t,2)=~Hy (t,2)
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and

(8.59) lim [// or(s,m)dsdn — // or(s,m)dsdn| =0
k——+4o00 Hy(t,x) H(t,z)

uniformly on D.

Proof. Let e > 0 be arbitrary. Then there exists § > 0 such that the relation

(8.60) //Ew(s,n) dsdn <e

holds for every measurable set E C D with the property mes E' < 2(b — a)d. Put
P={(t,x) € D: |x — h(t)| < 0}. It is easy to verify that

(8.61) mes P < 2(b — a)Jd.

In view of the condition (8.18), there exists kg € N such that

(8.62) |hi(t) — h(t)| <6 fort € [a,b], k > ko,
and thus
(8.63) (H(t,2) \ P)\ H(t,z) =0, (H(t,z)\ P)\ H(t,z) =10

for (t,z) € D, k > ko.
Obviously, for (¢t,z) € D and k € N we get

H(t,x) + Hp(t,z) = H(t,z) \ Hp(t,z) U Hi(¢t,z) \ H(t, )
= [(H(t,2) \ P)\ Hg(t,z)] U[(H(t,2) 0 P) \ Hy(t, )]
U [(Hg(t,2) \ P)\ H (¢, 2)] U [(Hy (¢, 2) N P)\ H(t, ).

Therefore, by virtue of (8.57) and (8.63), the last relation yields

ﬁ o (s, m)] ds dny
H(t,x)+~Hy(t,x)

=ﬂ‘ |memﬁﬂi ok (s, m)] ds dn
(H(t,x)NP)\Hy (t,x) (Hy (t,z)NP)\H (t,x)

< // ok (s,m)|dsdn
P

< // w(s,m)dsdn for (t,z) € D, k = ko,
P
which, together with (8.60) and (8.61), guarantees the relation (8.58).
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On the other hand, it is clear that

‘// ok (s,n)dsdn — // o (s, m) de??‘
Hk(t,z tm)
‘// or(s,n)dsdn — // ok(s,n)dsdn
Hy (t,z)\H (t,) H(t,x)\Hy(t,z)

\// lok(s,n)|dsdn for (t,z) € D, k € N.
H(t,x)+Hy(t,z)

Consequently, the validity of the condition (8.59) follows immediately from the above-
proved relation (8.58). O

Proof of Corollary 8.2. We shall show that the assumptions of Corollary 8.1
are satisfied. Indeed, according to Lemma 8.2, the assumptions (8.11), (8.17), and
(8.18) guarantee the validity of the condition (8.12). It remains to verify that the
condition (8.15) holds.

Let € > 0 be arbitrary. Clearly, there is a number § > 0 such that

T2
‘/ w(n)dn‘ <e forxy,me € [c,d], |xo —x1| <.

Moreover, the assumption (8.18) yields the existence of ky € N with the property
(8.62). Consequently, we have

h(t)
‘/ dn‘<5 for t € [a,b], k > ko,
hk(t)

and thus the condition (8.15) holds. O

In order to prove Corollary 8.4, we need the following lemmas.

Lemma 8.3. Let f € L(D;R), w € C*(D;R), and h € CD([a,bl;[c,d]). Then
the relation

// (s,nw(s,n)dsdn = z(t, x)w(t,x) — / z(s,x)wfl] (s,z)ds
H(t,z) He)
- / z(t, nwiy (¢, 1) dn
h(t)
an L el mdsdy for (t0) €D
t,x

holds, where the mapping H is defined by the formula (2.1) and

z(t,x) = //H(m) f(s,n)dsdn for (t,z) € D
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Proof. Put

1 for (t,x) € D, x > h(t),
x(t, ) =
0 for (t,x) € D, = < h(t)

and

zo(t,z) = / /x x(s,n)f(s,n)dnds for (¢t,x) € D.

Clearly,
(t.2) 2(t, x) if z > h(t),
R I it @ < h(t).

It can be verified by direct calculation that for any (¢,2) € D such that x > h(t) we
have

// f(sm)w(s,n)dsdn=// x(s,m)f (s, mw(s,n) dnds
H(t,x) aJc
= 20(t, 2)w(t, ) —/ zo(s, x)wiy (s, x) ds
T t px
= [ttty ondn+ [ [ s,y (s dnds

t

= z(t,x)w(t,x) — / z(s, z)wpy (s, x) ds

h=1(x)

- / o(t, )iy (£, 7) dy + // 25, mwfl o (5,m) ds .
h(t) H(t,x)

By analogy, for any (¢, z) € D with the property « < h(t) we get

b pd
/ / F(s,myw(s, m) dsdn = / / (1= x(s, ) (s, pyw(s,m) dyds
H(tvx) t xT
()
:z(t,x)w(t,m)—l—/ z(s,x)wfl](s,x)ds
h(t)
+ / (b )l (t, ) dy + / /H L sty dsdn

Consequently, the assertion of the lemma holds. O

Using the previous statement, we prove the following Krasnosel’skij-Krein type
lemma.
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Lemma 8.4. Let h € CD([a,b];[c,d]), p,pr € L(D;R), and a,a.: D — R be
measurable and essentially bounded functions (k € N). Assume that the relations
(8.19) and (8.20) with H given by (2.1) are satisfied, and

(8.64) khrf esssup{|ax(t,z) — a(t,x)|: (t,x) € D} =0.
—400
Then
(5.65) tim [ s mantsn) = (s mats,m] dsdy =0
k—+oo J JH(t,2)

uniformly on D.
Proof. We can assume without loss of generality that
(8.66) Ip(t,z)| S w(t,z) for a.e. (t,z) € D.

Let & > 0 be arbitrary. According to the assumption (8.64), there exists kg € N such
that

(8.67) // w(t, z)|og(t,x) — at,z)|dtdz < Z for k > ko.
D

Since the function « is measurable and essentially bounded, there exists a function
w € C(D;R) which has continuous all derivatives up to the second order and such
that

(8.68) // w(t,z)|a(t, z) — w(t,z)|dtdz < Z.
D
For any k£ € N, we put
alta) = [ ulsn) = pls.mldsdy for (t.2) € D.
H(t,x)
Clearly, the condition (8.20) can be rewritten in the form
(8.69) L lzklle = 0.
Lemma 8.3 yields that

//H(t )[pk(s,n) —p(s,)|w(s,n) dsdn = z(t, z)w(t, )

t xT
_ / 24(s, 2wy (s, ) ds — / bt )l (6, m)
h=1(x) h(t)

+ // 2 (s, mw(y o (s,m)dsdn  for (t,2) € D, k€ N.
H(t,x)
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Consequently, by using the relation (8.69), we get

lim // [px(s,m) — p(s,n)]w(s,n)dsdn =0 uniformly on D.
k=+oo J JH(t,2)

Hence, there exists a number ki > kg such that
(8.70) ‘// [pr(s,m) —p(s,n)]W(s,n)dsdn‘ < Z for (t,) €D, k> k.
H(t,x)
On the other hand, it is clear that
J[ - iprtsmantsin) = pls.mats.n)] dsdy
H(t,x)
— [ msmlantsn) - als.m)dsdy
H(t,z)
+ // [px(s,m) = p(s,m)]w(s,n)dsdn
H(t,x)
an L sl = plss s ) s, ) dsdo
t,x

for (t,z) € D, k € N. Therefore, in view of the relations (8.19), (8.66)—(8.68), and
(8.70), we get

‘//H(t’m)[m(sm)ak(sm) — p(s,n)a(s,n)] ds dn‘

S //Dw(s’"ﬂo‘k(sv”) —a(s,n)| dsdny
+ ‘ //Hm) [pi(s,m) = p(s,m)]w(s,n) ds dn‘

+2 [[ wlsmlalsm) —wis )| dsdy <e for (t2) €D, k> b,
D

and thus the relation (8.65) holds. O
Proof of Corollary 8.4. Let the operator £ be defined by the formula (6.1). Put

(8.71) L (0)(t, x) = pr(t, z)v(Tr(t, ), pi(t, ©))
for a.e. (t,x) € D and all v € C(D;R), k € N.

We will show that the condition (8.17) is satisfied. Indeed, let y € C*(D;R) be
arbitrary. It is clear that the conditions (8.21) and (8.22) guarantee the validity of
the relation (8.64), where

(€97 (tv :L') = y(Tk(ta (E), ,u'k(ta (E)), a(ta (E) = y(T(tv 1[,’), M(ta (E))
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for a.e. (t,z) € D and all £k € N. Therefore, Lemma 8.4 guarantees the validity
of the condition (8.65) and thus the condition (8.17) holds. On the other hand, by
virtue of the relation (8.19), the condition (8.11) is satisfied.

Consequently, the assertion of the corollary follows from Corollary 8.2. 0

Proof of Corollary 8.5. We first mention that, according to Corollary 7.3, the
problems (1.2)—(1.4) and (1.2j)—(1.4)) have unique solutions u and ug, respectively.
Let the operators ¢ and /5 be defined by the formulas

(8.72) L)(t,x) =p(t,x)v(t,z) forae. (t,z) € D and all v € C(D;R),
and

(8.73) Li(v)(t,z) = pr(t,x)v(t,xz) for a.e. (t,x) € D and all v € C(D;R), k €N,
respectively. Clearly,

(8.74) 1kl = llpkll  for k € N.

Therefore, the assumptions (8.5)—(8.8) of Theorem 8.1 are satisfied. In order to apply
Theorem 8.1, it remains to show that the conditions (8.2) and (8.4) are fulfilled.
It is easy to see that

] s = sl asa
Hk(t x)
‘// k(s,m)dsdn — // p(s,m)dsdn
Hy(t, 3?) H(t,x)

// Ip(s,m)|dsdn for (t,x) € D, k e N.
H(t,x)+H(t,x)

Therefore, the conditions (8.23) and (8.24) guarantee that
(8.75) Lokl fille =0,
where

(8.76) fe(t,x) = //H . )[pk(s,n) —p(s,n)]dsdn for (t,z) € D, k € N.

Observe that for an arbitrary y € C(D; R) we have

(8.77) ‘// (s,m)dsdn — // (s,m dsdn‘
Hiy(t, x) H(t,x)

‘// [P (s,m) — p(s,m)]y(s,n) dsdn‘
Hy(t,x)

// Ip(s,m)y(s,n)|dsdn for (¢t,z) € D, k € N.
H(t,x)+H(t,x)
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Moreover, for an arbitrary y € C*(D; R), Lemma 8.3 guarantees that

(8.78) / /H [ m) = plos (s ) dscdn = St )t

t x
[ Ry ods— [ gt ds
hy () hi(t)

+ / / fels, Wz (5,m) dsdy for (t,2) €D, keN.
Hy (t,x)

Let k € N and y € M(l, hi) be arbitrary. Then, by virtue of Notation 8.1 and

Lemma 3.4, we get

<ok for (t,x) € D,

(879)  |y(t.x)] = //H L ezt dsd

T d
(8.80) |y (t,z)| = /h()pk(tm)Z(tm)dnk/ I (t,m)| dn
k(1

for a.e. t € [a,b] and all = € [c, d],

/ |pi(s, z)|ds

for all ¢t € [a,b] and a.e. = € [c,d],

t
881 gl =) [ plsa)e
hy " (@)

and
(8.82) |y[1 9] (t,z)| = |pr(t,z)z(t, z)| < |px(t,x)| for a.e. (t,x) € D.

By virtue of relations (8.79)—(8.82), it follows from the inequalities (8.77) and (8.78)
that

‘// (s,m)dsdn — // L(y)(s,m) dsdn
Hk(tic) H(t,x)
<4gk||fk||c+gk// Ip(s, )| dsdy for (t,2) € D, k €N.
H(t,x)+~Hy(t,x)

Therefore, according to the relations (8.24) and (8.75), the condition (8.2) holds,
where the numbers A; are given by the formula (8.3).
Now let y € C*(D; R) be arbitrary. Put

b
(8.83) o= ||y||c+max{ [ it las: v e e d]}
d
s { [ bfttmlan: o€ fatl} + 1ol
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Then the inequalities (8.77) and (8.78) imply that

‘ /I o ) dndn - n o e dsdn‘

< 90[|fk||c +// |p<s,n>|dsdn} for (t,z) € D, k €N.
H(t,x)+Hy(t,x)

According to the relations (8.24) and (8.75), the last inequality yields the validity of
the condition (8.4).
Consequently, the assertion of the corollary follows from Theorem 8.1. ([

Proof of Corollary 8.6. We will show that all the assumptions of Corollary 8.5
are satisfied. It follows from the condition (8.26) that

(8.84) sup{||pllz: k¥ € N} < +o0.

Therefore, in view of the relations (8.14) and (8.16), the assumptions (8.6) and (8.8)
of Corollary 8.5 are satisfied. Moreover, analogously to the proof of Corollary 8.2 it
can be shown that the conditions (8.14) and (8.18) yield the validity of the relation
(8.15) and thus the assumption (8.7) of Corollary 8.5 holds. Furthermore, by virtue
of the relations (8.18) and (8.84), Lemma 8.2 guarantees that the condition (8.24)
holds.

On the other hand, it is clear that

ss9) | [ mswasan= [[ - psasas] < lp sl
Hy (t,x) H(t,x)
+‘// p(s,n)dsdn—// p(s,n)dsdn‘ for (t,z) € D, ke N,
Hy (t,x) H(t,x)
and
(8.86) ‘// qr(s,m) dsdn — // q(s,n) dsdn‘ <llar —dllz
Hy (t,z) H(t,x)

—1—}// q(s,n)dsdn—// q(s,n)dsdn} for (t,x) € D, k € N.
Hy (t,x) H(t,x)

Therefore, by virtue of the conditions (8.18), (8.26), (8.27), (8.84), and Lemma 8.2,
the relations (8.85) and (8.86) imply the validity of the assumptions (8.5) and (8.23)
of Corollary 8.5. O

435



9. COUNTER-EXAMPLES

Example 9.1. Let p € L(D;Ry) and h € CD([a,b];[c,d]) be such that the

relations
// p(s,m)dsdn =1, // p(s,n)dsdn < 1
H(b,d) H(a,c)

are fulfilled, where the mapping H is defined by the formula (2.1). Let, moreover,
the operator £ be defined by the formula

L()(t,x) = p(t,z)v(b,d) for a.e. (t,z) € D and all v € C(D;R).

Then the condition (7.2) with o = 1 is satisfied for every m € N and v € C(D;R).
Moreover,

b pd b ph(s)
// pi(s,m)dyds = 1, // pi(s,m)dyds <1 for j €N,
a Jh(s) aJe

where the functions p; are given by the formula (7.4).
On the other hand, the homogeneous problem (1.1p), (1.3p), (1.4¢) has a nontrivial
solution

u(t,z) = //H( )p(s,n) dsdn for (t,x) € D.
t,x

This example shows that the assumption o € [0,1] in Theorem 7.1 cannot be
replaced by the assumption « € [0, 1], and the strict inequality (7.3) in Corollary 7.1
cannot be replaced by the nonstrict one.

Example 9.2. Let D = [0, 1] x [0, 1],
(9.1) ri(t) = ksin(k?t), fx(t) = kcos(k®t) fort € [~1,1], k€N,
t
(9.2)  y(t) = ke_cos(kzt)/k/ ec0s(Ks)/k cos(k?s)ds fort e [-1,1], k €N,
0
and
¢
(9.3) zk(t):/ yr(s)ds forte[-1,1], k e N.
0
It is not difficult to verify that for every k € N we have

(94) yr(t) = reye(t) + fr(t) forte [-1,1], k€N,
lye(t)| < 1+ |tle* fort e [~1,1], k€N,
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and

4
(9.6) lim yx(t) = 5 for t € [-1,1],

k——+oo

because

1 1 ¢
yr(t) = % sin(k*t) + 3 efCOS(th)/k/ ecos(K)/k g g
0

1 t
~3 e_cos(k%)/k/ ecos(ks)/k cos(2k?s)ds fort € [~1,1], k € N.
0

Obviously, the relations (9.2)—(9.6) yield the equality

20 () = =1 ()2 (t) + wi(¢) + fe(t) forte[-1,1], k€N,
where
(9.7) wi(t) =i (t)zx(t) forte[—1,1], ke N,

and, moreover, the relation

2

: t .
(9.8) kgrfoo zi(t) = 1 uniformly on [—1,1].

Furthermore, it follows from (9.1) that

t

(9.9) i hIJP ri(s)ds =0 uniformly on [—1,1],
t

(9.10) lim / fi(s)ds =0 uniformly on [—1, 1].
k—+o0 Jo

The relations (9.3) and (9.7) give

/Otwk(s)ds:Zk(t)/otrk(s)ds—/Otyk(8)</0trk(§)d§> as

fort € [-1,1] and k£ € N and thus, by using (9.5), (9.8), (9.9), and the Krasnosel’skij-
Krein lemma, we get

t

(9.11) i lhf wi(s)ds =0 uniformly on [—1,1].
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Now,let p=0and ¢g=00on D, g =0, ¢ =0, and ¢» =0 on [0, 1],
T(t,x) =t, p(t,x)=a for (t,z)€ D,
and
h(t)=1—t forte[0,1].
Moreover, for any k € N, we put g = 0, ¢ = 0, and ¢, = 0 on [0, 1],
pr(t,z) = —ri(t+x—1) for (t,x) € D,

a(t,z) =w,(t+x—1)+ fu(t +x—1) for (t,x) € D,
T(t,x) =1, wpp(t,z)=a for (t,x) € D,

and
hi(t)=1—t forte[0,1].

It can be easily verified by direct calculation that

x t
// pk(sm)dsdn:—/ / ro(s 41— 1)dsdn
H(t,z) 1-tJ1-9

T t+x—1
=—/ Tk(t—i—??—l)dn:—/ rp(€)d¢ for (t,x) € D, k€N,
1 0

—t

x t
// w;(s—kn—l)dsdn:/ / wy(s+n—1)dsdn
Hy (t,x) 1—tJ1—n

T t+x—1
:/ wk(t—f—n—l)dn:/ wi(€)d¢  for (t,z) € D, k €N,
1 0

—t

and

x t
J[ - wsn-nasan=[ [ psen-ndsay
Hy (t,x) 1—t J1—n
P t+n—1
:/ (/ k(&) df) dn for (t,z) € D, k e N.
1 0

—t

Therefore, by virtue of the conditions (9.9)—(9.11), the relations (8.13) and (8.20)
hold.

Consequently, the assumptions of Corollary 8.4 are satisfied except the condition
(8.19). Let the operators ¢ and ¢, be defined by the formulas (6.1) and (8.71),
respectively. Then, in view of Lemma 8.3, it is easy to verify that the assumptions
of Corollary 8.1 are fulfilled except the condition (8.11).
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On the other hand,
u(t,z) =0 for (t,z) € D

and
ug(t,r) = zx(t +o —1) for (t,x) € D, keN

are solutions to the problems (1.1’), (1.3), (1.4) and (1.1}), (1.3%), (1.4%), respectively,
as well as solutions to the problems (1.1), (1.3), (1.4) and (1.1x), (1.3x), (1.4%),
respectively. However, in view of the condition (9.8), we get

t+ax—1)?
lim wg(t,z) = lim z:k(t—l—az:—l)zM

f D
Jm S 1 or (t,z) €

and thus the relation (8.10) does not hold.
This example shows that the assumption (8.11) in Corollary 8.1 and the assump-
tion (8.19) in Corollary 8.4 are essential and cannot be omitted.
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