Czechoslovak Mathematical Journal

Rahmatollah Lashkaripour; Gholomraza Talebi
Lower bound and upper bound of operators on block weighted sequence spaces
Czechoslovak Mathematical Journal, Vol. 62 (2012), No. 2, 293-304

Persistent URL: http://dml.cz/dmlcz/142829

Terms of use:

© Institute of Mathematics AS CR, 2012

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/142829
http://dml.cz

Czechoslovak Mathematical Journal, 62 (137) (2012), 293-304

LOWER BOUND AND UPPER BOUND OF OPERATORS
ON BLOCK WEIGHTED SEQUENCE SPACES

RAHMATOLLAH LASHKARIPOUR, GHOLOMRAZA TALEBI, Zahedan

(Received August 29, 2009)

Abstract. Let A = (ap k)n,k>1 be a non-negative matrix. Denote by L, , 4 r(A) the
supremum of those L that satisfy the inequality

[ A]lo,q,F 2 Ll|lvp,F,

where z > 0 and z € ¢p(v, F) and also v = (vn)o2, is an increasing, non-negative sequence
of real numbers. If p = ¢, we use L,, , p(A) instead of L,, ;, , p(A). In this paper we obtain
a Hardy type formula for L, ;, 4 r(H), where Hy, is a Hausdorff matrix and 0 < ¢ < p < 1.

Another purpose of this paper is to establish a lower bound for HA%MHMP’F, where A%M
is the Noérlund matrix associated with the sequence W = {wn}yeq and 1 < p < co. Our
results generalize some works of Bennett, Jameson and present authors.
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1. INTRODUCTION
Let v = (v,)$2; be an increasing, non-negative sequence of real numbers with
o0
vi =v2 =1and > v,/n =00 ForpeR\{0}, let £,(v) denote the space of all

n=1
real sequences x = {x}7° ;, such that

o0 1/p
vp = (Z vm:i) < 0.
k=1

Next, assume that F is a partition of positive integers. If F' = (F),), where each

|

(F,) is a finite interval of positive integers and
max F, <minF,y; (n=1,23,...),
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we denote by £,(v, F) the space of all real sequences © = {z}72; such that

o) 1/p
lallopr = (ka|<x7Fk>|p) < oo,

k=1

where (z, F},) = Z x;. This space is called the block weighted sequence space
(see [1]). IEFk

For a certain I, such as I,, = {n}, I = (I,,) is a partition of positive integers,

lp(w, I) = £p(w), and also || z]|wp,r = ||2]|w.p-

We write x > 0 if 2 > 0 for all k. We also write x T for the case that x; <
29 < ... < 2y < .... The symbol = | is defined in a similar way. For p,q € R\ {0},
the lower bound involved here is the number L, p 4 r(A) which is defined as the

supremum of those L that obey the inequality

| Az]

vg.F 2 Llzllop,r,

where z > 0, z € {,(v, F), and A = (ank)nk>1 IS & non-negative matrix operator
from ¢, (v, F') into £,(v, F'). Also, we consider the upper bounds U of the form

[Az]lop,r < Ullz|

v,p,1
for all non-negative sequences x in £,(v, I). We seek the smallest possible value of U,

and denote the best upper bound by || Al p, 7 for a matrix operator A from ¢, (v, I)
into £, (v, F'). Obviously, we have

Lup,r(A) <[4

v,p, F

In Section 2 we generalize some techniques obtained by Chen and the present authors
in [6], [12] and deduce a lower bound for the Hausdorff matrices. In Section 3, we
also generalize Theorem 2.4 of [14] (also, Theorem 2.1 of [9]) to matrix operators
from ¢,(v,I) into £,(v, F') and study the upper bound problem for some Nérlund
matrices.

Throughout the paper, we denote the conjugate exponent of p by p*, so that
p* =p/(p—1). We also suppose that F; = {1}.
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2. HAUSDORFF MATRIX OPERATOR

In this part, we are interested in the problem of finding the exact value of
Ly pqr(A) for the case A = H,,, where du is a Borel probability measure on [0,1]
and H, = H,(0) = (hnk(0))nk>1 is the Hausdorff matrix associated with dpu,
defined by

n—1 !
0F 11 —0)"*du@), 1<k<n,
st~ | G21) [ oot "
Oa k> n.

n—1

Clearly hy r = (k _q

) A"‘kuk forn > k > 1, where

1
m :/ - tdud) (k=1,2,...)
0

and A" Py = pg — figgr.
The Hausdorff matrices contain some famous classes of matrices. These classes
are as follows:

(i) Choice du(f) = (1 — 0)*~1 d@ gives the Cesaro matrix of order «;
(ii) choice du(f) = point evaluation at 6 = « gives the Euler matrix of order «;
(iii) choice du(8) = (|log#|*~1/T(«)) df gives the Holder matrix of order «;
(iv) choice du(f) = af#*~! df gives the Gamma matrix of order a.
The Cesaro, Holder and Gamma matrices have non-negative entries whenever
a > 0, and also the Euler matrix is non-negative when 0 < o < 1.
In this section we exhibit a Hardy type formula for L, , , r(H,), where 0 < ¢ <
p < 1. In particular, we apply our results to the Cesaro matrices, Holder matrices
and Gamma matrices which were recently considered in [2], [4], [5], [6], and [8] on
the ¢, spaces and in [7], [10], [11], [12] on the usual weighted sequence spaces £, (v).

Proposition 2.1. Let 0 < p < 1 and let A = (ay, k) be a lower triangular matrix

with non-negative entries. If
n

sup ank =R
nzlp

and
oo

égfIZan,k =C >0,
n=~k
then ||Azllvp.p = L|z]vp1 with
L> RY/P /P,
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Proof. Applying Holder’s inequality, we have

n
E Do 1/p

Gn, kVET), = (an,kvk JUk)p
k=1

NE

1-p
an,k

1-p , n D
an,k) <Z an,kvi/pxo
k=1 k=1
n P
1-p <Z amkv;/p) .
k=1

o

3

/N
oy A~

<

Since v is increasing, we have

RI-P i v, ( > i az‘,j%')p =R i o <Z Z ai’jx])p

n=1 i€ F, j=1

n=1 “MeF, j=1
) o [} P
=Y (Y ens) 2y u(Tw),
j=1 n=j k=1 jEIL
and this leads to the desired inequality. O

For a > 0, let E(«) = (en,k(®))n,k>1 denote the Euler matrix, defined by

n—1\ . —k
1- " 2 ’
(k‘—l)a l-—a)" " nxk

07 n<k

en k() =
(cf. [2, p. 410]). For © C (0, 1] we have

1
[ ear(®)au(®) =u(@ x [ can(®)axe),
Q 0

where dA = (xq/u(2)) dp is a Borel probability measure on [0,1] with A({0}) = 0.
Hence the second part of ([3, Proposition 19.2]) can be generalized in the following
way.

Proposition 2.2. Suppose that 0 < p < 1, Q C [0,1] and du is any Borel
probability measure on [0,1]. If u({0}) = 0 or Q@ C (0,1], then the sequence
1{ [, €n.k(0) du(@)}:o:knvm increases with k.
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Proposition 2.3. Let 0 < p < 1. Then L, , r(E(a)) = a~ VP for 0 < a < 1.

[ee]

Proof. We have Zenk( )=1(mn >1)and > eni(a ):a’l (k > 1).
k= n=1

Applying Proposition 2.1 to the case that R = 1 and C = a=" we deduce that

L,,r(E(@) >« —1/P for 0 < p < 1. For p = 1, from the Fubini theorem and the
monotonicity of (v,) we deduce that

8

IE(@)z]or = Y vnlE(@)z, Fy)

n=1

= ST Yesem)

n=1 i€F, k=1
o0
zvz(z )(z) > o allor
i=1 JjEel;
which gives the desired inequality. This completes the proof. (I

Now we are ready to introduce the basic theorem of this section.

Theorem 2.4. We have
(2.1) Lupqr(Hy) > /( | 6= du(0) (0<g<p<1).
0,1

Moreover, the following statements are true:
(i) Forp=gq =1, (2.1) is an equality.
(ii) For 0 < ¢ < p < 1 and F,, = I,, (2.1) is an equality if and only if u({0}) +
w({1}) =1 or the right-hand side of (2.1) is infinity.

Proof. Consider (2.1). Let x > 0 with |z|ypr = 1. Then ||z|vqr >
|z||v,p,7 = 1. Applying Minkowski’s inequality and Proposition 2.3, we have

o0 1/q
pop = <Zvn|<Hux,Fn>|q>
n=1

[ H |
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> [T ej,kw)xk)q)l/q au(0)

n=1 JjEF, k=1

_ /0 1EO)2]v.q.r dpa(0)

1 1
> ([ o au®)lellar = [ o7 au0)
0 0

This leads to (2.1).
Now, consider (i). Let e = (0,1,0,...). Then es > 0 and ||ez||y,1,r = 1. Since
v is increasing and v; = vo = 1, we have

I eznm_zm |=ivn(z 2(0))

- <Z/ (o)
- [ (ZF c12(6) ) (0

> [ i:jZF ¢)2(6) d(t)

> /12%,2(9)@(9)—/(01]9 au(6)

Hence

Combining this with (2.1), we obtain (i).
Now, consider (ii). Obviously, (2.1) is an equality, if its right-hand side is infinity.
For the case that ©({0}) + u({1}) = 1, we have

[Hyezllv.q.r = (Z vl (H ez, F)|? )1/(1 _ (i o (j; hj,2(0)>q>l/q
> (S Tnam) > (Sotao)
G- o))

JEF,

— (1)) = /( )
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where es is defined as above. This implies that

Lv,p,q,F(HM) < / g1/ du(9)
(0,1]

and consequently, (2.1) is an equality.

Conversely, let 0 < ¢ < p < 1, F,, = I,,, and assume that p({0}) + p({1}) # 1,
and also

/ 017 du(9) < oo.
(0,1]

Then p((0,1)) # 0. Since 0 < ¢ < 1, we have

(2.2) iu _o)n < iu _om, ge(0,1)
n=0 n=0

Applying (2.2), Minkowski’s inequality and the monotonicity of v, we have

(23 /( o) = /( iy @(1 - 9)")“ aju(0)

<[ @(1 - 9>"Q>1/q au(6)

< H{ /Mu —9>"du<9>}:°1
<|{[, 0-oram}

By virtue of (2.3) we can find 0 < 3 < 1 such that

q

v,q

e}

n=1

(2.4) /(071] 0~V du(h) < ﬁ“{/(o,l](l — )" du(e)}

v,q

We claim that

(2-5) Lvm,mF(Hu)
> mi (a—p)/q 0~ 19d.(6 , H{ — )" du(6 }
> mm(ﬁ /(071] (o), 8 /(071](1 )" du(0)

oo

’U,q)

299

n=1



Let > 0 with ||z||,p,r = 1. We divide the proof into two cases: xy, > [ for some ko
or xj < 3 for all k. For the first case, applying Proposition 2.2 it follows that

oo 1/q 00 00 a\1/q
il = (S ool ) = (Lo i) )

n=1 n=1 JEF, k=1

(S (En)) > (En(Ern))

n=1 JEF, n=1

1/q o]
o (St} ([ o)
n=1 (01

n=k0

v,q

Aol

ey,

As for the second case, we have

v,q

zl = B Pak (VE = 1).

This implies

oo 1/q 00 1/q
- (Z W%) > gla-p)/a (Z vk:ci) _ g/
k=1

k=1

Applying (2.1), we deduce that

/(/(O “au(®)) el |
=(f,, o) (33 <EF )
)

IH,

J

2(/01] T dute (Zvnz )Uq

n=1 JEF,

1/q
([ ) (S
(071] n=1
> 5((1*1))/!1 (/ g—1/a dﬂ(9)>~
(0,1]

Hence, no matter which case occurs, ||H,x||v,q,r is always greater than or equal to
the minimum stated at the right-hand side of (2.5). This leads to (2.5). It is clear
that 3(4=P)/¢ > 1. Putting (2.4) and (2.5) together, we get (ii). This completes the
proof. O
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In the sequel, we present several special cases of Theorem 2.4.
Let du(f) = a(l — 0)*~1df, where o > 0. Then H, reduces to the Cesaro
matrix C(c) (see [2, p. 410]). For 0 < ¢ < 1, we have

/ 017 du(0) = a/ 6=19(1 — )1 df = 0.
(0,1]

(071]

Applying (2.1), we get the following result.

Corollary 2.5. Let @ > 0. Then L, p 4 r(C(a)) =00 for0 < ¢ < p < 1.

Next, consider the case du(f) = (|log0|*~1/T'(a)) df, where o > 0. For this case,
H,, reduces to the Holder matrix H(«) (see [2, p. 410]). We have

/ 0~ du@) =00 (0<qg<1).
(0,1]

Hence, the following corollary is a consequence of (2.1).

Corollary 2.6. Let « > 0. Then L, p ¢ r(H(a)) =00 for 0 < ¢ <p < 1.

The third special case that we consider is du(f) = af*~1 df, where a > 0. Then
H,, becomes the Gamma matrix I'(a) (see [2, p. 410]). We have

0, a<1/q,

/ 019 du(0) :a/ g~ Vata—1qg = o
(0.1]

— 1
(0,1] a1 ¢ /4

Applying Theorem 2.1, we get the following corollary.

Corollary 2.7. Let « > 0 and 0 < ¢ < p < 1. Then L,y 4 r(I'(e)) = oo for
a < 1q. Also, we have Ly , 4. 7(I'(a)) 2 /(o —1/q) for a > 1/q.

3. NORLUND MATRIX OPERATOR

Let W = (w, )22, be a sequence of non-negative numbers with w; > 0, set W,, =
n

> wg, n > 1, and define the Norlund matrix associated with W = (w,,), AYM :=
k=1

A(wn) = (an,r), by

Wn—k+1
W 1<k <n,
Qn.k = n

0 otherwise.
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Notice that A(w,) = A(cwy,) for any ¢ > 0, so we may as well assume that w; = 1.
When all the w,, are 1, ANM is the Cesaro matrix.

In this section we focus on the evaluation of the norm of A%M as a matrix op-
ANM

erator from £,(v,I) into ¢, (v, F'). We indicate that the operator norm of is

no less than max(1,ap/(p — 1)), where o = liminfnw, /W, and 1 < p < oo (see

Theorem 3.2). Our result generalizes [14, Theorem 2.4].

Proposition 3.1. If Y a, and > b, are series with positive terms, Y . a, Is di-
N N
vergent and b, /a, — 1 asn — oo, then > b,/> a, — 1 as N — co.

Proof. See Lemma 2 of [9]. O

Theorem 3.2. Suppose that W = (w,)S2, Is a non-negative, non-increasing
sequence of real numbers with w; = 1. Then

ap
A max(1, 20
[ AR [|o,p, 7 > max p—1

where o = lim inf nw,, /W,, and 1 < p < oo.

n—oo
Proof. Fix § € (0,1), and suppose N > 1 is sufficiently large so that w, /W, >
((1 =9)/n)a for all n > N. Then (wp—_p+1)/ Wy = ((1 —9)/n)a for all n > N and
1 < k < n, because the w; are non-increasing.
Suppose M > N and define x = () by

1
J/‘k: kl/p’

0 otherwise.

N<k<M,

Using conventional notation, we have

pr = DA F)P
vn(zzwf =

I(AR)1}

3
Il
i

tnqg

n=1 JEF, k=1

oo 1 J p
= E Un WE Wj—k+1Tk

n=1  jeF, J k=1

WV
NE

€

1 & 7
Un <_ Z wn—k—i—lxk)
n=N W k=N
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= (og)era oy 3 Sty
B T S

p—1 Mn:N n
(oS

p= n=N jeln

= () e = oyl
where (py — 1 as M — oo, by Proposition 3.1.

It follows that the operator norm of AN is no less than (1 — §)ap/(p — 1), and
since § was arbitrary, the operator norm of AN is no less than ap/(p — 1). Since
HA%Meﬂ vp,F = 1 where e; = (1,0,0,...) (note that A{,VVMel is the first column
of ANM and v; = 1, and also Fy = {1}), it follows that the operator norm of AYM

is no less than 1, either. This completes the proof of the statement. ([

Theorem 3.2 also generalizes ([7, Corollary 2.7.9]).
Corollary 3.3. If the (wy,) of Theorem 3.2 tend to a positive limit, then

p
AV opr > —— Vp> 1.
p—1
Proof. It is easy to see that if (w,) tends to a positive limit, then nw, /W,, — 1
as n — oo. (I

Corollary 3.3 is an analogue of ([13, Corollary 3.3]) which is obtained in a different
way.
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