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THE EXISTENCE OF LIMIT CYCLE FOR PERTURBED
BILINEAR SYSTEMS

HANEN DAMAK, MOHAMED ALI HAMMAMI AND YEONG-JEU SUN

In this paper, the feedback control for a class of bilinear control systems with a small
parameter is proposed to guarantee the existence of limit cycle. We use the perturbation
method of seeking in approximate solution as a finite Taylor expansion of the exact solution.
This perturbation method is to exploit the “smallness” of the perturbation parameter ¢ to
construct an approximate periodic solution. Furthermore, some simulation results are given to
illustrate the existence of a limit cycle for this class of nonlinear control systems.
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1. INTRODUCTION

Modern applications need to solve power conversion problems to achieve more efficiency
in the control design and constitute a wide and useful applications classes of perturbed
systems. The use of dither signals for stabilization of nonlinear control systems is a well-
known and frequently used technique. The idea is that by injecting a suitably chosen
high-frequency signal in the control loop, the nonlinear sector is effectively narrowed
and the system can thereby be stabilized (see [2]). In these applications, the steady
state is generally depicted by a periodic motion ([3],[4],[5],[6],[8]). So it is of importance
to study this limit cycle, this is due to theoretical interests as well as to powerful tool
for oscillator designs, using the classical method which consists the use of the Poincare—
Bendixson map technique. In [7], the limit cycle phenomenon for a class of nonlinear
discrete-time systems was investigated using analytic method. In general, we have to
resort to approximate solutions. The goal of the perturbation method is to exploit
the “smallness” of the perturbation parameter € to construct an approximate solutions
that are valid for sufficiently small . In this paper, a feedback control is proposed to
guarantee the existence of a limit cycle for a class of perturbed bilinear systems. In
addition, we use the perturbation method as in [3] to approximate the periodic solution.
The effectiveness of these approximation is verified in numerical example.
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2. PROBLEM FORMULATION AND MAIN RESULTS

In this paper, we consider the following bilinear control system:

(t) = Az(t) + u(t)B(e)z(t), Vt>to >0, (1)
x(tg) = < ig; > where z = ( 2 > eR? uweR,

(3 2) mo-(90 8)

with a > 0, ¢ # 1 and z(tp) # 0. Specially, the feedback control law is selected as follows:

u(t) = (1 —e)r(a3(t) +x3(t)), with 7> 0. (2)
Thus, the closed-loop system is given by:
iuwz—mxw—v4+@%muﬁﬁUHﬂﬁﬂ—@41@%}
3)
da(t) = by (t) — (=1 + €)*Faa(t) [m%(t) + 23(t) — (_115)%] , V> to.

Obviously, © = (0,0) is an equilibrium point of system , it means that the solution
of system is given by x(t) = 0 if 2(t9) = 0. To avoid the trivial case of z(tg) = 0, in
the following, we only consider the system under the case of z(tg) # 0.

Definition 2.1. Consider the system (3)). The closed and bounded manifold s(z) = 0,
in the x1 — x5 plane, is said to be an exponentially stable limit cycle if there exists a
positive number « such that the manifold of s(z) = 0 along the trajectories of system
(3) satisfies the following inequality:

ls(z(t))] < |s(z(to))|exp[—a(t —to)], Vit >to>0.
In this case, the positive number « is called the guaranteed convergence rate.

Now, we present the main result for the existence of the exponentially stable limit cycle
of system as follows.

Theorem 2.2. For the feedback bilinear systems , all of phase trajectories tend to
the exponentially stable limit cycle

a

_ 2 2
U e 2

in the 1 — 22 plane, with the guaranteed convergence rate

. a
R
e 2 2 a
o = 2a if To1 +Jf02 > m

a

2a(—1+ e (e +aba) 1 o+ <
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Furthermore, the states 1 (t) and z2(t) exponentially track, respectively, the trajectories

a _ 02
S b(t —to) + tan~t [ 222
(—1+e)2r " [ (£~ fo) + tan (fﬁmﬂ

m sin [b(t —to) +tan”" (E?Z?ﬂ

in the time domain, with the guaranteed convergence rate 5.

and

Proof. Define a smooth manifold s(z) = 0 and a continuous function

f(x) = tan™" [”32]

€

with
a

s(z) =2z — Ciron

Then, the time derivatives of s2(z) and 6(z) along the trajectories of system is given
by:
ds®(x(t))

T 25(2(t)) (22181 + 20da) = —4(—1 + )*F (2] + 3)s> (x(t)), (4)
de(l‘(t)) .i‘gl‘l — i‘lxz

= =b, (5)

dt x? + a3

which implies that

0(x(t)) = b(t — to) + tan~t (‘”””) . (6)

Zo1

In the following, there are three cases to discuss the trajectories of the feedback control
system of .

Case 1: 23(to) + x3(to) = (or equivalently s(z(t9)) = 0).

e
(=1+¢)%r
In this case, from it follows that

ds®(z(t)) 0
a7
which implies that
a
23 (t) + 23 (t) = Cito (7)

Hence, we obtain:

21 (t) = ,/ﬁcos [b(t—to) +tan~! (igj)] .Yt t, 8)
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and
a . —1 [ o2
= —_— S — E— >
x2(t) Tl sin [b(t to) + tan (11001 )} , Vit >to, (9)
and
s(z(t)) = 0. (10)
Case 2: z3(to) + 23(tg) > ﬁ (or equivalently s(z(t9)) > 0).

In this case, from , we obtain:

ds®(z(t))
4 < —4as*(x(t)).
Let
U(t) = s*(z(t)),
we have d
aU(t) < —4aU ().
Hence

[ = f e

U(t) < Ulto) expl(—da(t —to))], YVt > to.

It follows that

This implies that
s?(x(t)) < |s*(z(to))| exp[(—4a(t — to))], V> to.

Then
s(z(t)) < [s(z(to))| exp[(—2a(t —to))], Vi =to.

So, we have

It yields,

Consequently, by @ and , we obtain the following exponential estimations

< |s(x(to))| exp[(—2a(t — to))], Vit > to.

< Vls(x(to))[exp[(—alt —to))l, Vt=to. (11)
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< V/s(a(to)) expl(~a(t — o)), V> to,

S {b(t —to) + tan”! (iﬁf)] ‘

< s(z(to)) exp[(—a(t —to))], Vit = to.

Case 3: 22(ty) + 23(tg) < (or equivalently s(z(t)) < 0).

v
(—1+¢)%r

In this case, from , we obtain:

w < —4(=1+ &)’ (agy + x55)87 (2(1)).
Let
U(t) = s*(x(1)).
We have .
&U(ﬁ) < —4(-1+ E) (;cm 4 xOQ)U(t>-
Hence t t
to drj({(gft)) = /to —4-1+ E) <x01 + 3702) dt.

It follows that
U(t) < Ulto) exp[(—4(—1 4 &)*7F (23, + 235)(t — t0))], Vit >to.
This implies that
s3(z(t)) < |s*(x(to))| exp[(—4(—1 + €)*F(xd, + o) (t —t0))], V't > to.
Then

[s(@(t)] < [s(@(to))] expl(~2(~1 + £)2F(a3y + ady)(t — to))], V¢ > to.

ml +x2

1+a

((to))leXp[( 2(=1+¢e)*7(agy +afp)(t —to))], Vit >to.
It yields
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</ |s(@(to))| expl(—(=1+ &)*F(afy + ) (t —to))], Vi = to. (12)

Consequently, by @ and , we obtain the following exponential estimations

< Vls(@(to)l expl(— (=1 + &)’ (a5 + o) (¢ —t0))], ¥Vt > to,

ot =\ e+ (52|

< Vls(x(to))l expl(—(=1 +€)*7(ag; +23,)((t —t0))], Vit > to.
This completes the proof. O

Remark 2.3. Obviously, by theorem such bilinear feedback system of can be
represented as nonlinear oscillators with

the amplitude and the frequency 0.

a
(—14¢)%r
Such oscillations are generally independent of the initial condition and limit cycles of
such oscillation are not influenced by a small parameter variation.

3. THE PERTURBATION METHOD
Consider the system . Suppose we want to solve the state equation for a given

initial state

{ z1(to) = m(e) (13)

za(to) = m2(€)

where, for more generality, we allow the initial state to depend “smoothly” on . The
solution of f will depend on the parameter €, a point that we shall emphasize
by writing the solution as (x1(t,€), z2(t, €)).
The goal of the perturbation method is to exploit the “smallness” of the perturbation
parameter ¢ to construct approximate solution that will be valid for sufficiently small |].
The simplest approximation results by setting ¢ = 0 in — to obtain the nominal
or unperturbed problem:
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with initial state

{ z1(to) = m(0)
z2(to) = 12(0).

Suppose the problem has an unique solution (z19(t), z20(¢)) defined on [t, 1] and
(mlo(t),l'zo(t)> S RQ, Vit e [t(),tl].

Suppose further that
(t.2,€) — Az(t) + u(t) B ()

and 7 are twice continuously differentiable in their arguments for (¢, ,¢) in
[to,tl] X RQ X [—80750].

From continuity of solutions with respect to initial states and parameters (see theorem 2
in [3] pp. 97) we know that, for sufficiently small |¢|, the problem ([3]) — has an unique
solution (z1(t,€),z2(t,€)) defined on [to, t1].

Approximating (x1(t,e), x2(t,€)) by (z10(t),220(t)) can be justified by using Taylor’s
theorem (see [1]) for (z1(t, ), z2(t,€)) to show that

[(z1(2,€), 22(t, €)) = (210(2), 220(1))[| < Klel, Ve[ <er, Vi€ to, 1],

for some k > 0 and &1 < &g.

If we succeed the showing this bound on the approximation error, we then say that the
error is of order O(e) and write

(z1(t, &), 22(t, €)) — (z10(1), 220(t)) = O(e).
This order of magnitude will be used frequently in this section, it is defined as follows.
Definition 3.1. d;(¢) = O(d2(¢)) if there exist positive constants k and ¢ such that
01(e)| < Klo2(e)], Vel <e.

Consider the following bilinear control systems (). Suppose we want to construct a
finite Taylor series with V = 3. Let

T; = L0 +Ex;1 + EQ.T»L‘Q + ESxiR, 1=1,2, (15)

and
Ni = Nio + €M1 + 527h'2 + €377m, 1=1,2.

Substitution of in , yields
B0 + @11 + 2812 + €301 = —blwog + x21 + £2T20 + £372R)]

—(=1+¢e)*7 (210 + 711 + %12 + €°71R)
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a
X [(fw +ex1y + T + 53$1R)2 + (z20 + €221 + e2w9g + 83%23)2 — (—1—#5)27“}

and

Bog + €do1 + €209 + £3%9r = blw1o + ex11 + 2212 + €371 R)

— (=14 €)?7 (a0 + £x01 + %20 + 312R)

2 3 2 2 3 2 a
X [(z10 + €211 + €212 + €°21R)" + (T20 + €X21 + 7222 +€°22R)" — m .
Matching coefficients of €°, we obtain
. _ b - 2 2 a _
Tio = —bx —TT10 |T1p T+ T — R xlo(o) = "o,
. = bria— 7 2 2 a 0) =
Too = 0T10 — TT20 |Tp + Tog =E 220(0) = 120,
which is the unperturbed problem at £ = 0.
Matching coefficients of £, we obtain
i1 = —baoy — 2Fxd,miy — 27 — Fral, — Frnady + 27, + 27 w107
11 = T21 Tl‘lol‘ll TX10T20T21 Txllxm 7“1‘111‘20 Tl‘lo 7“30103020
a1y, x11(0) = N1,
. - ~ 2 - 2 - 2 - 2 =3
To1 = bri1 — 2Txo0T10T11 — 2TT50T21 — TX21 LTy — TX21T50 + 27FT202 T + 275,

+azrz1, w21(0) = 21,
while matching coefficients €2, we have

T1g = —broy — f$10$§1 — 2?%%03312 — Farlox%l — 2Fx10T20T22
—277.’17101'%1 — 2FT11220%21 — lezaﬁo — 77.1’12.’17%0 — Fa:‘;’o — 77.%1037%0 + 47:.%'%01'11
+4’F.’E10$20$21 =+ 277.%11.%%0 + 27%11%%0 + aria, 1’12(0) = 7712,
Bop = brip — Too0a; — 2FTa0T10T12 — T20T21 — 27T30Ta2 — 2FT21T10211
—277.13%1.1320 — ’FZ‘QQZ‘%O — 7:.2322%‘%0 + 4rxo0xi10T11 + 47FTo0T1011 + 4f$§0£21
-‘1-2771}211'?0 + 2773?211}%0 + axo2, T22 (0) = 7922.
Having calculated the terms (z10,x20), (€11, x21) and (212, 222), our task now is to show
that (210, Z20) + (211, T21)€ + (212, T92)e? is indeed O(e?).

Note that, in [3], the author gave a result of existence and uniqueness for a class of
perturbed systems. Now, using the theorem in ([3] pp.388), we have the following
proposition to approximate the solution.

Proposition 3.2. Suppose that

e The functions (¢, z,e) — Axz(t) + u(t)B(g)x(t) and n have continuous derivatives
up to order 3 with respect to their arguments for

(t,m,s) € [to,tl] X Rz X [—60,50].
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e The nominal problem has an unique solution (z10(t), z20(t)) defined on [to, #1]

and (z10(t), w20(t)) € R? for all t € [to, t1].

Then there exists ¢* > 0 such that V|e| < &*, the problem 7 has an unique

solution
(z1(t,€),22(t,€)) defined on [tg, t1]

which satisfies
(z1(t,€), 2a(t, €)) — [(w10, T20) + (211, T21)E + (12, T22)e”] = O(P).
We give now an example to illustrate the applicability of the main result.

Example 3.3. Consider the following bilinear control system:

#(t) = ( i; ) _ ( Sy >m(t)+u(t)< e _10+8 )x(t), V>0 (16)
with initial state
x1(tg) = —2+¢
xa(to) =2 — 2e.
o If we let € = 0 can be obtained as in [7], then becomes
x(t) = ( 2 ) — ( 3 —32 )x(t)—i-u(t)( _01 _01 )x(t), Vt>0. (17)
By theorem [2:2] with the control law
u(t) = 523 (t) + 5x3(t)
and z(0) = [-2 2|7, we conclude that the phase trajectories of system tend

to the exponentially stable limit cycle

s(x):xf—ka:%—g

in the z; — z2 plane, with the guaranteed convergence rate a = 6. Furthermore,

the states z1(t) and z2(t) exponentially track, respectively, the trajectories

\/gcos 215—1—3—7T
5 4

and
\/§ sin |2t + il
2 gin 27
5 4 |’
in the time domain, with the guaranteed convergence rate § = 3. Some state

trajectories of the feedback-controlled system are depicted in Figures 1 and 2.
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X, (0; (0

Fig. 1. z1(t) and x2(t) of the feedback-controlled system.

Fig. 2. Typical phase trajectories of the feedback-controlled system.

o If welet e = %, then 1) becomes

#(t) = ( i; ) - < ; ‘32 )m(t)+u(t) _02 L e, ve=o. (s)

By theorem with the control law
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and z(0) = [1 1], we conclude that the phase trajectories of system tend to
the exponentially stable limit cycle

12

s(z) = 23 4+ 23 — g
in the x1 — x5 plane, with the guaranteed convergence rate @ = 3. Furthermore,
the states z1(t) and z2(t) exponentially track, respectively, the trajectories

243 [

——= COS

V5

Vs
2 f}
T

and

2\/3.[

——= Sin

V5

in the time domain, with the guaranteed convergence rate § = %

v
9 f},
1

Some state trajectories of the feedback-controlled system are depicted in Figures 3 and 4.

Fig. 3. z1(t) and z2(t) of the feedback-controlled system.

Now, we approximate (z1(t), z2(t)) by [(210, 220) + (211, 221) + 3 (212, T20)] because

(z1(t), 22(t)) — [(210, T20) + %(xll’“l) + zll(x”’x”)} =0 (;>
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-2 -15 -1 -05 0 05 1 15 2

Fig. 4. Typical phase trajectories of the feedback-controlled system.

with (219, 220) is the solution of 7 (211, 221) is the solution of system

. 2 2 2 3 2

T11 = —2.’E21 — 10x10x11 — 10%10%20.’[21 — 51’11%10 — 51’111’20 + 101’10 + 10$10$20
+3z11,  11(0) =6,

. 2 2 2 2 3

To1 = 2x11 — 10z20x10T11 — 10259221 — dT21T7g — DT21X5¢ + 102027 + 1025,

+3w21,  221(0) = -2,
and (12, z22) is the solution of system:

.’i,'lg = —2$22 - 51‘101‘%1 - 101‘%09312 - 5%10$%1 - 10961095209622 - 10%10$%1
710LE11LL‘201’21 — 5%12.%10 51’12%20 5:]]10 5$1o$§0 + QOI%O.Ill + 20%10%20%21
+10x11x10 + 10$11$20 + 3219, .7312(0) =0,

Boy = 2w12 — bwgoxi; — 10220210212 — Ba2owar — 1025)w22 — 10221210711
—1090%19620 — 5;10223:%0 — 5x22x§0 + 20x90x10211 + 20220210711 + 20x§0x21
+10£C21:C%0 + 1058215050 + 31’22, IEQQ(O) =0.

4. CONCLUSION

In this paper, a feedback control is constructed to guarantee the existence of limit
cycle for a class of bilinear systems. Furthermore, we gave a numerical value of the
approximation error

(z1(t,€), m2(t,€)) — (w10(t), 720(t)) = O(e)

for a given numerical value of € when the error is O(g). Knowing that the error is O(g)
means that its norm is less than k|e| for some positive constant & which is independent
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of € and this means that the bound decreases monotonically as ¢ decreases. The per-
turbation method of seeking in approximate solution as a finite Taylor expansion of the
exact solution where it is shown that an approximate periodic solution can be detected.
The effectiveness of these approximation is verified in numerical examples. Also, Some
simulation results are given to illustrate the existence of a limit cycle for this class of
nonlinear control systems.
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