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MILAN TRCH
Praha

Received 4. October 2006

Szasz-Hdajek groupoids (shortly SH-groupoids) are those groupoids that contain just one
non-associative (ordered) triple of elements. These groupoids were studied by G. Sz4sz
(see [10] and [11]), P. Héjek (see [2] and [3]) and later in [6], [7], [8] and [9]. In this
paper, which is a continuation of [12], SH-groupoids of type (a, b, a) having an arbitrary
large semigroup distance are constructed.

1. Preliminaries

A groupoid G is called an SH-groupoid if the set {(a,b,c) € G® |a " bc # ab - c}
of non-associative triples contains just one element. Let G be an SH-groupoid and
let (a, b, ) be the only non-associative triple. We shall say that G is of type:

— (a,a,0) ifa=b=c

— (a,ab) ifa=b#c
— (a,b,a) if a =c # b
— (a,b,b) if a#b=c

— (a,b,c) if a#b+#c #a.

Furthermore, G will be called minimal if G is generated by the set {a,b,c). The
following two assertions are easy:

1.1 Proposition. Let G be an SH-groupoids and let a,b,c € G be such that
a-bc # ab - c. Then:
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(i) G is of exactly one of the types (a,a,a), (a,a,b), (a,b,a), (a,b,b) and (a,b, c).
(ii) If H is a subgroupoid of G, then either {a,b,c} < H and H is an
SH-groupoid (of the samy type as G) or {a,b,c} ¢ H and H is a semigroup.
(iii) The subgroupoid {a,b,c)¢ is a minimal SH-groupoid.
(iv) If u,v € G are such that uv € {a,b,c}, then uv € {u,v}.

1.2 Proposition. Let G be an SH-groupoid of type (a,b,a). Then:
(i) Either c = ab # a, ord = ba # a and either c = ab # bord = ba # b.
(ii) If u = ab = ba then au # ua.
(iii) If ab = a and ba = b then a* # a.
(iv) If ba = a and ab = b then a* # a.
(v) If G() is @ minimal SH-groupoid then G contains at least three elements.

Let G(*) and G(O) be two groupoids having the same underlying set. We put
dist (G (x), G (0)) denotes card {(1,v) € G? | u x v 5 u O v}).

Let G be an SH-groupoid. The sdist(G) denotes the minimum of dist(G, G (¥)),
where G () is running through all semigroup with the same underlying set G.

If G is a groupoid containing a subgroupoid H then G is also called an extension
of H. If pe G\H then the subgroupid H (p) generated by the set H U {p}is said
to be a primitive extension of the groupoid H. In this case p will be called
a primitive element (with respect to the groupoid H).

1.3 Proposition. Let G be an SH-groupoid containing a minimal SH-groupoid
H as a proper subgroupoid. Then there exists an element p € G and a primitive
extension H (p) of the groupoid H such that H (p) is an SH-groupoid of the same
type as G and H.

Proof. Obvious.

2. Minimal SH-groupoid and its nearest semigroups

2.1 Construction. Let A = {a,a’,@’,..., a*,a**',...} be a semigroup generated
by one-element set {a}and let M = {b,b%,e, f,g} be a six-element set disjoint
with A. Put G = A U M. Define a mapping 4 of the set G into the set of natural
numbers such that i(a) = 1 = A(b),A(a*) = k for each natural number K,
A(c) = 4(b?) = 2 and A(e) = A(f) = A(g) = 3. Finally, define on G a binary
operation in such a way that A (") is a subgroupoid of G(-) and in the remaining
cases put:

(i) ab = ¢, ba = @, bb = b%
(ii) ab* = ¢b = e, ac = bc = a*b = f, ba* = bb* = b*a = b’b = a’, ca = g
(iii) ae = af = ag = be = bf = bg = b’b* = b’c = cb* = cc = ea = ab =
= fa = fb = ga = gb = a',
(iv) b% = b*f = b*g = ce = ¢f = cg = eb* = fb* = gb* = a’,
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(V) ee=¢f =eg=fe=ff=fg=ge=gf =gg =a
(vi) a*b = bd* = a**!, a'b* = d¢c = b*a* = cd* = @**?, de = d'f = dg =
= ed* = fa* = ga* = a**> for every k > 1.
Then G () becomes a groupoid satisfying the condition A(xy) = A(x) + 4(y) for
all x,yeG.

2.2 Lemma. G () is a minimal SH-groupoid of type (a,b, a).

Proof. (i) If x,y,z€G are such that k= A(x) + A(y) + 4(z) > 3 then
x.yz = d* = xy.z.

(i) If x,y,z € G are such that A(x) + A(y) + A(z) = 3 then (x,y,z) is one of
(a,a,a), (a,a,b), (a,b,a), (b,a,a), (b,b,a), (b,a,b), (a,b,b), (b,b,b) and
aaa = aa®* = @® = @’a = aa.a, aab =ac = f = a*h = aab, aba =

N

=a’# g = ca=aba, baa=ba*>=a’= a’a = baa, bba=ada=
=a®>=ba*=bba, b-ab=bc = f=a*h =bab, abb =ab* =e =
=cb = ab.b, b.bb = bb* = a* = b*b = bb.b.

(iii) It is obvious that G (*) is generated by the two element set {a,b} and the rest
is clear.

2.3 Lemma. sdist(G (")) = 1.

Proof. Define on G a binary operation * such that ¢ x a = a® # g = ca and
x *xy = xyif (x,y) # (c,a). It is easy to see that A(x * y) = A(x) + A(y) for every
x,y € G. Therefore x *(y *z) = a* = (x * y) x z whenever k = A(x) + A(y) +
+ A(z) > 3. Further, cxa=abxa=(axb)xa=a’=axa’=axba=ax(bxa)
and it is easy to check that also in the remaining cases x * (x * z) = (x * y) * z.
Thus dist(G (), G(*)) = 1 and sdist(G()) = 1.

2.4 Lemma. If G(*) is a semigroup having the same underlying set as the
SH-groupoid G () then just one of the following conditions takes place:
(i) axb # ab and b x a # ba,
(ii) axb # ab and b x a = ba,
(iii) axb = ab and b x a # ba,
(iv) axb=ab=c,bxa=ba=dand a*d = ad = c*a # ca,
(V) axb=ab=c,bxa=ba=dandad # axd = c*a = ca,
(vi axb=ab=c,bxa=ba=dand ad # axd = c*a # ca.

Proof. Suppose the opposite and let axb = ab =c,a*xd =ad = f,bxa =
=ba=d cxa=ca=g Thenax(bxa)=axba=axd=ad=f+#g=
= ca = c*a = abx*a = (ax*b) * a, a contradiction.

2.5 Lemma. Let G(*) be a semigroup having the same underlying set as the
SH-groupoid G (') and such that sdist(G (') = dist(G ("), G (). Then:
() if x = axb # ab then A(x) = 2,
(i) if z = b*a # ab then A(z) = 2,
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(iii) faxb =ab=c,bxa=ba=dandy = c*a # cathen A(y) = 3,
(iv) ifaxb=ab=c,bxa=ba=dand y = axd # ad then i(y) = 3.

Proof. According to 2.3, sdist(G)(")) is finite and therefore there exists a natural
number m such that x %y = xy whenever A(x) + A(y) > m. In particular,
x * @ = xd* for every xe€ G and k > m, k > 3. Suppose that x = a x b # ab.
Then xa™ = x xa™ = (a* b) * a™ = a* ba™ = a- ba™. It follows from this that
A(xa™) = A(x) + A(a") = A(x) + m = A(a- ba™) = 2 + m and therefore 1(x) =
= 2. The rest is similar.

2.6 Proposition. There exists only one semigroup G (x) having the same under-
lying set as the groupoid G () and satisfying the condition dist(G(*), G()) =
= sdist (G (")).

Proof. With the respect to 2.3 and 2.4 just one of the following four conditions

holds: a* b # ab,bxa # ba,d = baand a*d # ad,c = ab and c xa # ca.

(i) Suppose that x = a * b # ab. Then A(x) = 2 and therefore x ¢ {&, b*}. For
x=a*> we have f=a’b=aaxb=(axa)xb=axad =ad’ =a,
a contradiction. Similarly, for x = b* we have f = a’h =aaxbh =
=(axa)xb =ax(axb) =axb> = ab’ = e, again a contradiction.

(i) Suppose that z = b x a # ba. Then A(z) = 2 and therefore z € {¥, c}. For
z=>b"wehave @’ =b’b =b*xb=(bxa)xb=bx(axb)=bxab =
=bxc=bc = f, a contradiction. If z=c¢ then g=ca=cxa =
=(b*xa)xa=bx(axa)=bxaa=>b aa =ba'a = a’a =a, again
a contradiction with 2.3.

(iii) Suppose that c = ab =axbandbxa=ba=a> Ify=axd # ad =
=a-ba=ad’=dathenay =axy=ax(b*xa)=(axb)xa=abxa=
= c*a = ca = ¢g. However, the equation ay = ¢ has no solution in G ().

iv) If axb=c, d=ba=bxa and y=c*a #ca then y=c*a =
=(axb)xa=ax(b*xa)=axba =axa> = ada> = a and the rest fol-
lows from 2.3.

2.7 Remark. The semigroup G (x) constructed in 2.3 is the nearest semigroup
to the groupoid G(-) among all semigroup having the same underlying set G.

3. Primitive extension and its semigroup distance

3.1 Construction. Consider the SH-groupoid G (') constucted in 2.1. Let the set
M = {p,u,v,w} be disjoint with G and put E = G U M. Further, put A(p) = 1 and
A(u) = A(v) = A(w) = 2. Define on E a binary operation in such a way that G ()
is a subgroupoid of E(-) and also the condition A(xy) = A(x) + A(y) for all
x, y € E is satisfied. To this end, put:

() ap = ¢, bp = u, pa = v, pb = w and pp = a* (thus xy is defined for all
x, y satisfying 2 = A(x) + A(y));
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(i) e=aw=bv=bw=pc=pu=ua=ub=uvh=uvp=wp,f=dp=
=bu=bp=pa’=pb’=pw=va=wa=wh, g=av and a’ =
=au =cp=pv=up (thus xy is defined for all x, y satisfying
3=4(x) + A(y))

(iii) a* = xy whenever 4 < k = A(x) + A(y).

Then E () becomes a groupoid containing the miniml SH-groupoid G (*) as a proper
subgroupoid.

3.2 Lemma. E() is an SH-groupoid of type (a,b,c) generated by the
three-element set {a,b, p}.

Proof. E () contains the minimal SH-groupoid G () as a proper subgroupoid. It
is obvious that each triple (x,y,z)e E® satisfying A(x) + A(y) + A(z) > 4 is
associative. We will check that every triple (a, b, c) # (x, ,z) € E® having A(x) +
+ A(y) + 4(2) = 3 is associative. In particular, we have a-ap =ac = f =
=dp=aa-parbp=au=a’=cp=ab-p,a-pa=av=g=ca=ap-a,
a-pp=aw=e=ch=ap=b,a-pp=aa®*=a*=cp=ap-p,b-ap =bc =
=f=ap=bap,b-bp=bu=f=bp=>bb-p,b-pa=bv=¢e=ua=
=bp-a, b-ppb=bw=e=ub=bp-b, b-pp=>ba®>=a>=up=>bp-p,
p-aa=pa*=f=va=pa-a, p-ab=pc=e=vb=pa-b, p-ap=pc=
=e=vp=pa-p,p-ba=pa’=f=wa=pb-ap-bb=ph*=f=wh=
=pb-b,p-bp=pu=e=wp=pb-p,ppra=pv=a’=ada=pp-a,p-pb=
=pw=f=dab=pp-b, p-pp=pa®=f=a’p=pp-p. Finally, a-ba =
=a#g=ca=a-ba.

3.3 Lemma. sdist(E()) < 2.

Proof. Define on E a binary operation * such that c*xa = a®> = a*v and
x * y = xy whenever (c,a) # (x,y) # (a,v). Then x * y = c only if either (x, y) =
= (a,b) or (x,y) = (a,p). Furthermore, x *y = v only if (x,z) = (p,a) and
x*xy#a for all x,yeE. Suppose that (r,s,t) satisfies the conditions
(a,p) # (r,s) # (a,b) and (s,t) # (p,a). Thenr*(sxt) =rxst=rs-t=rs*t =
= (r = s) = t. In the remaining cases we have (a*xb)*a =abxa =cxa=a’ =
=a-a>=axba= =ax(bxa), (axp)xa=apxa=cxa=a=axv=
=axpa=ax(pxa). It means that E(x) is a semigroup having dist(E ("),
E (%)) = 2 and therefore sdist(E (")) < 2.

3.4 Lemma. sdist(E()) # 1.

Proof. Suppose that sdist(E()) = 1 and let E(O) be a semigroup satisfying the
condition dist(E(-), E(O)) = 1. Then there exist a natural number m such that
x O a™ = xa™ for every x € E.

(i) Suppose first that z = a O b # ab. Then za" =z0ad" = (aOb) O a™ =
=aO(b0Oa") =a0ba" = a- ba™ Therefore, A(za™) = A(a - ba™) and it
follows from A(z) + m=2+m that A(z) =2 It means that
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¢ # ze{d@ b c,u,v,w}. Moreover, z ¢ {&,b’ c} with respect to 2.6. For
aOb=u we have aO(a0Ob)=aOu=au=2a’ and (a0 a)Ob =
= aa O b = a’b = f, a contradiction. Fora O b = v we obtain a O (a O b) =
=aOv=av=gand (a0a)Ob =aa0Ob = a’h = f, a contradiction.
ForaOob =wwehaveaO(aOb)=aOw=aw=-cand(aOa)Ob =
= aa O b = a’b = f, again a contradiction. Therefore a O b = ab.

(ii) Suppose that z = b O a # ba. There exists a natural number m such that
x O @™ = xa™ for every x € E. In particular, za" = z0a" = (bOa) O a™ =
bo(aoa”)=boaa" =b-a*'. It follows from this that A(za") =
= A(b- a™*"). Therefore 4(z) = 2, and so z € {&, b? c,u,v,w}. Of course,
z ¢ {a, b c} (in that case G(O) is semigroup and a subgroupoid of E(O),
a contradiction with 2.6). If z = u then we obtain aOu = a0 (b O a) =
=(aOb)Oa=abOa=cOa=ca=g;éf=au,acontradiction. If
z=v then bOv=>bO(bOa)=(bOb)Oa=bbOa=>bb-a=a#
# e = by, again a contradiction. If z =w then aOw =40 (b0Oa) =
=(aOb)Oa=abOa=cOa=ca=g;ée=aw,acontradiction.

(iii) Suppose that aOb =ab=c, bOa=ba=4> and cOa = ca = g.
Theng=cOa=abOa=(a0b)Oa=a0O(bOa)=a0Oba=a0d =
= aa’* = a°, a contradiction.

(iv) SupposethataOb = ab,bOa =ba,z=cOa # ca.Thenz =cOa =
=abOa=(a0b)Oa=a0(bOa)=aO0Oba=a0d" and, further,
@®=cOa=apOa=(a0Op)0a=a0(pOa)=aOpa=a0v=
= av = ¢, a contradiction.

3.5 Lemma. sdist(E()) = 2.
Proof. It follows immediately rom 3.2, 3.3 and 3.4.

3.6 Proposition. Let H(') be an SH-groupoid of type (a,b,a) containing the
SH-groupoid E (*) as a subgroupoid and let H (%) be a semigroup having the same
underlyin set as H ("). Then at least one of the following conditions takes place:
(i) x * p # xp or p x x # px for some x € G;
(i) x * u # xu or u x x # ux for some x € G;
(iii) x * v # xv or v x X # vX for some x € G;
(iv) x *w # xw or w * x # wx for some x € G.

Proof. Suppose that the opposite takes place. Let H (x) be a semigroup having
the underlying set H (i.e., H 2 E 2 G) and satisfying the conditions x * p = xp,
X*U=XU X*xU=X0, X*W=XW, P*X =DpX, U*xX = UX, U*X = VX,
w * x = wx for each x € G. It is obvious that either a * b # ab, or b x a # ba, or
axb=ab=c,bxa=ba=d.Ifaxb=ab=c,bxa=ba=dthenaxd =
=ad =cxa#caorad #axd=cxa=ca,orad # axd = c*a # ca.

Consider the triples (a, p,a), (a,p,b), (a,p,p), (b,p,p), (p,p,a} and (p, p,b). Then
cxa=apxa=axpxa=axpa=a*xv=av=¢g,cxb=apxb=axpxb=
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=axpb=asxw=aw=e¢, axa =axpp=a*xpxp=ap*xp=cCc*p =
=cp=a’, bxa*=bxpp=bxpxp=bpxp=uxp=up=2a’, a**xa=
=pprxa=pxpxa=pxpa=pxv=pu=2a, @’+b=ppxb=pxpxb=
= p*pb = p*w = pw = f. Further, consider the triples (p, a,a), (p, b, a), (p, b, b)
and denote x = axqa, y =b+*a, z= b xb. Then the following three conditins
have to be valid in E(): px =p*Xx =p*axa=paxa=v+*a=rva=f
py=p*xy=pxbxa=phbxa=wxa=wa=f, pz=pxz=pxbxb=
=pbxb =wxb = wb = f However, the corresponding equation has just three
solutions in E(*) and therefore x,y,z € {&, b%w). Finally, denote t = a * b and
consider the triple (a,b,p). Then the equation tp=txp=axbxp =
= axbp = axu = au = @’ must be satisfied in E(*). It follows from this that
te {c,u}. Thus there is only a finite number of acceptable values for elements
t,x,y,z and each of these situations has to be investigated in more detail.
Moreover, if t € {c,u} and x,y,z € {@,b’, w} is an acceptable choices of elements
t,x,y,z then the following eight conditions have to be valid: axx =
=axaxa=x*xa,x*b=a*xaxb=ax*t;txa=axbxa=axy,txb =
=axbxb=axz;yxa=bxaxa=bxx;yxb=bxaxb=bxt;zxa=
=bxbxa=bxy,bxz=bxbxb=1zxb.

(i) Suppose a*xb = c.Ifbxa = a*theng = c*xa=axb*xa=axada* = a’,
a contradiction. If bxa = wthen e =ae =axw=axbxa=cxa =
= g, again a contradiction. Therefore b x a = b*> # a>. Now, if b*x b = a°
then e=aw =a*w=a*pb=apxb=c*xb=axbxb=axd’ =
= a°, a contradiction. If b*b = w then f = wb=w*b=bxaxb =
=a’+*b=ppxa=pxpa=p*v=pv=a, again a contradiction.
Thus b * b = b% Finally, if axa = b*then a> = up =uxp =bp*p =
=bxpp=bxa’=b’+xa=bxbxa=bxb>=bxbxb=0>b>xb=
=bxaxb=bxc=b*xap=b*axp=>b*xp=>b'p=f, a contra-
diction. Ifaxa = wthene=aw = a*w =axa*xa =w+a = wa = f,
a contradiction. It follows from this that a x a = a>. Now, f = b’p =
=b’«xp=bxaxp=bxap=bxc=bxaxb=b*+xb=bxbxb=
=bxb’=bsxbxa=b’+xa=bxaxa=bxa’=b*xpp=>bp*xp =
=bp*xp =ux*p=up = a’ a contradiction. Therefore, ¢ # a * b.

(ii) Suppose that bxa =u. f bxa=a*then e=ua=u*a=axbxa=
=axa* =a’>, a contradiction. If bxa=w then e=ua=uxa =
=axbxa=a*w=aw = f, a contradiction. It means that bxa =
=b*#ba. If bxb=a’then e=ub=uxb=axbxb=axa*=a’,
a contradiction. If bxb = wthene = bw =bxw=bxbxb=wx*xb =
= wh = f, again a contradiction. It follows from this that b b = b2
Suppose that a*xa =a’. Then a> =au =axu=axaxb=a**b =
=pp*xb =pxpb =pxw = pw = f, a contradiction. If a ¥ a = w then
e=agw=axw=a%xaxa=wxa=wa= f, again a contradiction.
Now only the case a*a = a’ remains and then f = pw =ps*w =
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=pxpb=ppxb=a**b=a*xaxb=a*u=au=a’ a contradic-
tion.

3.7 Propositon. There exists only one semigroup E(O) having the underlying
set E and such that sdist (E () = dist(E(0),E()).

Proof. Let E(O) be a semigroup satisfying sdist E(-)) = dist(E(0), E(") = 2.
There is a natural number m such that x O y = xy whenever 4(x) + A(y) >
> m > 4. In particular, x O ¢” = xa™ and a" O y = a™y for all x, y € E. It follows
from 3.6 that just one of the conditions x O p # xp, p O x # px, x O u # xu,
uOx #ux, XOv#xv, vOx #vx, xOw # xw and w O x # wx holds for
some x € G. It is obvious that also just one of the conditions a O b # ab = ¢,
boa#tba=a,a0d=a a*=ad=cOa#caanda®> #a0a*=cOa=
= ca = ¢ is true.

(i) Suppose that y = a O b # ab. It follows from y O a™ = aO b O @™ that
A(y) = 2. Thus ye{@ b’ uv,w} and yOz = yz for every y,zeG,
(,z) # (a,b). Now, if y =a’then f =a’0Ob=a0ObOb=aO0Obb=
= a O b?> = ab* = e, a contradiction. Similarly, if y = b* then e = ab* =
=a0Ob’=a0a0Ob=ad"0b=ad’ = f, again a contradiction. If
y = u then either au = a O u or au # a O u. In the first case, a® = au =
=a0aOb=aa0Ob=ad’h = f, a contradiction. In the second case,
bOp=bp=uand uOp = up. Therefore aCu =aObOp=uOp =
= up = a® = au, again a contradiction. Further, if y = v then either
aOQv=av or aOv#av. In the first case, g=av =a0Ov =
=a0ObOa=aO0Oba=a0a® = d, a contradiction. In the second case,
from aOv # av it follows that pOa =pa and pOa = pa and
aOp=ap. But then aOv=aO0OpOa=apOa=cOa=g = av,
again a contradiction. Finally, let axb=w. If aOw = aw then
e=aw =a0Ow=a0a0Ob=aa0Ob = a’b=a’ a contradiction. If
aOws#aw then pOb=pb and aOp =ap. But then aOw =
=aO0OpOb=apOa’>=cOb=ch=-e=aw, again a contradiction.
We have proved that ab = a O b.

(ii) Suppose that x = b O a # ba. It follows from x O a™ = b O a O a™ that
A(x) = 2. Thus, x € {¥",c,u,0,w). f bOa = b* then e = ab> = a O b* =
=aObOa=abOa=cOa=ca=g, a contradiction. Similarly, if
bOa=ctheng=ca=cOa=b0OaOa=bOaa=boOa*>=ba*=
= d’, a contradiction. Further, let bOa=u. If aOu = au then
aOb=ab and cOa = ca, but then > =au=aOu=a0bOa=
=abOa=cOa=ca=g, a contradiction. If aOu # au and u =
=bOa#bathenaOu=a0ObOa=abOa=cOa=ca=g. Now,
if cop#cpthen a> =aa> =aOpp=a0OpOp=apOp=cOp=
=abOp=aObOp=aObp=aOu=g, a contradiction. Thus
cOp=cp. Further, if bOp=>bp then g=aOu=aObp =
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(iii)

(iv)

=aO0bOp=abOp=cOp = cp= a acontradiction. Therefore, we
have bO p # bp. Finally, ifu # y=bOpthenpy =pOy=pObOp =
=pbOp =wOp=wp = e. The equation py = e has in E(") only two
solutions, namely, ¢, u. However, if bOp =c then f =ac=a0Oc =
=aO0ObOp=abOp=cOp=cp=a’ a contradiction. Similarly, if
b Oa = vthen either a O v = av or a O v # av. In the first case it follows
from bOa#ba that aOa=aa and a’Oa = d’a. Therefore,
g=av=aOv=a0aOb=aaOb=aa b= f, a contradiction. In
the second case, it follows from aOv # av that pOb = pb and
aOp =ap.ButthenaOv=aOpb=a0OpOb=apOa=ca=g =
= av, a contradiction. Finally, suppose that b Oa = w. Then either
aOw =aworaOw # aw. In the first case, it follows from b O a # ba
thataOa =aaand a’Oa = a’a. Thene = aw =aOw =a0a0Ob =
= aa O b = a’*b = f, a contradiction. In the second case, it follows from
aOw #awandbOa # bathatpOb = pb,aOp = ap,c O b = cb. But
then aOw=aOpOb=apOb=cOb =cb=e = ae, a contradic-
tion. We have proved that b O a = ba.

Suppose that a Ob = ab, bOa = a* and let y = a O a*> # a’. It follows
from yOa™ =a0a’0 g™ that A(y) = 3 and thus ye€ {e,f,g}. Suppose
first that y =e. Then e =a0Oa* =aObOa=abOa=cOa # ca
Now, a O @® # a® and ¢ O a # ca. It follows from dist((E(), E(0)) = 2
that x O y = xy for all x,y € E such that (a,a?) # (x,y) # (c,a). But then
@ =a*0a=a0a0Oa=a0a’=e, a contradiction. Similarly, if
y=fthenf=a0a*=a0ObOa=ab0Oa=cOa # caand therefore
x O y = xy whenever x, y € E are such that (a,a?) # (x,y) # (c,a). There-
fore, a> = a>0Oa =a0aOa = aOa®*= f acontradcition. Finally, sup-
pose that y = g. As dist((E ("), E(Q)) = 2, at least one of a O a = a* and
bOb = a* takes place. If a0a =a’ then g=a0Oa*=a0aOa =
=a*0Oa # a’> Now, xOy = xy whenever x,ye E are such that
(a,d?) # (x,y) # (¢’ a). Butthenalsog =aO0a*=a0ObOb=abOb =
=cOb # chb=e, a contradiction. If bOb = a® then g =a0Oa’ =
=a0bOb=abOb=cOb # e. Now, it follows from dist ((E("), E(O)) =
=2 that xOy = xy for all x,yeE such that (a,a°) # (x,y) # (¢, b).
Therefore alsoa Oa = a*andg =a0Oa* =aOaOa=aaOa = a’a =
= a@’, a contradiction. We have proved that a® = a O a’.

Finally, let aOb = ab, aO b = a’ and y = ¢ O a # ca. It follows from
ya" =y O0d" =c0a0d" = c-aa" that A(y) = 3. Therefore y € {d, e, f}.
Suppose first that aOp =ap and aOv =av. Then y=cOa =
=agpOa=a0OpOa=aOpa=aOv=av = g, acontradiction. The-
refore either a O p # ap or a O v # av. Suppose that x = a O p # ap.
Then xa* = a0 poOad = a0 pd = a-a*! for some natural number k.
Therefore A(x) = 2 and x € {d, b% u, v, w}. It follows from ¢ O a # ca and
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aOp # apthat x O y = xy if x,y € E are such that (c,a) # (x,y) # (a, p).
In particular, if x =4’ then a*=d’0Ca=a0OpOa=a0Opa=
=aOv =g, a contradiction, if x = b*> then a’ = b’a = b*Oa =
=aOpOa=aOpa=aOv=av =g, a contradiction; if x = u then
e=ua=uOa=a0pOa=aOpa=a0Ov=av =g, a contradic-
tion; if x =v then f =va=v0a=a0OpOa=aOpa=a0Ov=
= av = g, a contradition; if x = wthen f =wa=wOa=a0pOa =
=aOpa=aOv=av = g, a contradiction. Therefore, a O p = ap and
let z=aOuv # av. It follows from za* = z0d* =aovOd* = a-va
that A(z) =3 and therefore ze{d e, f). Further, it follows from
cOa#caand aOv # av that x Oy = xy whenever (a,v) # (x,y) #
# (c,a). Now, if z = ethen @’ = d’a =abOa=a0ObOa=abOa =
=cOa=apOa=a0Op0Oa=a0pa=aOv = e, a contradiction. If
z=fthena’=a’a=abOa=a0bOa=abOa=cOa=apOa=
=aOpOa=aO0Opa=aOv = f acontradiction. Thus z = a*> and we
have proved that there exists only one semigroup E(O) having the
underlying set E and satisfying the given conditions. This is just the
semigroup E (*) constructed in 3.3.

4. SH-groupoids having large semigroup distance

4.1 Construction. Let 4 = {a,a’d’,..., a",a**',...} be a semigroup generated
by one-element set {a}and let M = {b,bc,e, f,g} be a six-element set disjoint
with A. Let I be an arbitrary index set and for each iel consider the
sets P, = {p,-, u;, Uy, w,-} such that A,M,P,P, are pairwise disjoint sets for all
i,jel, i # j. Consider the SH-groupoid G (') constructed in 2.1. Put G U P, = E,
for each iel and for every iel consider the SH-groupoid E;(') constructed
according to 3.1. Put E; = UEi and define on E; a binary operation in such a way
that each of SH-groupoids E; (") is a subgroupoid of E, (). Finally, for every i,k € I
put:

() ppx = a’

(i) py = PV = PWik = UPx = UPx = WPy = a5

(iil) uue = UV = W, = Dl = VO = VWL = WiW, = W, = wiw, = a’.
Then E;()) becomess a groupoid containing the minimal S-groupoid G(-) as
a subgroupoid. It is obvious that E; (") is generated by the set {a,b} U {p|ieI}.

4.2 Lemma. E,() satisfies the condition A(xy) = A(x) + A(y) for every
x,y€E,.

Proof. Obvious.
4.3 Lemma. E, (") is an S-groupoid of type (a, b, a).
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Proof. () If x,y,z€E; are such that A(x) + A(y) + A(z) = k > 3 then
x-yz=ad"=xy-z

(i) If x,y,z € E; are such that (a,b,a) # (x,y,z) and 1(x) + A(y) + A(z) = 3
then x,y,z € {a,b} U {p|iel}. Let i,j,kI and consider the tnples (x, y z)
containing at least two elements p;, p,. Then ap;‘ p, = cpy = @® = aa®> =
=a° PP P P = VP =€ =DPC =P;" ap, PP 4 = @4 = @’ = pv; =
=pi pa, bpp=up,=a = ba* = b pp, pb p=wp=e=
= pih = pi* bp, pip-b = &b = f = pw,. = pi* pib, pip; pi = @pi =
= @’ = pa® = p; p;p. The remaining triples (x,y,z) # (a,b,a) are asso-
ciative because for each i € I the groupoid E, (") is an SH-groupoid of type
(a,b,a).

4.4 Lemma. sdist(E;() < 1 + card(J).

Proof. Define on E; a new binary operation * such that a * v; = @®> = ¢ * a for
every i€ I and w * y = xy whenever x, y € E; are such that (a,v)) # (x,y) # (c,a)
for every i€ I. It follows from the construction that E; () is a semigroup and it is
obvious that dist (E; ("), E;(x)) = 1 + card(I). The rest is clear..

4.5 Lemma. dist(E; ("), E;(x)) > 1 + card(I).

Proof. Suppose that E;(*) is a semigroup having the same underlying set as the
SH-groupoid E; (*). It is obvious that at least one of the following conditions takes
place:

(1) a*b # ab or b x a # ba;
(ii) faxb=ab=cand bxa =ba = a*then c*xa# caor a*a’ # a’.

Finally, let i € I and consider the elements p;, u;, v;, w;. According to 3.6, at least
one of the following conditions has to be valid:
(i) x * p; # xp; or p; * x # px for some x € G;
(i) x * u; # xu; or p; * u # pu for some x € G;
(iii) x * v; # xv; or v; * x # v;x for some x € G,
(iv) x *w; # xw; or w; * x # w;x for some x € G;

Therefore dist (E, ("), E;(x)) > 1 + card(I).
4.6 Lemma.sdist(E;()) = 1 + card(J).
Prof. 1t follows immediately from 4.4 and 4.5.

4.7 Theorem. Let k be an arbitrary cardinal number. Then there exists an
SH-groupoid H (") of type (a,b, a) such that sdist(H (') = «.

Proof. If k = 1 then it follows from 2.1 and 2.3. If k = 2 then it follows from
3.1 and 3.5. The rest follows 4.5. If k is finite and k¥ > 3 then it is needed to use

index set I having card (I) = x — 1. If k — 1. If k is infinite then it is needed to
use index set I having card(l) = k
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5. Conclusion

It was proved above that there exist SH-groupoid of type (a,b,a) having an
arbitrary large semigroup distance. It seems that it is true also for SH-groupoids
of type (a, a,b). Furtermore, it seems that it can be proved in a similar way.
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