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We consider an agent who trades with n stocks, where n is not so large, and pays
proportional transaction costs. It is assumed that the vector of stock market prices is an
n dimensional geometric Brownian motion and suppose that the agent is interested in
a question what is the optimal investment policy for the i-th stock provided that he/she
pays the transaction costs only for trades with this asset. We restrict ourselves to HARA
utility functions and derive the first term in Taylor’s expansion of function connecting
the transaction tax and the width of no-trade region.

1. Introduction

We consider an investment problem with proportional transaction costs without
consumption. We seek for a strategy that maximizes the asymptotics of expected
utility of the portfolio market price similarly as in [2], [4], in contrast to [1], [3],
[5], [8], [10], where the agent maximizes the expected value of the Laplace
transform of the utility of consumption at a point chosen according to his/her time
preferences. It is shown in [2] that the investment problem is a limiting case of the
investment-consumption problem in case of logarithmic utility as the parameter of
the Laplace transform goes to zero, i.e. when the consumption is postponed to the
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future as much as it is possible. If there were no transaction costs, both approaches
lead to the same optimal policy: to keep a constant proportion of the portfolio
market price invested in each stock. Such a vector is called Merton proportion here,
see [9]. We focus on the case when we pay the transaction costs only for the trades
with one of several assets.

We suppose that the vector of stock market prices X (t) is a n-dimensional
geometric Brownian motion driven by an n-dimensional %-Wiener process W(t)
as follows

() dX() = X()udt + X(OZHW(),  X(0) = x0€ (0, 0),

where u € R" and % € R**" is a positively definite matrix such that £*X% =: X
and X (t) := diag X (¢) denotes the diagonal matrix of the vector X () and where
(%t = 0) is an augmented filtration. Further, we denote by Y(t) the portfolio
market price at time t > 0, by H (t) the vector of numbers of shares of each stock
and by G (t) the vector of positions in the market. Then Y (¢) G(t) = X(¢) H (¢).

We will consider only utility functions with hyperbolic absolute risk aversion
(HARA) %,(x) = %xy if y < 0 and %o(x) = Inx. The case y €(0,1] is omitted,
since it leads to a too aggressive strategy. Further, denote e,(x):= %,(e*) and
assume that Y (0) = yo > 0 and G(0) = go € R" are deterministic random variab-
les. We assume that the deposit part is not discounted and that we pay
(1 + b)-multiple of the stock market price in order to obtain the first stock. On the
other hand, we obtain (1 — c¢)-multiple of the stock market price, when we sell it,
where be(0,00) and ce(0,1). The aim of this paper is to find
fe C*(—1/b,1/c),v € R and a special strategy such that

(2) e,(In Y (t) — f(Gi(t)) — vt) is a supermartingale,

when considering a wide class of strategies, and such that (2) is a martingale if we
consider the special one. We restrict ourselves to the strategies that keep the vector
of positions G (t) within a compact set in (—1/b,1/c) x R"~". Then

.1 5 . 1
v = lim —e; 'Ee,(In Y(t)) > lim sup ey ' Ee,(In Y (t)),
—00 t—0o0
where f’(t) denotes the portfolio market price corresponding to the special strategy
here.

2. Dynamics

We restrict ourselves to the strategies such that Y (f) > 0 and Gy (t) e (—1/b, 1/c)
hold for every t > 0 almost surely and we always assume that the transaction costs
at time ¢ are paid at the next moment after ¢. Let Hi () and Hy (t) denote the sum
of shares of the first stock bought and sold on the time interval [0, t), respectively.
We assume that these processes are non-decreasing Z-adapted left-continuous with
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right-hand limits and that H;(¢), G:(t) and Y(t) are locally bounded Z-progressive
measurable processes for 1 < i < n. We are going to compute with stochastic
differentials as every integrator was a continuous process, see remark 3.2 in [4]
how to remove this assumption, and we refer the reader, who is not familiar with
stochastic integration, to Chapter 3 in [7] for the corresponding theory. We need
to distinguish between the derivative of f usually denoted by f' and the
transposition x’ of vector x and therefore we write f instead of f” for the derivative
of f. Later on, we will need some statements derived in [4] that relate to the
dynamics of certain processes. By lemma 3.1 in [4], Hf (t), Hr (f) < oo hold
almost surely and

dY(t) = H(ty dX (t) — bX,(t) dH{ (t) — cX1(t) dHT (¢).

Let e; € R" denote the column vector with 1 in the first row and O in the remaining
ones and let x := diag x € R"*" denote the diagonal matrix of the vector x € R".
By lemma 3.3 in [4],

dGy(t) = B1(G(t)) dt + S1(G(t)) dW (t) + dGi (t) — dGr (1),
where B; (x) = 1B (x), S1(x) = e/ S(x) and
(3) B(x) =[x —xx'][px — Zx], S(x) =[x — xx'] 2%,
where the processes Gif (t), Gy (t) are non-decreasing Z-adapted such that
Y (£)dGy (1) = (1 + bG, (1) X, (t)dHF (1),
Y(1)dGr (t) = (1 — ¢G, (1)) X, (t)dH7 ().
Further, we will abbreviate the notation
h. (G, (1) * dGE (t):= h, (G, (t) dGi () + h_ (G, (1)) dGr (1)

whenever h, and h_ are continuous functions on (—1/b, 1/c). By lemma 3.4 in
[4], U(t):=In Y(t) — f(G,(t)) — vt is an Z-semimartingale with

00 4G (0) e + o (G0) W) + 54 (64(0) = G (),
whenever f € Cz(— 1/b, 1/c), where x := eix,
@ )= - S, ) = 90 F S
6) @) = d() — v — FeBE) — 5[70) — 2 (F]S1 () S ()

© B =[x o][u— (1 - )2 d@) = wx 5 xmx

and where 9, (x) = 1+, 9 (x) = . Moreover, if we restrict ourselves to the
strategies that keep the position G(t‘) within a compact set in (—1/b, 1/c) x R"™,
we obtain by lemma 3.5 in [4] that
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@) If G, (t) € [0, B] < (—1/b, 1/c), 4(G (1)) = 0 and
(7) j‘ &, (G (s) dGi (s j & (G1(s))dGi(s) = 0

hold for every t > 0 (almost surely, where v € R, then EY (t)* < oo holds for every
0<Oandt > 0.
(ii) If EY(t)’ < oo holds for every 6 < 0 and t > O, then

® Vim e, (U0) + [ exp U (G ()W ()
is an Z-martingale.

Let us consider the case when the transaction costs are zero and let us assume
that the position G(f) is kept within some bounded set in R". Then
Y (¢)~'dY(t) = G(t) [ndt + Z*dW(t)] and therefore %, (Y (t)) is a.s. equal to the
product of an exponential martingale

&,:= exp yj sy ZdW(s) — —y § (s)=G (s )ds}

and the process e,{In Y (0) + [5d(G(s))ds}. The function d attains its maximum
V= %@;2®y at the Merton proportion x = @, := %, where ©:= Z~'u.
Hence, the process e,(In Y (t) — #t) = &, e,(Z(t)) is a supermartingale and it is
a martingale only in case that G, = ©, holds for almost all ¢ a.s., where
Z(t):=InY(0) + [§d(G(s)ds — vt is a non-increasing process which is constant
if and only if G(t) = ©, holds for almost all ¢ > 0.

3. Preliminary computations

The aim of this section is to show, how one can obtain some heuristic results.
The obtained formulas also serve as the reference points for the next section. The
key point of this paper is that the optimality condition (26) is of the same form as
in the one-dimensional case.

If x denotes the variable representing the position G (t), we write

(e (FE)m (B)mn

One can imagine that we would trade with the remaining assets in order to
maximize the function d(x) Then we would keep £ on 0, — 2~ 1Lx, where
é = 6 and f:= $-', and the function d is at every x = (x,%') such that
2= 0 — £-'Lx holds of the form

) . ~— 1686, + xi —
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where fi:= p; — L'é and ¢*:= ¢? — I$~'L. The function (9) is obviously
maximal at x := 0,: L "‘Z,u It can be useful to compare the Merton proportion
©, and the values 0 and 6 Obviously,

st _ ( 672 —:‘ZLZ ! ) >
$-1Lg™2 ' 4 £-1L6 e
and therefore the Merton proportion ®, is equal to
11—y s—a—zzl—_ly 1 — L @y _ fI“LHy

The above considered strategy would be close to the optimal one only in case
of small transaction costs, so we have to correct it. We define x — ¢, € R*~! so
that £ = 6, — X7'Lx + ¢,. Then

10 dx:=dx=ﬁé’ié+6220x—x2—s;ﬁ‘.ex.
2 Y v b4

Further, the diffusion coefficient of G, (t) is of the form S, (x)S; (x)' and it can be
rewritten into the form

$(x):= x2[0*(1 — ) + (0, — 'L+ &) £(6, — 'L+ &)].
The first element of B (x) is of the form

Bi(x):= (1 = 9)x[6*(1 = %) (6, — x) + (§, — 'L+ &) 2e,].
The martingale condition is of the form

1._.. . , ~
(11) U x) =2 (xF]8*(x) + f (x) Bi (x) — [d(x) — v] = 0.
The optimal boundary condition for the remaining assets is of the form

1) W - ) + F0 ) ~ [ — o] = 0

and the boundary conditions for the first asset with the smoothness of fit are of the
form

(13) fl@)= =9, F0@=-9%@=9%@p
(14) fB)=+9-(8, F(B)=+9_(B)=9-(B>

provided that the special strategy will just keep the first position within the interval
[o, 8] = (—1/b,1/c) and the remaining ones on values that depend on the value of
the first position. Obviously,
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(15) Eg(x) = xzi(év — S L+ €,
B aa e od .
(16) =20 = (1 = 9)x2(0, — 2L+ 2), o~ (x) = — (1 — 1) Ze,

and therefore the condition (12) is of the form
[F(x) = vf (xf]x2£ 0, — 'L+ &) +
+ ()1 —9)xE@, — 'L+ 2¢) + (1 — 9)Ze, = 0.

Since 3 is a regular matrix, the above condition is also of the form

(17) [zﬂl—lLl + (1 + xf (9] =

1 —
19 == o)L 04 i)

If expression in the brackets in (17) is not equal to zero, we can introduce e, so that
(19) & = (7L — 0,) e,

If éy # 3L and there exist e, such that (19) holds, then the condition (12) is
of the form

(20) 1+xﬂ@—ﬂ—QWx +u+xﬂmﬂ=a

Then the diffusion coefficient of G,(¢) is of the form

(21) S = (1 — xF + (1 = o],

S () = f(xF
1 —y

where «2:= ¢72(0, — £-'LyE£(f, — £-'L) # 0 if and only 8, # £~'L. The
modified drift coefficient is then of the form
(22) Bi(x) = *(1 = 9)x[(1 = %)(6, — x) — & (1 — &)x]],
1 —9aaa 1
(23) d(x) = Tve;zey +— Ta[20,x — x* — 122].

The maximal value of v that can be reached corresponds to the case of zero
transaction costs and the strategy that keeps the position on the Merton proportion.
Hence, we obtain the right-hand inequality in (24). Further, we introduce w; > 0
such that we have the left-hand equality in (24)

1 A aA PP
(24) ——wm+ 202 — o)} = Y (@62 + 0,20)).

Then d(x) — v = 52&[w? — (0, — x)* — k2e2]. Now, the martingale condition
is of the form
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(1= xf + (1 — )] ( ) — f(x)2 +

1 —y
+ 2x[(1 — x)(0, — x) — 2. (1 — &) k2] f(x) + (6, — x)* + K2el — w} = 0.

The conditions (13) and (14) at the boundary points «, f together with the
martingale condition give the following one

5 ey + b eg — 2
) o= 0-aF+ R () = 0, - oF + 6(T),

where &,:= &, (o), &g:=¢_(B) and &, (x):=x e (x):= x —< . The condi-

1+bx
tion (20) together with the conditions (13) and (14) give the followmg condition

on ¢, at the points a, f

() -rmem o= ()

Then the condition (25) is of the form
(26) of = (0, — &) = (6, — &)

4. Existence of function f

This section provides the technical results necessary for the next section. It also
introduces a notation used later on. The aim of this section is to prove theorem
4.24. It is recommended to skip this section up to theorem 4.24 for the first reading.
We always assume that 2 > 0 in this section.

Lemma 4.1 Let % >0, 6,# 0 and b >0, ce(0,1). Denote &(x,h):=
= x[l — (1 - x)h] and

F(x,h,w,n):=[n + (1 + xh][(1 — xn + (6, — E(x. B)? — w*] + &2n.

Then n— F (x, h,w, 11) is a quadratic function. Denote </, B, €:R*> > R the
corresponding coefficient so that

F(x,h,w,n) = o (x,h,w)n* + B(x,h,w)n + C(x,h,w).
Further, denote
O:={ueR:u; # 0,1+ uu, > 0,u3 <N, B*(u) > 4o (1) € (u)},
where X, := 05 A [(1 — 0,) + 2], and
¢ :(x,h,w)e ®— max {ne R, F(x,h,w,n) = 0}.
Then ¢ € C*(®). Moreover, if ue R is such that
(27) u #0,1 + uu, >0 and (0, — E(upw))* < U3 <N,
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then ue ® and n:= ¢(u) = 0 is the only non-negative solution of the equation
F(u,n) = 0.

Proof: Let i€ ®. If o () > 0, then

_ B + VB («) — 44 ()6 (u)
2.4 (u)

(28) ¢ ()

is an infinitely differentiable function in a neighbourhood of #. Obviously,
o (@) = (1 — @)% If ue R?is such that u < N, and &/ (1) < 0, i.e., u; = 1, then
of (1) = 0 and B (u) = (0, — 1)* + «} — u3 > 0. Hence, we get that

_ — 26 (u)
9) Y= T ST = TR

is an infinitely differentiable function in a neighbourhood of # in case that
o (@) < 0.

Let ueR® be such that (27) is satisfied. We are going to show that
#*(u) > 4/ (u) € (u). Since €(u) = F(4,0) <0 and o/(u) >0, we get that
4./ (u)%(u) < 0. Hence, it is sufficient to show that #(u) > 0 in case that
& (u) = 0 or € (u) = 0. Since we have showed that 8 (u) > 0 in case o/ (u) = 0,
we are only to consider the case % (u) = 0. Then (0, — &(u;,u;)f = u} and
therefore % (1) = (1 + uw,)*(1 — w))* + 2 > 0.

Now, we are going to show that #:= ¢ (u) = 0. If &/ (u) > 0, then we obtain
that ¢ (1) > O from (28) since % (u) < 0. If o/ (u) = O, then % (u) > O as showed
above and we get from (29) that ¢ () = —% (u)/#(u) = 0, since € (u) < 0. Since
%(u) < 0 < o (u), there cannot be another non-negative root 0 < # # 5 of the
equation F (u,7) = 0. O

Lemma 4.2 Let o} < N, k2 > 0and b > 0, ce(0,1). Let h be an infinitely
differentiable function satisfying G (x,h(x),n4(x)) = w} in a neighbourhood of
xo € R and n,,(xo) = 0, where

Gl hyn)i= (1 = fn + [0, = E( R + win([L + xhT + n)
and ny(x) := xzﬁ%{!';ﬂ. Let xy # 0 be such that
(30) 1 + Xoh(xo) >0 and 1 — (1 — xo)h(xo) > 0.

Then [0, — &(xo, h(x0))]* = w? and sign 7, (xo) = sign [0, — &(xo,h(x0))]-
Moreover, if 0, = &(xo, h(xo)), then there exists & > 0 such that n,(x) < 0 holds
for every x € R\{x,} such that |x — X¢| < 0.

Proof: Since 7,,(xo) = 0, we get that w? = G (X, h(xo),0) = [0, — & (%o, h(x0))]?

by the definition of G. Since #,(xo) = 0 and dG (x, k(x), n,(x))/dx = dw}/6x = 0,
we get that
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() 0=[0,~ kT + M ~ 3 + (1 + xh(x) ]

holds at x = x,. A straightforward computation using h(xo) = h*(x,) shows that
d
(32 k() — 6] = [1 + xoh(xd)][1 = (1 = xo) h(x)] > 0

holds at x = x, by (30). Then the equality of signs in the first part of the statement
follows from (31) and (32). If 0, = &(xo, h(x)), then w, = 0 and we obtain from
(32) that there exists 6 > 0 such that &(x,h(x)) # 6, holds on (x, — 9,
xo + OMx}. If x # x, is such that |x — xo| < 8, we obtain that #,(x) < 0 =
= 1, (xo) since the case 1, (x) = 0 leads to a contradiction w} = G(x, h(x),n,(x)) =
(0, = (b > 0 =

Lemma 4.3 Let w2 <N, k2> 0 and b>0, ce(0,1). (i) Let x, >0,
h(xo) = —9.(x0) or xo < 0, h(xo) = 9_(xo), then (30) holds.

(ii) Let 0 < x; < X, < 00 and he C'[x,,x,] be such that n;, > 0 holds on
(x1,X2) and such that h(x,) = — 9, (x,). Then

1+ xh(x) = (1 A (bxy)"")2>0

holds for every x € [x;, ;).

(iii) Let he C'[x,,x,] be such that x, >0 and h(x,) = —9,(x) in case
0, > 0 and such that x, < 0 and h(x;) = 9_(x,) in case 0, < 0. Further, assume
that

G(xh(x)m(x) = @2 and n,(x) =0
hold on [x,x,]. Then (30) holds for every x, € [x,, x,).
Proof: (i) Obviously,

1 1+b
_ 14bx, 1+bx,

1 +X()|9i(xo)= . » 1 i(l —x())‘gi:(xo)= 1=c
1-cx, 1—cx,

(ii) It follows from the assumption 1, > 0 on (xy, X,) that A(x) > h?*(x) > 0 and
therefore h is a non-decreasing function on [x,,x,]. Further, if x € (x,, x,) is such
that h(x) # 0, then

_h) - P

r"(x) T(x)_zo, where r(x):=1_+3c_}Lx)

~h(x) °

If x € [x;,x,] is such that h(x) > —1/(2x,), then h(x) > —1/(2x) and therefore
1 + xh(x) = 1/2.
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Further, we can assume that h(x;) < —1/(2x,). If xo€(x;,x,] is such that
h(x) < —1/(2x,) holds for every x € [x,, X), then

1+ xh(x) = —h(x)r(x) = —h(x)r(x;) > 1/(2bx,)

holds for every x € [x;, o), since r is a non-decreasing function on [x;,X,) with
r(x;) = 1/b.

@iii) Since 1 — (1 — x)h(x) is a continuous function on [x,, x,] attaining by (i)
a positive value at x; or at X,, respectively, it is sufficient to show that it does not
attain the value zero in order to verify that it is positive on [x,,X,], respectively,
it is sufficient to show that it does not attain the value zero in order to verify that
it is positive on [x;,x,]. Let us assume that xe[x;,x,] is such that
1=(1—x)h(x). Then ¢&(x,h(x)) =0 and we obtain a contradiction
o} = G(x,h(x),n,(x)) =0 > w2, since n,(x) > 0.

If 6, > 0, we assume that x; > O and therefore the first inequality in (30) at
every xo€[xy,x,] follows from (ii). If 0, <0, we assume that x, < 0. If
x€[x;,x,], we obtain from the previous part of the proof that
h(x) < 1/(1 — x) < 1/x and therefore 1 + xh(x) > 0. O

Lemma 4.4 Let o} < N, k2> 0and b > 0, ce(0,1). (i) Let (xo, ho) € R? be
such that

(33) xo # 0, 1 4+ xphog > 0, and (0, — &(xo,ho))* < 2.
Then there exist 5 > 0 and he C*(xy — 8, Xo + 0) such that
B k)= ookl (hho)ed, hx) =

hold whenever |x — x| < 6, where ¢ (x,h,w):=h* + (1 — y)x~*¢(x,h,w).

(ii) Let hy(z), hy(z) solve (34) whenever z € [x,y] and i€ {1,2}. If there exists
z€[x,y] such that h(z) = h,(z), then hy = h, holds on [x,y].

(iii) Let S be a bounded open interval with an extreme point %, and h e C*(¥)
satisfying (34) on S. Let hy:= limys,_zh(x) € R be such that (33) is satisfied if
X, is replaced by X, Then there exist an open interval ¥ 2 # containing X, and
hecC® (.}7’) satisfying (34) on S such that h = h on 5.

Proof: If (33) is satisfied, then (xo, ho, ®,) € ® by lemma 4.1. Then (i)-(iii) follow
from the theorem on existence and uniqueness of ODE, since ¢ € C* (®) by lemma
4.1. O

Lemma 4.5 Let w2 < X,, k2 > 0and b > 0, c€(0,1). Let hy = F 9.(xo) and
&(xoho) = 0, F @, where xo,0, are positive numbers in the upper case and
negative in the lower one.

Then there exists a unique infinitely differentiable function h with convex open
domain 9, such that h is a maximal solution of (34) and n, (xo) = 0. Further,
assume that w, > 0 and denote
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vy (X0) 1= X := inf {xe @), N (xo, 0), h(x) = K*(x)} if6, >0
v, (X0) 1= X, : = sup {x€ D, 0 (— 00, x0), h(x) = K*(x)} if 0, <O.

Then (i) x; > Xo > 0 and h(x) > h*(x) holds on (xo,x,) in case that 0, > 0 and
X, < X < 0 and h(x) > h*(x) holds on (x,,x,) if 0, < O. '

(i) If 0, < O, then x, = —oo and h > 0 on (—o0,Xy] or h(x;) = h*(xy). If
6, >0, then x; = 00 and h <0 on [xg,0) or x;, =1 and h(1_) = o0 or
o) = 12 ()

Proof: By lemma 4.3 (i), (30) holds with h(xo) := hy,. By assumption
G (X0 h0,0) = (0, — &(x0, o))’ = w). By lemma 4.4 (i), there exist 6 > 0 and
he C®(xo — 8,xo + ) satisfying (34) on (xo — &, X + 8). All infinitely differen-
tiable solutions & of (34) with convex open domain form a set arranged by inclusion
so that every chain has an upper bound. By Zorn’s lemma, there exists 4 a maximal
solution of (34) with convex open domain &, such that h = h holds on (xo — 0,
Xo + ). If h is another function with such properties and domain &;, we obtain
that h = h on 9, N 95 X, by lemma 4.4 (ii). Considering h U he C* (2, U 2;)
with convex open domain &, U &;, we obtain that 2, = 9;, since h and h are
both maximal solutions.

Since G (xo, hg,0) = w?, we obtain that F (u,0) = 0, where u := (X, hy, ®,). By
lemma 4.1, ¢ (u) '= 0 and therefore #,(x,) = ¢ (u) = 0 as h(x,) = ho.

(i) By lemma 4.2 and the assumption 60, — &(xo,h(Xo)) = +w,, we get that
fin(xo) > 0 and therefore x; > x, if 6, > 0 and #,(Xo) < 0 and therefore x, < x,
if 6, < 0. Since 7, is a continuous function, we obtain from the definition of x, or
X that n, > 0 holds on (x,,x;) if 6, > 0 and on (x, xo) if 6, < 0. In particular
h > h? > 0 holds on the above mentloned interval and therefore there exists
h(x;_) or h(x,,), respectively.

(ii) If x;, = oo and 0, > O or if x, = — o0 and 0, < 0, we obtain that

(3 i= lim Glxh(m() = tmsup [0, — x(1 = (1 = x)h(:)P

and therefore h(+ co3) = 0. Since h increases on (X, X;) or (X5, Xo), we then obtain
that h < 0 on (xo, X;) or h > 0 on (x,, x,), respectively. The same argument as in
(35) shows that x; = 1 if h(x;_) = +00 and 0, > 0 and that h(x,,) = —o0 is
impossible if 6, < 0.

Now, let us assume that none of the previous cases happens. If 6, > 0, we obtain
from lemma 4.3 (ii) that

—1 -1
L+ xhx) = lim 1 + xh(x) > lim 2 G~ _ 1A (bx)
x1x, CoxTxy 2 2
If 6, < 0, we have by lemma 4.3 (iii) that 1 > (1 — x)h( ) holds on [x;,x,] for
every X; € (x,,Xo), where x, < 0. Then

1+ xzh(x2+) > 14 x/(1 —x)=1/1 — x;) > 0.

> 0.
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The right-hand inequality in (33) with x, replaced by x, or x, and hy:= h(xl_) or
ho := h(x,,) can be obtained by modifying (35), where = oo is replaced by x,_ or
X34, respectively. By lemma 4.4, there exists 6 > 0 such that (x; — J,x; + 8) <

S 9, where i = 1if 0, > 0 and i = 2 if 6, > 0. By definition of x, and x,, we
get that h(x,) = h*(x,) holds in the upper case and h(x,) = h*(x,) in the lower

one. O
Remark 4.6 Denote

o (x):= £(6, = $(x F 9: (x)),

where the upper case is considered when 6, > 0 and the lower one when 6, < 0.
Further, denote

={x>0,0<aw(x) <R} if 6,>0,
Ji={x<0,0<a,(x) <N} if 6, <o.

Let k2 > 0 and x,, 0, be both positive or negative numbers such that w} (xo) <N,
By h,, we denote the maximal solution of (34) with w? equal to wZ(xo) and
hy:= —9,(xo) if 6,>0 and hy:= 9_(x) if 6, <O0. Since (xo,x,h)—
> @(x,h,w,(Xo)) is an infinitely differentiable function on {(x,x,h)e R
(x, h, w, (xo)) € B}, we obtain from the theorem on stability of ODE that (x, y) —
> h,(y) is an infinitely differentiable function at all points (x, y) such that h, is
defined at y. Put

2 :={(x,y) e R*: h,(y) is defined & (x,h,(y) ,(x)) € D}.

Further, denote by I, the set of all x, € I such that v, (xo) < 00 and h,(v;(xo)-) <
<o, L:={x€el, v(x)= o0}, I;:=NI,ul,). Similarly, we put J,:=
= {XO EJ,Uz(xo) > —-00} and Jz = Nl.

Lemma 4.7 (i) The function (x,t)€ D > n, (t):= x’—‘m—'l‘m is infinitely dif-
ferentiable on 9. Moreover, if x,€l, or x,elJ, then | My, (01 (x1)) = O or
My (02(%2)) = O, respectively.

(ii) Further, the following function is infinitely differentiable on 2

(36) Z:(x,t)e D 1 (1).

If x, €I, then Z(x,,x,) > 0. Further Z (x,,v,(x,)) < O holds in case that x, € I,.
Similarly, we have that Z (x,,x,) < 0 if x, € J and Z (x5, v,(x2)) > 0 if x, € J,.

Proof: (i) The first part follows from remark 4.6 as (x, y) — h,(v) is infinitely
differentiable function. The moreover part follows from lemma 4.5 (ii).

(i) The first part follows from remark 4.6 again. If xel or xeJ, then
i (x) = O by lemma 4.5. Since h,(x) = —9,(x) if xeI and h,(x) = 9_(x) if
x e€J, we get by lemma 4.3 (i), that the inequalities in (30) are satisfied with
Xo:= X,h:=h,. If xel or xeJ, then 0, — &(x,h.(x)) is equal to w,(x) or
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—w,(x), respectively, where w,(x) > 0. By lemma 4.2, #,(x) > 0 if xe I and
in(x) < 0if x e J.

If xel, or x e J;, then lemma 4.3 (iii) gives that the inequalities in (30) are
satisfied with x,:= v{x),h:= h,, where i = 1 or i = 2 respectively. By lemma
4.2, iy, (v(x)) # 0. By lemma 4.5, ,_ cannot increase at v;(x) and therefore
fin(v1(x)) < O in case that x € I; and 7, cannot decrease at v,(x) and therefore
fin(v2(x)) > 0 in case that x € J. O

Lemma 4.8 If x, € I, then v,(x) is lower semi-continuous at x,. If xo € J, then
v, is upper semi-continuous at Xg.
Moreover, if x € I is a cluster point of 15 such that v, (x) > 1, then x e I,.

Proof: We are going to show that v, is lower semi-continuous at every x, € I.
The upper semi-continuity of v, on J can be proved similarly. We will show that

wii= lim inf v, () = vi(x0)

holds fori = 1,2,3.

(i) We are going to show that w, < v;(xo) leads to a contradiction. Since
w, < 00, Xg is a cluster point of I,. Let {x,,,} < I, be a sequence tending to x, such
that v, (x,,) = wy. By lemma 4.7(ii),

0> Z(Xmvi(xm) = Z(x0w)) & Z(x0,%0) > 0.

Hence, w; # Xx,. Since w; « v, (x,,,) > X, = Xo as m — 00 we get that w; > X,
and therefore w; € (xo, vy (Xo)). Then (xo, w;) € 2 and we obtain from lemma 4.7 (i)
that 0 = ,_ (v1(xn)) = s (Wi) and therefore h,(w;) = h2,(w;). This leads to
a contradiction with the definition of v, (xo) > w.

(ii) Since v;(x) = oo holds for every x €I, we get that w, = 00 > v (xo)
immediately.

(iii) Let x,€I; be such that x, — xo and v;(x,) = ws as m — oco. Then
v1(x,) = 1 holds for every m € N. We are going to show that x, € I; provided that
vl (xg) = 1 = w;. Let us assume that v,(x,) > 1. Since x,, < v(x,) =1 and

h..(1_) = oo hold for every m € N, there exists a sequence z,, € (%ms 1) tending to
1 such that h, (z,) = o as m— co. If xo¢I; and v;(xo) = 1 held, then
vy (xo) > 1 > X or vy (xo) = 1 and h,,(1) = hZ(1) by lemma 4.5. In particular, we
get that (xo, 1) € 2 holds in both cases and we are able to obtain a contradiction
© > hy(1) = lim,_,oh,, (zm) = o0, since (x, y) — h,(y) is continuous at (x,, 1) by
remark 4.6. Hence, x, € I; and therefore v; (Xo) = 1 in case that v; (xo) > 1 and that
Xo is a cluster point of I3. If X, is not a cluster point of I; or if v,(x,) < 1, then
wy > 1, (xo) obviously holds. It follows from (i)-(iii) that

hm inf vy (x) = wy A Wy A w3 > v;(X0).

Iax—xq
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If x4 € J, it is sufficient to modify (i) and (ii) in order to show that

lim sup v, (x) < max lim sup v, (x) < v5(xo).
J3x—xq i=12 J;9x—xg
O
Lemma 4.9 If x € 1, then v, is an upper semi- -continuous ﬁmctwn atx. IfxeJ,
then v, is a lower semi-continuous function at x.
Moreover, if X, is such that »,(x.,) = 0, then v;(x) > x,, as I 3x — x,, in case
thati = 1 and as J 3x — X, in case that i = 2.

Proof: Similarly as in the proof of lemma 4.8, we focus on the case x € I and
X = X, > 0. Let I3x,, — x. We are going to show that

(37) Wo, 1= lim sup v; (x,,) < v;(x)
in case that x € I and that w,, < X in case x = Xx,,.

(i) If x € I,, then v;(x) = oo and therefore we obtain w,, < v;(x) immediately.

In the remaining cases, we will show that w,, > v, (x) leads to a contradiction.
Let {y,} be a subsequence of {x,} such that v;(y,)— w, > v;(x). Since
Ym = X < v;(x), there exist mye N and J, > 0 such that y,, < v;(x) — &, and
v1(x) + 8 < v;(y») hold for every m > my. .

(i) Now, consider the case x € I5. Then v (x) = 1. Since h,,, > k2, holds on
(V> 01 (V) 21 for every m > my, we get for every 6 € (0, J,) that

lim inf h, (1) > lim h, (1 — 6) = hy(1 — J).
Since h,(1 — &) > o0 as & » 0%, we obtain that h, (1) > oo as m — co. Let
my > mg be such that h, (1) > 0 holds whenever m > my. Since y,, < 1 < v(y)
holds for every m > my, we get that h, > h} holds on (1,v(y,)) for every
m > m; and therefore

by, (v) 1 1 S
v () =1 < | Ay = — = < -0
1( ) jl h%m(y) hyrn(l) hym(vl'_) h}’m(l)

as m; < n— oo, since h, (vF) > h, (1) > O holds for every m > m,, where
v 1= v;(y.) Hence, we get that w,, = lim,, o, v; (y,) < 1 = v;(x).

(iii) Consider the case x € I; or x = x.,. By lemma 4.5, nhx(x) =0andifxel,,
then (v (x)) = 0. By lemma 4.7, #j,, (v; (x)) < 0 in case x € I, and therefore there
exists 6 € (0, &) such that (x, z;) € 2 and n;,(z5) < 0, where z5 := v;(x) + 6. Such
5€(0,0,) exists also in case x =X, by lemma 4.2: If m > m, then
Ym < z5 < 01 (V) and therefore (y,,, z;) € 2. By lemma 4.7, n;, (z5) = m(2z5) < 0
as m — oo and therefore there exists m; > m, such that 7, (z(;) < 0 holds for
every > m;. Hence, we obtain h, (z;) < k2 (z,) for every m > m, which is
a contradiction with lemma 4.5 (i) as v;(yn) > 25 > Ym-
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(iv) We are to show the moreover part. By (37) with v, (x) replaced by x,,, we
get that x,, = lim x < lim sup v; (x) < x,, as I3Xx — x,.

The proof of the remaining part of the statement can be obtained by modifying
(i), (iii) and (iv). O

Corollary 4.10 The function v, is a continuous on I and v, is continuous on J.
In particular, 1, is a closed set in I and J, in J. Further, 15 is a closed set in I by
the moreover part of lemma 4.8.

Lemma 4.11 The set I; U 1, is relatively closed in I and J4 in J, where
Ii:= {xe I, h(v;(x)) = 9_ (v, (x)) & v1(x) < 1/c},
J4 = {xe Jla hx(vz(x)) < —19+ (U2 (x)) & Uz(x) > — l/b}.

Proof: By corollary 4.10, I; is a closed set in I. Let I 3 x « x,,€ I, as m — oo,
then v, (x) = lim,,_, v;(x,) < 1/c < oo and therefore x ¢ I,. Since I is a disjoint
union of sets I,,I,,I; and I3 < I; U I,, we are to show that x € I, provided that
xel,. Let x € I,. If v;(x) # 1/c, then v,(x) < 1/c and we obtain from continuity
of
(38) I rye{yel;v(p) < lc} - h,(v(y) — 9-(v:1(y)
at y = x that #(x) = lim,,,, #(x,) > 0 and therefore x € I,. Now, we are to
show that v, (x) = 1/c is not possible. Since x € I}, we get a contradiction

@ > hfon (1) = Tim by (04(x,) = lim 9_ (o (1) = o0

in case v;(x) = 1/c. The proof that J, is relatively closed in J would be quite
similar. O
Lemma 4.12 The set I, U Is is relatively closed in I and J, U Js in J, where
Is:= {xel, h(v;(x)) < 9_(01(x)) or wvi(x) = 1/c}
Jsi= {xeJ, h(v02(x)) = =9, (12(x)) or wvy(x) < —1/b}.

Proof: By corollary 4.10, I, is a closed set in I. Let I 3 x « x,, € Is. We are to
show that x € I provided that x ¢ I,. If v, (x) > 1/c, we have that v;(x) # 1 and
therefore x ¢ I;. Hence, x € I\I, U I5) < I, is such that v, (x) > 1/c and therefore
x € Is. If v, (x) < 1/c, we obtain from the continuity of v, that the same inequality
holds for x,, if m is large enough, and we obtain from continuity of .# given by

(38) that 0 > lim,,_,,, #(x,,) = #(x) and therefore x € Is. The proof that J, U Js
is closed in J would be similar. O

Lemma 4.13 (i) Let 6, > 0, then I = (x,X) # 0, where
x=o0 if 6,>1+1/b, x=¢7'6,) if 6,<1+ 1/b,

x=0 if 0,=R, x=¢&'0,-VR) i 6,>N,
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Let 0, < 0, then J = (x,0) # 0, where
x=—-00 if 0,<1—1/c, x=¢'0) if 1-1/c<80,<0.
(ii) If 0, > O, then I, U Is # 0. If 0, < 0, then J, U J5 # .
Proof: Let 0, > 0. By the definition, I is an intersection of two open intervals.

The first one corresponds to the conditions x > 0, 0 < w,(x) and it is of the form

(0, %), where X = co in case that 6, > 1 + 1/b, i.e. in case that 6, > x”"’i holds
for every x € (0, c), and where X € (0 c0) is the unique solution of 0, = X775 on

(0, 0) in case that 6, < 1 + 1/b. The second interval corresponds to the condition
o,(x) < /R, and it is of the form (x,c0), where x =0 in case

< [(1 = 6,)* + k2]"? ie. in case that 0, = \/N,, and where x € (0, ) is the
unique solution of the equation

o) = 6, 3y = AT=OF + 8 = R,
on (0, 00) in case that 8, > [(1 — 6, + «2]"2 = \/R,. Since
0, —(1+1b) <6, —1< 1 —0f +12 =R,
we obtain that 0, — \/Z*T, < 1+ 1/b in case that 0, > \/gy and therefore

x1+b 1+b
1+ bx 1+ bx

=0y—\/t?v<0)’/\I:l'*'l/b]‘_"z

Since x € [0,00] > x{35 is an increasing function, we obtain that x < X and
therefore I = (x, %) # 0

(i) f0, > 1 + 1/b, weput X:= 1 + (1/c v x). Then v,(X) > ¥ > 1/c and so
XGI\(I3 UI4) < Iz UIs.

Now, consider the case when 6, < 1 + 1/b. Then X < 00 and w,(x) |0 =
= w,(X) as x 1 X. By the moreover part of lemma 4.9, v, (x) - X as I 3 x — X. Let
I3x,—» % and z,€(X,,v(x,) be sequences. Then z, - x and therefore
0> —9,(X) = he(x) « h,,(2n) as m — 0. Since z,, € (X, V1 (x,)) was arbitrary
sequence, we get that h, (v;(x,)-) < O holds for m large enough and therefore
Xm €1, L Is.

The proof of the part of the statement corresponding to the case 6, < 0 would
be similar and a little bit more simple, since (1 — 0,)* + x} > 67 in this case. []

Let x € R and f be C? in a neighbourhood of x. We denote

(2/)(®):= 5e1S®)S (e [f (x) — v/ (0] + eiB(x) f () — d(x),

where x = (x,%) and where S(x), B(x), d(x) are defined by (3) and (6). If
ni(x) + [1 + xf(x)]* # 0, we define

NI'—'
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C _nW el
(39 R R i)

(40) (2.1)() = —Sz( )/ () = vf &F] + B() f(x) — d(x)

where §?(x), B(x), d(x) are defined by (21), (22), (23).
Lemma 4.14 Let c€(0,1); b, k2 > 0 and 0, ¢ {0,1 + ). Then there exist
(41) feC*(—1/b,1/c), e:x €[, B] = (—1/b,1/c) > ¢, e R,

@ 9> T 80 + L6 (6~ 1P+ )] v 0} =
such that
(i) oz>mfltf0 >Oandﬂ<0—sup.]mcasethat0 <0,
(ii) f( )= — ( ) holds on (—1/b,a], f (x) = 9_(x) on [B,1/c),
(iii) (2f)(x) + 9 = O holds for every x = (x,%') such that x € [o,p] and
2=0,—-2'Lx + e,

Proof: We choose ¢, in order to satlsfy the following equation X, :
=0, — £-1Lx + ¢, —-(1—x)0 Denote 62 := ¢*(1 + k%) and 0, := 6,/(1 + «2).
Then 0, ¢ {0,1} and

(43) eiS(x) S(x)e; = 6*x*(1 — x)* =: F2(x),
(44) eiB(x) = (1 — y)x(1 — x)6*[0, — x] =: Z(x),
(45) a() = 5L 80, + @ [28x — X} =2 do(y

if x = (x,%,). Since ¥2, % and d, — 520,£8, are of a special form, we obtain by
[4 corollary 6.5] that there exist @, € (0, | _I All—20 |) such that —1/b < a:=
=30, — @) < £='(8, + @) =: B < 1/c, that 0,1 ¢ [, B] and f'& C*(—1/b, 1/c)
such that &/ (y) = 6. (z ((;) dy(x) = 0 hold whenever ye(—1/b,a], z€[B,1/c),
xe[o,p] and that & (y) <0, & (z) <0, df( ) < 0 whenever xe(—1/b,
1/eN, B, y € (% 1/c),z € (—1/b, B) with v = 515 (92 @?). The conditions (ii)
and (iii) are obviously satisfied with f:= 'y 0’20 + v > vo If 6, <O, then
0, < 0 and wye(Gy,O) and we get that § = 6“1(10 + @,) < £21(0) = 0= sup J,
since &¢_ is an increasing function on (— /C Let 0, > 0. We will show
that 0, — @, > 0, — \/gtgy and then w111 we obtain that « = ¢7!(0, — @,) >
> ¢3! ( - \/tjk_) inf I, since &, is an 1ncreas1ng function on (—1/b, ) 3 a..
Ifo,<; 1, then N, =0 <(1—-6)+ «and therefore the desired mequahty

obvrously holds, since 6, = /N, in this case. If 6, > 3, then X, = (1 — 0, + «?
and X, — (6, + (1 — 20,) = x2(1 — 20,2 > 0. If0 (1), thenwegetfromthe
prevrousmequalrtythat() —\/§L<20 1=0, —ll 0)<0,—,I0,>1,
then 8, — @, > 0, — 6, — 1| = 1 > 8, — /R, since &, > (1 -0, O
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Lemma 4.15 Let b > 0, c€(0,1) and —1/b < a < B < 1/c be such that
0¢ [« B]. Further, assume that o = xo, B = v;(a), heo(B) = 9_(B) if 6, > 0 and
that xy=f, a =, (/3), hxo(a) = -9, ((x) if 0,<0. Then there exists
f e C*(—=1/b,1/c) such that f(x) = hy(x) on («, B) and

(i) f(x) = —9.(x) on (—1/b,a], f(x) = 9_(x) on [B,1/c)

(i) 1 + xf (x) > 0 holds on (—1/b,1/c) and
(46) G(x, f () nx) = @f (x0), S (x) = fx)
hold on (—1/b, 1/c) so that the left-hand inequality is strict if and only if x ¢ [, B]
and the right-hand one if and only if x € (&, B). Further,

L= 36 x Fdhle) — oifol] 2 0

holds for every x € (—1/b,1/c), where

@) (@NE) =

(48) 7= ——1{0:20, + (0% — 0?(x0))}-

Remark 4.16 (i) The reader can see from the proof of lemma 4.15 that
¢_(B) = 6, + w,(xo)in case that ¢ > 0 and 0, > 0. Similarly, we would have that
¢, () = 6, — w,(xo) in case that b > 0 and 6, < 0.

@) If 6, > 0and c < Oorif 6, <0 and b < 0, then the statement of lemma
4.15 remains valid and the proof correct if we place 1/c by oo in case 6, > 0 and
—1/b by — 0 in case 0, < 0 provided that b + ¢ > 0.

(iii) The statement of lemma 4.15 remains valid also in case that 6, > 0 and
ael, or if 6, <0 and feJ, provided that we remove the assumptions
h.(B) = 9_(B), B < 1/c and we replace 1/c by oo in case that 6, > 0 and we
remove assumptions h, (o) = — 9, («), « > —1/b and that we replace —1/b by
—o0 in case that 6, < 0. It is very easy to modify the proof of lemma 4.15 in
order to obtain the corresponding proof and therefore it is left to the reader.

Proof of lemma 4.15: We are going to define f as a primitive function to some
he C'(—1/b,1/c). The condition (i) tells us, how to define h on (—1/b, 1/c)\(«, f).
If x €[« B], we put h(x):= hy(x). The assumptions of lemma 4.15 ensure that
the definition is correct and that h € C(—1/b, 1/c). To show that h e C'(—1/b,1/c),
we need to verify that h(x,) = h(x_) and h(B,) = h(B_). It follows from
assumptions that x, € I, or xy € J;, respectively. By lemma 4.5 and lemma 4.7,
M, (¥) = 0 holds at each y € {«,f} and we get that

o) = o) = b = 95(0) = —. () = )
h(B-) = ho(B-F = hy(Bf = 92(B) = +9_(B) = h(B.).
It follows from lemma 4.5 that f(x) > f(x)* and that 1 + xf(x) > 0 hold on
(o, B), see the definition of ® containing all points of the form (x, h,,(x), @, (x,)) and
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the definition of £ (x) for x € («, f). The equality f(x) = f(x)* and the inequality
1 + xf(x) > 0 on (—1/b,1/c)\(, B) immediately follows from the definition of
f on this set. If X € [, f], then h solves the equation h(x) = ¢ (x,h(x),®,(xo)) at
% and therefore 1, (x) = ¢ (x, h(x), w, (xo)) holds at x = X. Hence, the equality sign
holds in the left-hand inequality in (46) for every % € [0, f]. Now, we are going to
show that

(49) G (x, f (x)n7(x)) = (6, — E(e./ (X)) > o] (x),
hold whenever xe(—1/b,1/c\«, f]. The left-hand equality in (49) holds
on (—1/b,1/c\e B), since n;= 0 there. Moreover, &(x,f(x)) = &,(x) if

x €(—1/b,a] and &(x, f (x)) = ¢_(x) if x € [B,1/c) and therefore it is sufficient to
show that

(50) &40 > (@) =6, — ox) 6, + oylxo) = E-(B) < £-()

hold, whenever —1/b < x < aand B < y < 1/c in order to verify the right-hand
inequality in (49). By lemma 4.5 (i), ;> 0 holds on («,f). By lemma 4.2,
(0, — &(2, f (2)? = w?(xq) # 0 and sign 7j(z) = sign[0, — &(z, f(2))] # O holds
for every z € {oc, ﬁ} Since 7); cannot be negative or zero at o and positive or zero
at 3, we get the equalities in (50). The inequalities follows immediately, since &_,
¢_ are increasing functions on (—1/b, 1/c). Now, it remains to show that the
left-hand equality in (47) holds, but it follows from remark 4.17 (see below) and

(39), since ¢, — x(1 — &) f(x) = n/(x)/(n:(x) + [1 + xf (x)]D) 0
Remark 4.17 If v = ‘32 {0,20, + ¢*(6? — ?)} and f is C? in the neighbour-
hood of x and 7;(x) + [1 + xf (x)]* # 0, then

@) + v = 38 Q) — (]

F Lo (0, e FWF + e F —

where {(x,e,h) = ¢ — x(1 — ¢) h and where ¢, is given by (39) and $(x) by (21).

Lemma 4.18 Let b > 0, c € (0,1) and xo € (—1/b,1/c) be such that x € I, U I
if0,>0and xoeJ, 0 Jsif 0, < 0.Let . = Xo, f = vy () if 0, > 0 and B = x,,
o =v,(B) if 6, <O0. Then h, e(—9,(x),9_(x)) holds for every xe(xf)n
N (—=1/b, 1/c).

Further, z()e(—b,c) if xo€ I\, and z(0) € (—b,¢) if xo€ J\, where z is
given by formula (51).

Proof: We focus on the case 6, > 0. It follows from the definition of h,,,
lemma 4.5 and the definition of @ that 1 4 xh,,(x) > 0 holds for every x € (o, f).
Further, it follows from the properties of h,, that h, (x) = — 3, («) and therefore
we obtain for every x € («, f) that z(x) = z(«) + [, z(y)dy > z(«) = —b, where
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g oy () — B
(51) Z(y):———T(:x)o(Y) and z(y)=(T(-)i)T)W(y)());)>0

holds for every ye(x,f) by lemma 4.5 (). If xoel,, then (x,,f)€2 and
(x0, B, @, (xo)) € . In particular, h,, is defined at § and 1 + Bh,(B) > 0 and the
same argument as for x € («,B) can be used for x = B in order to obtain that
z(f) > —b. A straightforward computation using 1 + xh,(x) > 0 gives that
hy(x) > — 9, (x) holds for every x € («, f) N (—1/b, 1/c) and a similar computation
shows that z(x) < ¢ holds if and only if h, (x) < 9_(x) whenever x € (&, f) N
N (—1/b,1/c). If xo€ I, and B < 1/c, we obtain by the same way that the same and
the following equivalence z(x) < ¢ = h,(x) < 9_(x) holds also for x = B.

If B < 1/c, we obtain from the assumption x, € I, U Is that x, € Is < I, and that
h.(B) < 9_(B). Then z(B_) = z(B) < 1/c. Since z is an increasing function on
(o, B), we get that z(x) < z(B_) < 1/c and therefore h,(x) < 9_(x) holds for
every x € (o, f) < (—1/b,1/c).

Let f > 1/c. We recall that h,, is an increasing function on (a, ), since it
satisfies h,, > hZ, there. If h(B_) <O, then we get h(x) <0 < $_(x) on
(2, 1/c) = (e, B)  (—1/b,1/c) immediately and it covers the case when x, € I.
Hence, we can assume that X, € Is < I, and that h, () = h.(B-) > 0. Then we
obtain that

half) () 1
20 <20) = T ) < Bs(®) ~ B

holds for every x € (, §) N (—1/b, 1/c). 0

Lemma 4.19 Let b >0, ce(0,1). Let xoe(—1/b,1/c) be such that
xoeNI;ul) if 6,>0 and xo€J\VJ, if 0,<0. Then there exists
fe C*(—1/b,1/c) such that

(i) 9f + vV = 0 holds on (— 1/b, l/c), where 7V is given by (48),
(ii) f=—9, on(=1/b,x] if 0, > 0, f = 9_ on [x,, 1/c) if 6, < O,
(iii) fe(—94,9.) on (xo1/c) if 6, > 0 and on (—1/b,x,) if 6, < O.

Proof: We focus on the case 6, > 0. Then xo € (—1/b,1/c) n [INI5 U I,)]. If
Xo € I,, we apply remark remark 4.16 (iii) in order to obtain f € C*(—1/b, o) such
that f = — 3, holds on (—1/b,a], that (47) hold on (—1/b, ) and f (x) = hy,(x)
on (oz, oo). Then (i), (ii) are satisfied and (iii) follows from lemma 4.18.

Let xo € I,. Then xo€ I)\\(I3 U I) < I\, By lemma 4.18, h, (x) € (— 9, (x),9-(x))
holds for every xe(x,f) N (—1/b,1/c) and &:= z(B) = h.(B)/(1 + Bhs(B)) €
€ (—b,c). Then h,,(B) = &/(1 — ¢h,,(p)) and we obtain from lemma 4.15 or remark
4.16 (ii) with c replaced by ¢ that (h,,(x), x € &, B)) can be extended to a function
with a primitive function f € C*(—1/b, 1/c) satisfying (i) and (ii) in the statement
of lemma 4.15, where 1/ is replaced by oo in case that ¢ < 0. Then (i), (ii) are
satisfied and we get that f(x) = h,(x)e(—9,(x),9_(x)) holds for every

<c

62



x€(@p). If xe[B1/c) then f(x)= ¢/l — éx)e(—9,(x),9-(x)), since
¢ e (—b,c) and therefore (iii) is verified. O
Lemma 4.20 Let xe€(—1/b, 1/c) f be C?* in a neighbourhood of x. Let
x = (x,%) € R" be such that 1 + xf (x) > 0 and f(x) > f (x)-
Then (2f)(x) 2 (2.f)(x) and both sides are equal to each other if and only if
2 =0, — 2 Lx + (E'L— 0,)e,, where e, is given by (39).

Proof: By assumptions, r;(x) + [1 + xf (x)]* > 0 and therefore «, is defined
correctly. We introduce &, uniquely defined by the following equation
2=0,—%"'"Lx + (£"'L — 6,) &, + &. Then

1 ’ / — 2 at a‘l ’ ’ 1 27
ieIS(x)S(x)el = 2S (x) + a,‘aazelS(x)S(x)e, + 5 XL,

eiB(x) = B(x) + sxaﬁel B(x) + (1 — y)x&Le,,

L0 1 -9 4.
d(x) = d(x) + sx&d(x) - —5 828,
where ié eiS g x) S (x)'es, £eiB(x), £d(x) stand for the following expressions
192 (x), 2 (x), %(x) given by (15) and (16), respectively. Since e, satisfies (20), we
have that

axl:(f(x) ~ 1 () 53 iS (S (e + £ (3) 5 ciB() + 2d(9)]

is equal to zero and therefore (2f)(x) — (2.f)(x) is equal to

(52) Lase (y() + [ (9)x + 17} 2 0.

Since the expression in braces is positive, we obtain that (52) is equal to zero if
and only if £3& = 0 which happens if and only if & = 0, since Lisa positively
definite matrix. a

Lemma 4.21 Let x> 0 and 0,¢ {0,1 + «2}. If 6,> 0, then I; U I, # 0.
Further, J, # 0 in case that 0, < 0.

Proof: Let I, U I, =0 if 6, > 0or J, = 0 if 6, < 0. We will show hat this
assumption leads to a contradiction. By lemma 4.14, there exist ¢ satisfying (42)
and f; ¢ satisfying (41) and

0<&'0, - N)=x<a<p<1/cif >0

and —1/b < a < f < 0 = sup J if 6, < 0 such that (ii), (iii) in lemma 4.14 hold.
Further, 0 < w,(x)T\/R—yasxlgciny > Oand as x T 0if 6, < 0 and therefore we
get that there exists x, € (X, @) in case 6, > 0 and x, € (8,0) in case 0, < O such that
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1 — A .
§i= Ty{a;ze., + 6 (02 — w2 (x0)} € (vor 9).

By lemma 4.19, there exists f e C?(—1/b, 1/c) such that
f=—9, on (=1/b,x], fe(—9,,9) on (xo1/c) if 6, > 0
f=+9_ on [xn1/c) fe(—8,,9) on (—1/b,x) if 6, <0
and Z,f + v > 0 on (—1/b, 1/c). Then

f@)> =9.(0) =) & f(B) < 9-(B) =/ (B)

Hence, there exists X € («, f) such thatf( %) = £(%) an df( %) > f(%). Then we
obtain a contradiction

0= (2/)(%) + 9 > (Qf)(i) +9>(2f)%) +7=0
by lemma 4.20, where X := (%, %) and %; = 0, — S7ILK + e, 0
Lemma 4.22 Let 0, = 1 + &} > 1, then I; U I, # 0.

Proof: Obviously, 62 >N, =(1— 0, + 2> (1 — 0,)>. Hence, 0 <0, —
X, < 1and therefore 0 < x = £3!(6, — \/X,) < 1. Since 6, > 1, we obtain
from lemma 4.13 that X > 1 and therefore (x,1) < I. Let y € (x, 1). We are going
to show that v; := v;(y) > 1. If y € I, U I;, then we obtain the desired inequality
immediately. Let y € I;, then we obtain from lemma 4.7 that #, (v;(y)) = 0. By
lemma 4.5 (i), #7,, > 0 holds on (v, (y)) and therefore 1, does not increase at
vy (y). By lemma 4.2,

(53) sign ;,, (v;) = sign [0, — & (vy, by (v,))] = sign {5 + 77},

where 7" := (1 — v;)[1 + v;h,(v;)]. Since the left-hand side of (53) cannot be
positive and 1 + v;h,(v;) > 0 holds by lemma 4.3 (ii), we get that v; > 1 also in
case that ye I, = I\(12 U] 13). By lemma 4.3 (ii), lemma 4.15 and lemma 4.18,

1 1 1
Absl+xhy(x)<1+x3_(x)=

0< <

<

l—cx"1—-c¢
holds for every x€(y,1). Further, w2(y) 1N, = k2 + «} as y | x. Obviously,
o (x,h,w,) = (1 — x > 0 and

B, ho) =« +r—a?+2(1—x)(1+xh)[(1 —x)(1 + xh) + «7],

% (x,h,w,) = (1 + xh)[(} + (1 + xh)(1 — x))? — w}].
Since w?(y) < N, = k; + xZ holds whenever y€l, we obtain that %(x,h,(x),w,(y)) >
> 0 holds whenever x < y < x < 1. Since #,,(x) > 0 holds for every x €(y, 1),
we get from the definition of G and the equation G(x,h,(x), 1 (X)) = @}(y)

on (y,1) that %(x,h,(x),w,(y) <O0. Obviously, limsup,.,  limsup,.,
s, (90, 0) < 0
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lim sup 4 (x,h,(x),0,(y)) = O(1 —x) as x—1_
yoX4
and the same formula holds provided that Z is replaced by /%#* — 45/% there.
Since 7, (x) = ¢ (x,h,(x),w,(y)) holds for every x <y < x < 1, where ¢ is
defined in lemma 4.1, we obtain from formula (29) that

(54) limlinf lim inf #, (x) (1 — x) > 0.
S P

It follows from the definition of #, (x ( ) that (54) holds provided that #,, is replaced
by h Then h is not integrable from leftat x = 1if y > x, is close to x, enough
and therefore y € I5 in this case. O

Corollary 4.23 Let k2> 0. If 0,>0, then I,nIs#0. If 0, <0, then
JinJs # 0.

Proof: Let 6, > 0. By lemma 4.13, I, U I5 # (. By lemma 4.12, it is closed in
1. By lemma 4.11, I; U I, is closed in I and lemma 4.21 or lemma 4.22 gives that
I;01I, # 0. Obviously I = (I, u Is) U (I; U I,). By lemma 4.13, I is an open
interval, i.e. a connected set, and therefore (I, U Is) N (I3 U I,) # 9. Further, if
x €I, then x ¢ I; U I, and if x € I;, then x ¢ I, U Is. Hence, I, n I # 9 if 6, > 0
and similar steps would lead to the conclusion that J, N Js # @ if 6, < 0. O

Theorem 4.24 Let 0, # 0, k2> 0 and b > 0, ce(0,1). Then there exist
feC*(—1/b,1/c), —l/b <a<p<lfc, »,e(0,10,) and veR such that & > 0
if0,>0and p <0if0, <O, that 1 + xf(x) > 0 holds on (—1/b,1/c) and that

(i) f> f* holds on («, B) and f = f* on (—1/b,1/c\es, B)

(i) (2f) + v = 0 on [o,f] and (2f) + v > 0 on (=1/b,1/c\[a, f]

(iii) &, (x )=0,—w, ¢ (f)=0,+ w,v= —2{9’20 + (02 — w2)}

(zv)f——S on( l/boc] fe( 9+,9)0n(aﬂ)f 9_on [B,1/c)

Proof: We focus on the case 0, > 0. By corollary 4.23, there exists « € I, N Is.
Hence, a €I, and a < f:= v;(x) < 1/c is such that h, () = 9_(f). By lemma
4.15 and lemma 4.18, there exists fe C?(—1/b,1/c) such that 1 + xf(x) > 0
holds on (—1/b,1/c) and that (i), (ii) and (iv) hold with v:= ¥ given by (48). To
verify (iii), it is sufficient to look at the definition of w,(«) =: ®, and v:= ¥ and
at remark 4.16 (i). The proof corresponding to the case , < 0 would be similar.

O

5. Optimal strategies
In this section, we prove that the strategy given by theorem 4.24 is optimal, see

theorem 5.2, and we derive the first term in Taylor’s expansion of function which
connects transaction costs and the width of no-trade region. The proof of existence
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of optimal strategies is left to the next section. We omit the singular case x; = 0,
ie. B = 2L and left it to the reader. In this singular case, it is optimal to keep
the remaining positions on £ = 0 ,(1 — x). Then every interval strategy [(«, f)]
such that 0,1 ¢ [«, f] = (—1/b,1 /c) can be explicitly evaluated and there exists the
corresponding function f'in explicit form similarly as in the one-dimensional case.

Remark 5.1 Let 0¢ [«,f] < (—1/b,1/c). Denote by [(«, B)]. the strategy that
keeps the first position within the interval [a, 8], that does not trade with the first
stock when the first position is in («, §) and that keeps the remaining positions on
(55) 2=0,—-2Lx + ('L - 0)e,
where ¢, is given by (39). Further, if o, §, f and v are such as in the theorem 4.24,
then 6% («) = 67 (B) = 0 and —d}(x) = (2f)(x) + v = (2f)(x) + v = 0 holds
at every x € [o, 8] provided that £ satisfies (55).

Theorem 5.2 Let 0, # 0 and k2 > 0. Let b,c > 0 and «, B, f and v be such as
in theorem 4.24. Let us consider a strategy that keeps the position G (t) within
a compact set in (—1/b,1/c) x R"' and EY; < oo forall 6 < 0 and t > 0.

Then e,(U (t) is a supermartingale. Moreover, if [(«,f)]. is applied, then
e,(U (t)) is a martingale.

Proof: It follows from the properties of f and v that (Zf) + v > 0 and
&,,8_ <0 hold on (—1/b,1/c). By lemma 4.20, (2)(x) = (2f)(x) holds for
every x € (—1/b,1/c) and £ € R"~" and therefore —d}(x) = (2f)(x) + v > 0 hold
for every x € R". By lemma 3.5 in [4], V(¢) is an Z%-martingale. Further, we obtain
from the inequalities d},4,,6_ < 0 and lemma 3.4 in [4] that e,(U(t)) is an
Z-supermartingale provided that we show that it is an integrable process. In case
y = 0, we also obtain from the above-mentioned lemma and inequalities that
V(f) > e,(U(t)) holds a.s. and therefore e, (U (t)) is a r.v. integrable from above
for every t > 0. The same conclusion holds also for y < 0, since e,(U(t)) < 0
holds in this case. We are going to show that e, (U (t)) is also integrable from below
for every t > 0 > y. By assumption, Y(¢)’ is an integrable r.v. for every
8 < 0 <t and obviously f(G,(t)) + vt is a bounded r.v. Hence, Ee;(U (t)) =
= EY(tfes(—[f(Gi(z)) + vt]) > —oo holds for every 6 <O0. If y =0, we
obtain from the inequality x > e;(x) holding for every 6 < 0 and x€ R that
Ee,(U(t) =EU (t) > Ee;(U(t)) > —oo and therefore e, (U (t)) is integrable also
from below.

Now, we are going to prove the moreover part. We have from theorem 4.24 (ii)
that (%f) + v = 0 holds on [«, ] and lemma 4.20 gives that (2f)(x) = (2f)(x)
holds for every x € [, f], provided that % is such that (55) and (39) hold. It follows
from the properties of the strategy [(o, f)]. that —d} (G (¢)) = (2f)(G(¢) + v =

= (2f)(Gi(t)) + v = 0 holds for every t > 0 almost surely. Further properties of
the strategy [(«, f)]. ensure that conditions (7) are also satisfies for every ¢t > 0
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almost surely. By lemma 3.5 in [4], we get that e,(U(t)) is equal to an
Z-martingale almost surely. O

Remark 5.3 Similarly, as in [4, theorem 5.6], we could show that the optimality
of the derived strategy is invariant under reasonable time change in model in case
that y = 0, since the martingales remain martingales and supermartingales remain
supermartingales.

Lemma 5.4 Let 0, # 0, k2 > 0and 0 < b; < b, < 0,0 < ¢; < ¢, < 1. Let
(fis 00 Bis 0,5, v;) be as in theorem 4.24 with b:= b,c:=c;. Let b:=b; = b, if
0,>0andc:=c; =c,if0, <0, then vi = v,.

In particular, the values o, B,w, and v in theorem 4.24 are unique.

Proof: We focus on the case 6, > 0. Let v; < v,. We are going to show that
this assumption leads to a contradiction. Then w?(a;) > w? () and therefore

0, — &4 () = o, () > 0, () = 0, — &, ().

Since &, is an increasing function on (—1/b, 00) 3 a;,a,, We get that a; < ay.
Since oy < o < B, < 1/c, < 1/cy and

€y G
1 - Clﬁz 1 — b,
we obtain that fi — f2 is a continuous function on the interval [ocz, ﬂz] with
(i = £)(x) >0 > ( f1 £) (B2). Hence, there exists x € [ay, B,] such that f;(x) >
>fl(x)andf2(x) = fi(x). Then —v, = (2.£,)(x) = (2£) (x) = —v, ie. v, < vy,
a contradiction. Hence, we get that v; > v,. If b; = b, and ¢, = c,, we obtain that

also v; < v, and therefore v; = v,. Now, it is sufficient to realize that «;, §; and
w,; are uniquely determined by the value v, O

fl(aZ) > -9, (“2) = fz(az), f (/32)

= £(B)

be as in theorem 4.24. Let

Lemma 5.5 Let 07, K2, w, b, ¢, o, B, fand v
= 22e(0,1). Then A:= Initt = nixf

de(—cb). Putb=m>0 and ¢
Further, put

(56) Jim (1 + 6)x -

(x):= T o f():=f(x) + In(1 + dx)
and & := §(«), B:= §(B). Then the statement of theorem 4.24 remains valid if we
replace (b, c, o, B, f) by (b, & & B, f).

In particular, v depends only on 0,, k and 1. Further, v is by lemma 5.4
a non-increasing function in A.

<

Proof: Obviously, ( 1/b,1/c) - (— 1/b,1/¢) is an increasing homeomor-
phism with j(x) = Tax)z and j(x) = 2—1‘595—23 By (56), we get that

7o) =1L ) T+ s/t
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Then
x x (1 + ox)*

(57 7o) = foF = 5 5 L6 = S

and therefore n(y) = ny(x)(1 + Ox)’. Further, we get that 1+ yf(y) =
= (1 + 6x)[1 + xf(x)] and therefore

P () NN L) (et I
Tomp(y) + [1+ W) n(x) + (1 + xf(x) 1+ 6x
Since 1 — y = {35, we get that §%(y) = {552 5?(x) and therefore

) UL _ g =T 6F,

Similarly, we obtain that ¢(y,f(y)) = &(x.f(x)) and {(y,%,.f(¥) = {(x, enf (X))-

Hence, we get from the formulas above and remark 4.17 that (E’Z, ) (x)) +v=
= (2f)(x) + v holds for every x € (—1/c,1/b). Since § is an increasing homeo-

morphism mappmg (, B) onto (&, B) we get that (1i) in theorem 4.24 holds. Further

we obtain (i) in theorem 4.24 from (57). Obviously, fe C*(— 1/b, 1/¢). 1

y €(—1/b,&], then there exists x € (—1/ba] such that y = j(x). Then

£ b o (1 + oxp b
f(y)_[—1+bx+1+6x] T+6  1+by

and similarly we would obtain that f(y) = 155 if ye[B,1/¢). Hence, (iv) is
verified. Further,

. a . L+b

0, — 0, = &, () = 2l () = £(27(0) = Loz = E.9)
and similarly, we would get 0, + o, = &(f, f (B) = =58 = E_(B). O
Lemma 5.6 Let 0, # 0 and k2 > 0, then 2(0,,k%,4) > 0 as A — 0%, where

w,(0,,x2,4) € (0,16,]) is defined by the equation
1 —9 Aan
V(0,13 7) = — L {020, + &0} — 030,12 2))}

Further, o(0,,2,2), B(0,,x3,2) — 0, as A - 0*.

Proof: By lemma 5.4 and lemma 5.5, v(6,,x2, 1) is non-increasing in 4 and

therefore }(0,,x2,4) is non-decreasing in 1. Hence, there exists &, > 0 such

that @2 = lim;_¢+ ?(0,x% ). Let us consider b; =e’> —1 >0 and ¢, =
Y Y Y

=1 — e # > 0, for example, in order to get that A = In{*% > 0. Then b,,

c; > 0as 4 — 0. Let f3, a3, B1, @, v; be as in theorem 4.24, then v; = v(0,, k2, 1),
wl; = w}(6,,x2,2) and
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1+b, 8
- y}.a Ay . o

G— = =0,+w
11+b,10(1 'Y v

1 - Clﬂa
and therefore f8;:= I—JJ’T(I“;V‘_:W -0, + @, and similarly o; - 0, — @, as
A — 0*. Since f; is an increasing functxon Wthh changes the sign on [a ﬁ] we
obtain that
Ca b,

0
1—01ﬁ1+1+bﬂ4_’

sup Il < £i(B) — fi(e) =

as 4 —» 0*. Further, by Fatou’s lemma

0= limM=liminfj 3 (x )1{091<X<ﬂ,1}
A0+ -y 1-0+ 1—y
b+ 0 dx
jllm mf I{ocz <x < Bldx = j lim inf #;, ()=
0,— @, -0+ X

Since 0, — @, = lim;_,¢+0, — w,; > 0 if 6, > 0 and similarly 0, + @&, < 0 if
6, < 0, we obtain that 0¢(0, — &,,0, + &,). Let x€ (0, — @, By + w) then
x # 0. Moreover, if lim inf; ¢+ 77;,(x) = O, then there exists a sequence 4, — 0*

such that 7y, (x) - 0 as m — oo and we obtain a contradiction
5 > (0, — x < G0, ()13, (¥) = @, — @,
since 1+ xf,(x) >1>0 as m— oo. Hence, we obtain that 0 < I(x):=

= lim inf;_¢+ 1;,(x)/x* holds for every x € (6, — @,,0, + @,). We have obtained
from Fatou’s lemma that [+21(£)6¢& = 0 and therefore we get that &, = 0. [J

Lemma 5.7 Let 0, # 0 and k2 > 0, then

4(1 —y) 00,55, 4)

_ 7 3 2
A= 362[(1 — 0 + ] + 0(c3 (0, K7, 2))

as A — 07,

Proof: If A >0, we consider b =¢*?> — 1, c=1—¢* and fa,f,v,0,
given by theorem 4.24 without emphasmng the dependence on A. By lemma 5.6,
a,f — 0,and 0 < w, - 0 as A — 0*. Further,

(58) B=0,=¢ (B=0 + 5= () = + feg—ip = v, + O(1FI)
and similarly, we obtain that
(59) 0, — o« = w, + baﬁ =w,+ O(|fl),  where
. . . b
(60)  171:= SR = £ 6) A (= (@) = T=5 ¥ 75 = 0
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as A - 0*. Since 0 = (2,f)(x) + v holds for every x € [, f], we get from remark
4.17 that

) oW TI 4 (o, e S+ e SO =

Since the left-hand side is a sum of three non-negative terms, each of them is
bounded by the value w2. Obviously

1+ xf(x). -0
nr(x) + [1 + % (x)

holds for every x € [«, §]. Further, we obtain from the inequality #2{ (x, ¢, f (X)) <
< ? and the definition of &(x, ¢,h) = ¢ — x(1 — ¢)h that

1~ o =

liminf inf 1 — ¢, > 0 and therefore liminf inf S*(x) > O.
10" xe[w,f] i~0%  xe[af]

Then
€ 11 i) - ) = fﬂx)dx < (6 - )[0(}) + I71]

o

and we get from (58)—(60) and (62) that | f| = O(®}) as A — 0*. Further, we
obtain that
0, — &(x,f(x) =0, —x[1 = (1 —=x) /()] =6, — x + O(w})

uniformly in x € [, f] as 2 — 0* and therefore (6, — &(x, f (x))) = (0, — x)? +
+ O(w}) uniformly in x € [, 8] as 4 — 0*. From (61), we get that 7;(x) = O (w?)
uniformly in x € [«, §] as 4 — 0*. Then

om0 A QL]
o)+ [+ (X)) ’
and therefore {(x, ey f(X))* = (ex — x(1 — &) f (x)? = O(w{) all uniformly in
x €[a, B] as A —> 0*. Hence, we obtain that

@) — (6, — xp ’ @y — (0, — %’

f(x) = 5252 (x)/(1 — ) +0(wf) = (1 - )05 [(1—0) + «] + o(w})
uniformly in x € [, ] as A — 0*. Further,
f(ﬁ);gf(“)zj%zf(e + yo, dy_’jll_ydy—ﬂ
as A — 0%, where A := 02[(1 — 6,)* + «Z]/(1 — y), and
fB) =) _[ ¢ b 1+b
7 ‘[1—cﬁ+1+ba/ln1—c_'1
as A — 0%, O
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6. Existence of strategies

This section is in a certain sense independent with the previous ones and it
contains only statements of lemmas and theorem necessary in order to “prove”
existence of optimal strategies, see corollary 7.5. The complete version can be sent
to the reader if he or she is interested.

In this section, we fix a probability space (Q, F, P) with a complete filtration
&% and an n-dimensional #-Wiener process W. If f is a continuous function on R,
we denote fli:= f(t) — f(s) and | f|,:= sup,<,|f(s). Further, |- | denotes the
Euclidean norm on R".

Lemma 6.1 Let F (t) be a continuous F-adapted process and t an F-stopping
time. If F(t) > a or F(t) < B holds on [t < o], then Z,(E1) or £*(E1) is
a continuous %-adapted process, respectively, where

L.(t):= ZL(E7)(t):= F(t) — inf [F(s)— o] A O,

T<s<t

Ly(t):= L*(E7)():= F(t) — sup, [F(s) — B] v O.
Moreover,

r I{L, > a}d(L, — F) = 0, r I{l, > B}d(F — Ly) = 0.

T T

Lemma 6.2 Let B: R - R, S: R — R” be Lipschitz mappings. Then there exist

a,be (0, oo) such that
t

E| Z(I(F).7) — L(Iw(F)7) |7 < (a + by) j E|F — F|?ds

0

holds for every t > 0 whenever F,, F, are %-adapted continuous processes and
T an %-stopping time such that F; = F, holds on [0,7) and F, (1) = F,(7) € [, f]
holds on [t < o], where Ity(F) stands for the following F-adapted continuous

process

t t

B(F(s)ds + j S(F(s) dw (s).

tAT

t— F(t A r)+j

The same statement holds when %, is replaced by .

tAT

Lemma 6.3 Let G be a continuous %-adapted process and t an F-stopping
time such that G(t A t)€ [o, B] for every t > 0. Let B:R > R, S: R - R" be
Lipschitz mappings. Then there exist continuous %.-adapted processes G, > a,
Gy < P such that G,(t A 1) = Gg(t A 1) = G(t A 1) holds for every t > 0 and
such that

G. = L(Iv(G)T). Gr = LH(Ti(Gy)0)

hold almost surely.
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Theorem 6.4 Let B:[«,f] - R and S: [0, f] > R" be a Lipschitz mappings,
where —o0 < o < f < 00, and go€ [, f]. Then there exist F-adapted conti-
nuous processes G, G, G_ such that G starts from g, and it does not leave the
interval [oc, ﬂ], G, G_ are non-decreasing processes starting from zero such that

(63) dG(t) = B(G(2))dt + S(G(t)dW (t) + dG, (1) — dG_(¢t)

and
0

(64) r 1{G(t) > a}dG, () = 0, j 1{G(t) < B}dG_(t) = 0.

0 0

Corollary 6.5 Let 0, # 0, k2 > 0 and b,c > 0. Let f,a, ,w, and v be as in
theorem 4.24 with g, € [« f]. Then the statement of theorem 6.4 holds with
B(x):= eiB(x) and S(x) = €;S(x), where x = (x, X'} and £ is given by (55) with
e, given by (39).

Proof: Obviously, the function x € [, ]+ ¢, given by (39) is infinitely
differentiable on [o, f]. Then the mapping x € [, f]— x = (x, %) is also infini-
tely differentiable, where £ is given by (55). Hence, x €[, ]+ €S (x) and
x € [, B] > eiB(x) are also infinitely differentiable mappings and we obtain from
theorem 7.4 that there exist processes G, G, G_ such that (63) and (64) hold. (]
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