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2006 ACTA UNIVERSITATIS CAROLINAE — MATHEMATICA ET PHYSICA VOL. 47, NO. 1

Commutative Zeropotent Semigroups

VACLAV FLASKA AND TOMAS KEPKA
Praha

Received 27. September 2005

Various examples of commutative semigroups S(+) such that S+ S =S and
2x + y = 2x are collected.
Jsou sesbirdny rozmanité piiklady komutativnich pologrup S(+) takovych, Ze
S+S=Sa2x+y=2x

1. Introduction

Throughout the paper, the word “semigroup” will always mean a commutative
semigroup. Unless specified explicitly, the associative and commutative binary
operation of a semigroup will be denoted additively, i.e., by the symbol +.

Let S be a semigroup. An element w € S is called an absorbing element of S if
w + x = w for every x = S. There exists at most one absorbing element in S and,
if it exists, it will be denoted by the symbol os (or only 0). This fact will also be
expressed by o € S.

If A, B are subsets of S, then A + B = {a + b; a€ A, be B}. A non-empty
subset I of S is an ideal if ] + S < I.

Lemma 1.1.
(i) A one-element subset {w}of S is an ideal iff w = o0s.
(ii) If 1 is an ideal of S, then the relation (I x I) U ids is a congruence of S.
(iii) If o€ S and r is a congruence of S, then the set {a;(a, 0)er} is an ideal
of S.
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Lemma 1.2. The following conditions are equivalent for a semigroup S:
@IS+ S =1

(ii) oeSand S + S = o.

(iii) x + y = u + v forall x,y,u,veSs.

(iv) x+y=x+2z foral x,y,ze S

A semigroup S satisfying the equivalent conditions of the foregoing lemma will
be called a za-semigroup.

Lemma 1.3. The following conditions are equivalent for a semigroup S:
(i) o€ S and 2x = o for every x € S.
(ii) 2x + y = 2x forall x,ye S

A semigroup S satisfying the equivalent conditions of the foregoing lemma will
be called zeropotent (or a zp-semigroup).

Lemma 1.4. Every za-semigroup is zp-semigroup.

A zp-semigroup will be called zs-semigroup if S = S + S.

2. The ordering -

In this section, let S be a semigroup such that o € S; we put R = S\{o}.

For every aeS, let (Anns(a) =) Ann(a) = {x€S; a+ x =0} and
(Anhs(a) = ) Anh(a) = {x€S; a + x + S = o}. Further, Ann(S) = (") Ann(a),
aes.

Lemma 2.1.
(i) For every a€ S, both Ann(a) and Anh (a) are ideals of S
(ii) Ann(S) = {xeS; S + x = o}.
(iii) Ann(a) < Anh(a) = {x€S; a + x € Ann(S)}.
Now, define a relation 1(=s) on S by a 1 b iff Ann(a) = Ann(b).

Lemma 2.2.
(i) d is reflexive and transitive (i.e., 1 is quasiordering).
(ii) a1 b implies a + x 1 b + x for every x € S (i.e., 1 is compatible).
(iii) x 10 for every x€ S
(iv) a€ Ann(S) iff Ann(a) = S.

Furthermore, define relations m(= ms) and ¢(= g¢s) on S by (a,b)en iff
Ann(a) = Ann(b) and (c,d) € ¢ iff Anh(c) = Anh(d).

Lemma 2.3.
(i) Both n = Ker(H) and r are congruences of S and 1 < .
(ii) o/t = ng, T = S/m.



Lemma 2.4. The following conditions are equivalent:
(i) 1 is antisymmetric.
(ii) 1 is an ordering
(iii) © = ids.
If these equivalent conditions are satisfied, then S will be called separable. The
semigroup S will be called semiseparable iff Ann(S) = o.

Lemma 2.5.

(i) T = S/n is separable iff © = g.

(ii) If S is semiseparable, then T is separable.
(iii) If S is separable, then S is semiseparable.

Lemma 2.6. The following conditions are equivalent:

(i) If a,b, ce R are such that a + b # o,a4dc,b-¢c thena + bHc.

(ii) If a,b, ce R are such that a + b # o and Ann(a) U Ann(b) < Ann(c),
then Ann(a + b) < Ann(c).

A semigroup satisfying the equivalent conditions of foregoing lemma will be
called upwards-regular.

Lemma 2.7. Assume that S is separable. Then the following conditions are
equivalent:

(i) S is upwards-regular.

(ii) If a,be Rare such thata + b # o, then a + b = sup(a,b) in (S, ) (and (R, )).

Lemma 2.8. The following conditions are equivalent:

(i) If a,b,ceR are such that a+ b # o0, b+ c# o0, ¢+ a # o, then
a+b+c#o.

(i) If a,b € R are such that a + b # o, then Ann(a) U Ann(b) = Ann(a + b).

If the equivalent conditions of foregoing lemma are satisfied, then S will be
called strongly upwards-regular.

Lemma 2.9. If S is strongly upwards-regular, then S is upwards-regular.
In the sequel, let (ts=) t = {(ab)eS xS; a+b o} and (o5 =)
o ={(ab)eS x S; a+ b =0} =(S x S)\7. Finally, define a relation (vs =)

von S by (a,b) e v iff c 1a and ¢ 1 b for at least one c € S. Clearly, the relations
T, g, v are symmetric and v is reflexive.

Lemma 2.10. Assume that S is zeropotent. Then:
(i) a€ Ann(a) for every a€S.
(ii) If a4 b, then (a,b) € ¢ and {a,b} = Ann(a) N Ann(b).
(iii) TUV S 0.
(iv) t is irreflexive and o is reflexive.

If S is zeropotent and o5 = vs (see 2.10 (iii)), then we say that S is balanced.
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3. Nil-semigroups

In this section, let S be a semigroup with o € S.

An element a€ S is said to be nilpotent (of index at most m) iff ma = o for
a positive integer m. Let N, (S) denote the set of nilpotent elements of index at
most m and N (S) the set of nilpotent elements.

Lemma 3.1.
(i) Nwm(S) is an ideal of S for every positive integer m.
(i) N(S)is an ideal of S.
(iii) {o} < Ni(S) = N2(S) = ... and N(S) = (Nu(S), m > 1.

The semigroup S is said to be a nil-semigroup (of index at most m) iff
N(S) = S(Nu(S) = S).
Lemma 3.2.

(i) S is a nil-semigroup of index at most 1 iff S = o.
(ii) S is a nil-semigroup of index at most 2 iff S is a zp-semigroup.

Lemma 3.3. N(T) = o, where T = S/N(S).

The semigroup S is said to be nilpotent (of index at most m) iff a, +
4+ .. +a,=oforalla, .., a,€S.

Lemma 34.
(i) If S is nilpotent of index at most m > 1, then S is a nil-semigroup of index
at most m.
(ii) Sis nilpotent of index at most 1 iff S = o.
(iii) S is nilpotent of index at most 2 iff S is a za-semigroup.

Lemma 3.5. If S is a finitely generated nil-semigroup, then S is finite and
nilpotent.

4. The ordering <

In this section, let S be a nil-semigroup. Define a relation <(<s)on S by a <b
iff be (S + a) U {a}.

Lemma 4.1. Let a,b € S be such that a = a + b. Then a = o.

Proof. We have a=a+b=a+2b=a+3b=... =a+ mb. But b is
nilpotent. O
Lemma 4.2.

(i) < is a compatible ordering of S.
(ii) o is the greatest element of (S, <).
(iii) If |S| > 2, then S\(S + S) is the set of minimal element of (S, <).



Proof.
(i) Clearly, < is reflexive, transitive and compatible. Now, if a <b < g,
a#bthena=b+c,b=a+d,andsoa=a+ee=c+d Byd.l,
a = 0. Then b = o too, and hence a = b, a contradiction.
(i) Easy.
(iii) Easy.
O

Corollary 4.3. If |S| > 2 and S + S = S, then the ordered set (S <) has no
minimal elements. In particular, S is infinite and not finitely generated.

Lemma 4.4. Ann(S)\{o}is the set of maximal elements of the ordered set (R,
<), R = S\{o}

Proof. Easy (use 4.1). O

Corollary 4.5. If |S| > 2 and S is semiseparable, then the ordered set
(R, <) has no maximal elements.

Lemma 4.6. If |S| > 3, then the ordered set (S, <) does not have smallest
element.

Proof. Use 4.1. O

Lemma 4.7. The followinng conditions are equivalent:
(i) If a,b,c,d,e€ R are such that a + b # oand a +d =c = b + e, then
c=a+borc=a+ b+ f for some f€S.
(ii) If a,b,ce R are such that a + b # o,a <cand b <c, thena + b <c.
(iii) If a,b € R are such that a + b # o, then a + b = sup(a,b) in (S, <) (and
R, <X)).
If eq(uivale)nt conditions of 4.7 are satisfied, then S will be called down-
wards-regular.

Lemma 4.8. If a <b, then a-b.

The semigroup S will be called decent if the relations <5 and s coincide (i.e.,
if a 45 b implies a <g b).

Lemma 4.9. Assume that S is decent. Then:

(i) S is separable
(ii) S is downwards-regular iff it is upwards-regular.

Define a relation u (= us) on S by (a,b) € p iff ¢ < a and ¢ < b for at least one
ceS(ie., abe(S + c) U {c}). Clearly, u is reflexive and symmetric.
Lemma 4.10.

(i) p <.
(ii) If S is zeropotent, then y < v < o.



If S is zeropotent and o5 = us (see 4.10 (ii)), then we shall say that S is strongly
balanced.

Lemma 4.11. Assume that S is decent. Then:

(i) u=v.
(ii) If S is zeropotent, then S is balanced iff it is strongly balanced.

5. Ordered sets of special type

5.1. Let (R, <) be a non-empty ordered set together with an irreflexive and
symmetric relation ‘C(= tR) defined on R. For a,beR, we put aV b =
= sup(a, b), provided that this supremum exists in (R, <). Now, we will assume
that the following condition is satisfied:

(Z0) If a,b € R are such that (a,b) € 7, then a V b exists.

For a€ R, let t(a) = {x€ R; (a,x) € t}. Consider the following condition:

(Z1) If (a,b)e T and (c,a V b) €7, then (a,c)e 7 and (b,a V ¢) e t.

Lemma 5.2. Assume that (Z1) is true.
(i) If a,b,ce€ R are such that (a,b)et and (c,a V b)e, then (a,b), (a,c),
(b,c)etand (a,b Vc), (b,aVc),(c,aVb)er.
(i) If a,be R are such that a < b, then (a,b) ¢ t.
(iii) If (a,b)et, thena #aV b # b.

Consider some more conditions:

(Z2) For every a € R there exist b,c € R such that (b, c) etanda=bVec

(Z3) For every a € R there exists at least one b € R with (a,b) € T (i.e., t(a) # ).

(Z4) For all a,beR, a # b, (a,b) ¢, there exists at least one ¢ € R such that
either (a,c) e, (b,c) ¢t or (a,¢) ¢, (b,c)e (ie., t(a) # t(b))

(Z5) If a < b, a # b then there exists at least one c € R such that (a,c) €  and
b=aVec

(Z6) If a,b e R are such that a < b, then ¢(b) < ¢(a).

(Z7) 1If a,b € R are such that (a,b) ¢ t and ¢ (b) < t(a), the

(Z8) If a,b,ce R are such that (a,b)et and t(c) =
ct(aVb)

(Z9) 1If a,b € R are such that (a,b) € 7, then t(a) N t(b) = t(a V b).

(Z10) If a,b,c € R are pair-wise different such that (a,b)et and aVd =c =
= b V e for some d,e € R, (a,d) € 1, (b,e) € 7, then there exists f € R such
that (a V b,f)etandc =a VbV f

(Z11) If a,b € R are such that § 3 t(a) # t(b) # @ and (a, b) ¢ 7, then there exists
c € R such that t(a) U t(b) < t(c).

(Z12) If a,b € R are such that a # b and (a, b) ¢ 7, then there exist c,d, e € R such
that (c,d)e 1, (c.e)etr,a=cVd,b=cVe



5.3. Let (R, <) be a non-empty ordered set. Define a relation 7 on R by (a,b) €
iff the infimum a A b = inf(a, b) does not exist in (R, <). Clearly, 7 is irreflexive
and symmetric.

5.4. Let T(= (T, A, V)) be a distributive lattice with a smallest element Or and
a greatest element 17 such that |T| > 3. Consider the basic order < defined on
T and also the ordered set (R, <), where R = T\{05 17}. Define 7 on R by
(a,b) et iff a A b = Or (see 5.3). Clearly, 7 is irreflexive and symmetric. Now,
assume that the following condition is satisfied:
(YO) Ifa,beRanda A b = O0pthenaV b # 1r(and hence a V b e R).
Next, consider some more conditions:
(Y2) For every a € R there exist bce Rsuchthat b Ac=0anda=bV ¢
(Y3) For every a € R there exists at least one be R witha A b = 0.
(Y4) Foralla,beR,a # b,a A b # 0, there exists at least one c € R such that
eitheraAc=0#bAcoraANc#0=bAc
(Y5) For all a,beR, a < b, a # b, there exists at least one ¢ € R such that
aAc=0andb=aVec
(Y7) Ifa,beRaresuchthata A b # 0 and a £ b, then there exists at least one
ceRwithaAc=0#bAc
(Y12) If a,b € R are such that a # b and a A b # 0, then there exist ¢,d,e e R
suchthat cA\d=0=cAe,a=cVd,b=cVe.

Lemma S5.5.
(i) The conditions (20), (Z1), (Z6), (Z8), (29), (Z10), (Z11) are satisfied.
(ii) If i€ {2,3,4,5,7,12}, then (Zi) is equivalent to (Yi).

Example 5.6. Let a be an uncountable cardinal. Put T = {4 < a; |4| < No} U
U {a}.Then T is a sublattice of the lattice of all subsets of a and r is a congruence
of I, where (4, B)er iff |(4 U B)\(4 N B)| < No. Now, T = I/r is an (infinite)
distributive lattice, Or = @/r, 1r = a/r and we consider the ordered set
R = T\{0r, 11} together with the irreflexive and symmetric relation 7. If (a,b) € t,
then a Ab =0r¢ R and 11 # a V b e R. Moreover, it is easy to check that all
the conditions (Z0), ..., (Z12) are satisfied (use 5.5).

6. One sort of examples of zs-semigroups

Let (R, <) be a nonempty ordered set together with an irreflexive and symmetric
relation 7 such that the conditions (Z0), (Z1) and (Z2) are satisfied. Let o be an
element not belonging to R and S = R U {0}. We extend the ordering < to
S setting a < o for every a € S. Now, define an addition on Sbya + b=aV b
if (a,b) € T (see (Z0)) and a + b = o otherwise.

Proposition 6.1. S (= S(+)) is a zs-semigroup.



Proof. Since 1 is symmetric, the operation + is commutative. Further, (x,0) ¢ ©
for every x€ S, hence x + 0 = 0 and o is an absorbing element. Since Tt is
irreflexive, we have x + x = o for every x € S. The equality S = S + S follows
from (Z2). It remains to show that S(+) is associative.

Let a,b,ceS. If oe {a,b,c},then (a + b) + c =0 =a + (b + ¢), and so we
assume that a,b,c € R.

If (a,b)¢ rand (b,c)¢ T, thena+ b=0=b+c,andso(a+b)+c=0=
=a+(b+ o)

If (a,b) ¢ T and (b,c)et, thena + b=0,b + c =b V¢, (a,b V )¢ by (Z1)
and(@a+b)+c=0=a+(b+c)

If (a,b) e T and (b,c)¢ 7, thena + b =a V b,b + ¢ = o,(c,a V b) ¢ t by (Z1)
and(a+b)+c=0=a+(b+c)

If (a,b)et and (b,c)et,thena + b =aV b, b + c = bV c.Now, if (a,b V ¢) ¢
¢ 1, then (c,a Vb)¢tby (Z1) and (a + b) + ¢ = 0 = a + (b + ¢). Similarly, if
(c,aV b)¢r. Finally, if (a,bV c)et and (c,aV b)et, then (a +b) + ¢ =
=@Vb) +c=(aVbVec=suplabc=aVbVe=a+ (bVc)=
=a+(b+c) O

Lemma 6.2.
(i) Ann(a) = S\t(a) for every aeR.
(ii) Ann(o) = S.

Lemma 6.3. Ann(S) = {aeR; t(a) = 0} U {o}.
Lemma 6.4. The semigroup S is semiseparable iff (Z3) is true.
Lemma 6.5. If a,be R, then (a,b) e nt iff t(a) = t(b)

Lemma 6.6. The semigroup is separable iff the conditions (Z3) and (Z4) are
satisfied.

Lemma 6.7. Leta,be R,a # b. Thena < b iff b = a V c for some c € R such
that (a,c) € t.

Lemma 6.8. If a,b € S are such that a < b, then a < b.
Lemma 6.9. The relations < and < coincide iff the condition (Z5) is satisfied.

Lemma 6.10. Let a,b € R. Then:
(i) a4 biff t(b) < t(a).
(ii) o4 aiff t(a) = 0.
(iii) aHo.
Lemma 6.11. If a,b,ceR are such that a < b and (a,b), (b,c)et, then
atc<b+ec

Lemma 6.12. The ordering < of S is compatible with the addition iff < is
contained in 1 and this is equivalent to the condition (Z6).
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Lemma 6.13. The relations < and - coincide iff the conditions (Z3), (Z6) and
(Z7) are satisfied.

Lemma 6.14. The relations <, < and A coincide (i.e., S is decent) iff the
conditions (Z3), (Z25), (Z5) and (Z7) are satisfied.

Lemma 6.15. The semigroup S is upwards-regular iff (Z8) is true.

Lemma 6.16. The semigroup S is strongly upwards-regular iff (Z9) is true.
Lemma 6.17. The semigroup S is downwards-regular iff (Z10) is true.
Lemma 6.18. The semigroup S is (strongly) balanced iff (Z11) ((Z12)) is true.
In the sequel, the semigroup S (= S(+)) will be denoted by Z (R, <, 7,0).

7. A few consequences

Proposition 7.1. Let S be a non-trivial separable upwards-regular zs-semi-
group. Put R = S\ {0}, denote by < the restriction of the ordering 4s to R (see
2.4) and define a relation tr on R by (a,b)€ tr iff a + b # o. Then:

(i) (R, <) is an infinite ordcered set.

(ii) g is irreflexive and symmetric.

(iii) If (a,b)etr thena + b = aV b = sup(a,b) in (R, <).

(iv) The conditions (Z0), (Z1), (Z2), (Z3), (Z4), (26), (Z7) and (Z8) are

satisfied.

(v) The condition (Z5) is satisfied iff S is decent.

(vi) The condition (Z9) is satisfied iff S is strongly upwards-regular.

(vii) The condition (Z 10) is satisfied iff S is downwards-regular.
(viii) The condition (Z11) ((Z12)) is satisfied iff S is (strongly) balanced.

Proof. See 2.4, 2.6, 2.7, 4.3 and 6. 4

Corollary 7.2. The following conditions are equivalent for a groupoid S:

(i) S is a non-trivial separable upwards-regular zs-semigroup.

(ii) 0€S, |S| = 2 and there exist an ordering < and an irreflexive and
symmetric relation © defined on R = S\{o} such that the conditions (Z0),
(Z1), (Z2), (Z3), (Z4), (Z6), (Z7) and (Z8) are satisfied and
S=% (R, <,1, 0) (then < is Hs restricted to R, 1 is ts restricted to R,
a + b = sup(a,b) for (a,b)e T and a + b = o otherwise).

Proposition 7.3. Let S be a non-trivial downwards-regular zs-semigroup. Put
R = S\{0}, denote by < the restriction of the ordering <s to R (see 4.2) and
define a relation tr on R by (a,b)e tr iff a + b # o. Then:

(i) (R, S) is an infinite ordered set.
(ii) tr is irreflexive and symmetric.

11



(iii) If (a,b)€tr thena + b = aV b = sup(a,b) in (R, <).
(iv) The conditions (20), (Z1), (Z2), (Z5), (Z6) and (Z 10) are satisfied.
(v) The condition (Z3) is satisfied iff S is semiseparable.
(vi) The conditions (Z3) and (Z4) are satisfied iff S is separable.
(vii) The conditions (Z3) and (Z7) are satisfied iff S is decent.
(viii) The condition (Z8) ((Z9)) is satisfied iff S (strongly) upwards-regular.
(ix) The condition (Z11) ((Z 12)) is satisfied iff S (strongly) balanced.

Proof. See 4.2, 4.3, 4.7 and 6. O

Corollary 7.4. The following conditions are equivalent for a groupoid S:

(i) S is a non-trivial downwards-regular zs-semigroup.

(ii) 0€ 8, |S| = 2 and there exist an ordering < and an irreflexive and
symmetric relation t defined on R = S\ {0} such that the conditions (Z0),
(Z1),(Z2), (Z5), (Z6) and (Z10) are satisfied and S = Z (R, <,7,0) (then
< is <s restricted to R, t is ts restricted to R, a + b = sup(a,b) for
(a,b)et and a + b = o otherwise).

8. Particular examples of zs-semigroups

Example 8.1. Let I be a infinite set, |I| = a, and 3 the set of infinite subset of
I. Define an operation ® on 3by A@® B= A UBifAnB=0andA® B =1
otherwise.

Proposition 8.2. 3 (= 3(®)) is a zs-semigroup, where o5 = I.

Lemma 8.3.
(i) A = Ann(3) is the set of cofinite subsets of I.
(ii) Mg = 03 = (QI X QI)U idg

Corollary 8.4. 3 is not separable.
Lemma 8.5. A4 -5 B iff either A < B or B is a cofinite subset of I (i.e., B e ).
Lemma 8.6. A <5 B iffeither A= Bor B=1o0r A < Band B\ A is infinite.

Corollary 8.7.
(i) If A <3 B, then A < B. The converse is not true.
(ii) If A < B, then A 15 B. The converse is not true.

Proposition 8.8. 3 is upwards-regular but neither strongly upwards-regular
nor downwards-regular.

Lemma 8.9.
(i) (A,B)€ o3 iff either AnB #Qor AUB =1
(i) (A,B) € vs iff (4, B) € pus and iff A N B is infinite.

12



Corollary 8.10. us = vs and 3 is not balanced.
Let b be an infinite cardinal such that b < a. Put
Jp = {43 |4 < b} U {I}.

Proposition 8.11. For every b < a is Jp a subsemigroup of 3. Jp is also
a non-trivial zs-semigroup, upwards-regular, but neither downwards-regular nor
balanced.

Proposition 8.12. If b < q, then J; is separable, strongly upwards-regular and
the relations < and s, coincide. Moreover, the automorphism group Aut(Js) of
3y operates transitively on Jp\{I}.

Let & be a (non-principal) maximal ideal of the Boolean algebra of all subsets
of I such that A € & for every A < I, |[A] < a. Put & = {Be &; |B| = a} U {I}.

Proposition 8.13. £ is a subsemigroup of 3 and L is a non-trivial separable
zs-semigroup. Moreover, the automorphism group Aut(8) of  operates transiti-
vely on 8\{3J} = {Be &; |B| = a}.

Proof. Take A,Be 8, A #1+# B. Then A' =I\A¢ K, B =I\B¢ K and
A" n B ¢ 8. Since A U Be &, we have |A' N B'| = a. Consequently, A’ " B’ =
=CiuCy CiNnCy =0, |Ci| =a=|Cy. Since A’ N B' ¢ ], we may assume
that C, ¢ ]. Then C, = Cief and C,e K. Further, D, = A'\C, € Ci e,
Dy e K& and D, = B'\C; € K. On the other hand, C; < D; n D, and so D, D, € £.
Clearly, there is a permutation p of I such that p(4) = B, p(D1) = D, and
p|C, = id. Now, define a transformation f of the Boolean algebra of subsets of
I by f(E) = p(E), for every E < I. Then f is a permutation of the Boolean
algebra and f(A) = B. It remains to show that f is an automorphism of £(@).

If LGQ, L?':I, then L= L1UL2UL3, L1 =LﬁA, L2=LﬁC1,
Ly=LnD, and f(L)=p(L)up(L)up(ls) = BuL,uD,eR Thus
f(L) = p(L) € L. Quite similarly, f~'(L) € £. It follows that f | € is a permutation
of £. The rest is clear. O

Example 8.14. Define another operation EHon 3 (see example 8.1) by AEHB =
= AU Bif A Bis finite and A B B = I otherwise.

Proposition 8.15. J (= 3 (&) is a zs-semigroup, where o5 = I.

Lemma 8.16.
(i) A = Ann(3) is the set of cofinite subsets of I.
(ii) my = (QI X QI) ) ld3
(iii) (A, B) € g5 iff (A v B)\(4 N B) is finite.
Corollary 8.17. 3 is not separable.
Lemma 8.18. A -5 B iff either A = B or A\B is finite and B\ A is infinite or
B is a cofinite subset of I (i.e., Be ).
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Lemma 8.19. A <y B iff either A= B or B=1 or A < B and B\A is
infinite.

Corollary 8.20.
(i) If A <5 B, then A = B. The converse is not true.
(ii) If A < B, then A 45 B. The converse is not true.

Proposition 8.21. 3 is neither upwards- nor downwards-regular.

Lemma 8.22.
(i) (A, B)€ o5 iff either A N B is infinite or AU B = I.
(ii) (A, B) = vy iff (4, B) € us and iff A N B is infinite.

Corollary 8.23. vy = vy and 3 is not balanced.

Proposition 8.24. ¢ is a congruence of the semigroup 3, the factor § = J/g is
a non-trivial zs-semigroup and J is separable, upwards-regular, do-
wnwards-regular and decent. 3 is neither strongly upwards-regular nor balanced.

Proposition 8.25. If a = N, then the automorphism group Aut(3) of J oper-
ates transitively on 3\ {os}.

Proposition 8.26. Assume that a > N, and put & = {A€J; |4| = N} v {I}.
Then
(i) K is a subsemigroup of J.
(ii) K is a non-trivial zs-semigroup.
(iii) If A,B€ R, then (A,B) € ng iff (A,B)€r (i.e., (A U B)\(A n B) is finite).

Proposition 8.27. Assume that a > N, and put & = K/ng (see Proposition
8.26). Then
(i) L is a non-trivial zs-semigroup.
(ii) L is separable, strongly upwards-regular, downwards-regular, decent and
strongly balanced.
(iii) Aut(L) operates transitively on 2\{og}.

Remark 8.28. The semigroup L is identical with the semiroup constructed by
means of Example 5.6 and Proposition 6.1.
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