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in Rotating Nuclei - I.
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The method combining the cranking model with the random phase approximation is suggested
for the description of the collective excitations in rotating nuclei. The symmetries of rotating
nucleus Hamiltonian are discussed. The results of the analysis of the properties of the collective
excitations in the framework of several models are presented.

V praci je objasnéna metoda kombinujici cranking model (model vynucené rotace) s aproximaci
nahodné faze (Random Phase Approximation — RPA) pro popis kolektivnich excitaci rotujicich
jader. Diskutuji se razné symetrie hamiltonidnu rotujiciho jidra. Vysledky analyzy vlastnosti
kolektivnich i nekolektivnich excitaci v rdmci riznych pfistupit dané metody jsou uvedeny
v zavéru prace.

W3noxeH MeTOH, KOMOMHMpYIOIIHHA MOJie/lb NPHHYAMTEIHHOrO BpamIeHHs M nNpUOIHKEeHHA
cinyyaiapix da3s, [Uis ONMCaHMs KOJJIEKTHBHEIX BO30yxneHuit Bpamaromuxcsa saaep. O6cyxnarorcs
CHMMETPHH, COXPAHSIONUIUECS [JIsi BPALIAXOLIUXCS SAEP, MX CBA3b C (PH3UYECKAMH COCTOAHHMAMH.
INpencrasiensl pe3yJbTaThl aHAJIM3a CBOMCTB KOJUIEKTHMBHBIX BO30YXIECHMI B paMKax pa3/IHYHBIX
MOIENEH.

1. Introduction

The investigation of rotational states represents the important source of informa-
tion about the nuclear structure [1]. One can say that the interest in nuclear rotation
has been grown from the time of discovery of rotational spectrum in nucleus [2].
This fact is caused by progress in experimental technique which allows to study
the nuclei in the region of limiting angular momenta (see e.g. [3]) when the nuclei
still exist as the whole object. Several regularities in spectra and electromagnetic
transitions have been succesfully cleared up in terms of nuclear unified model [4].
In the base of this model there is a supposition about the adiabatic distribution
of degrees of freedom into the intrinsic and rotational ones. However nuclear rota-
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tion shows a considerable influence on the intrinsic degrees of freedom with increasing
angular momenta when Coriolis and centrifugal interaction grow up [3,5—-9].

Studying of nuclear structure in low spin region confirms the fact that the nucleon
intrinsic motion is mainly determined by nuclear average field and by pairing correla-
tion of superconducting type [10]. This approximation of nuclear average field
is usually assumed to be valid also in extremal conditions when the angular moment
is so high that the channel of nuclear fission begins to dominate. Such assumption
about using the same model approaches in different angular moment region can be
explained by means of nucleon energy balance. Simple estimation for rare earth
nuclei (see [6, 11]) shows that rotational energy per nucleon for 4 ~150 doesn’t
exceed 5% of nucleus binding energy in maximal spins J ~ 60# which can be reached
in rare earth nucleus rotation. Therefore one can expect that the similar or the same
model approaches can be applied in broad region of angular moments [12, 13].

One of these approaches is represented by cranking model introduced for the first
time by Inglis [14]. This model suppose the nuclear average field to rotate with
constant rotational frequence round the stable axis. The cranking model was succeed
in analyses of many rotating nucleus properties. Its variant with inclusion of pairing
interactions was able to clear up the properties of yrast line states or the properties
of one-, two-quasiparticle states [15]. However last experimental information
obtained from the analyses of y-spectra of fast rotating nuclei approve the collective
character of the states not only near the yrast line but also of highly excited states
(~15-20 MeV above the yrast line at J ~ 60h [16]).

In [17] the attempts were done to describe the collective states near the yrast line
as a small oscillations of transverse axis of triaxial rotor [1]. It is evident that this
approach has the phenomenological character. Therefore the next effort has been
devoted to form the microscopical model for description of the states near the yrast
line. The example of such model is the cranking model (CM) added by random
phase approximation (RPA) [18, 19]. One has to mention also the other approaches
[20—22] based on the method of generalized density matrix, but the CM + RPA
has been used most often in literature. '

Our aim is to give the explanation of the CM + RPA method and its application
for calculation of particular characteristics of rotating nuclei. This theme is divided
into two papers.

The first paper is devoted to the explanation of basic theoretical ideas of
CM + RPA approach. Here the symmetries of cranking Hamiltonian, the Hartree-
Fock-Bogolubov problem for rotating systems, the solution of RPA equations
of motion, selfconsistency of residual interaction with average nuclear field and other
questions are discussed.

In the second paper the concrete properties of rotating nuclei are studied in the
framework of CM + RPA approach such as quadrupole, octupole excitations,
giant dipole resonance, transition probabilities.
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2. The cranking model and the random phase approximation
2.1. The cranking Hamiltonian and its symmetry

As was mentioned in preceeding section the cranking model (CM) suppose the
nucleus to rotate round the stable axis. This axis is usually chosen to be simultaneously
the x-axis of the lab system and x-axis of the intrinsic system rotating together with
nucleus. The Hamiltonian corresponding to such rotation expressed in the intrinsic
system can be written as [23]

(1) H =H-YAN, - QJ,

where H is the total Hamiltonian of nucleus*), N, is the operator of proton (v = Z)
or neutron (¢ = N) number, A, is the corresponding chemical potential, Q stands
for the angular velocity of rotation, J, represents the x-component of total angular
momentum. Hamiltonian A contains the intrinsic and collective degrees of freedom
(connected with the whole nucleus rotation and with translation of the nucleus
center of mass). Their separation represents generally complex nontrivial problem
(see e.g. [20, 25]) which usually requires some approximations in their solving.
In this paper the random phase approximation is used for this aim.

It is natural to suppose the total Hamiltonian to be rotational and translational
invariant. Besides that we assume the number of particle in processes studied in this
paper doen’t change. Therefore

@) [#,J]=[HP]=[HR]=0

where J; and P, are components of the total angular moment and linear moment
in lab system, respectively. Since

(3) [ji’ P.l] = igijkpk [ji9 jf] = isijk k

[N.J] =[N, Pi] =[P, Pj] =0
the symmetry conditions (2) yields for cranking Hamiltonian the following ex-
pressions

[H,J]=0 [H,P]=0
(4) [H',J)] = —iQJ, [H,P] = -iQP, [H,N,]=0
[H',]]=iQJ, [H,P,]=iQP
The total nucleus Hamiltonian H contains the average field and the residual
interactions. In semimicroscopical approaches the nuclear average field is approxi-

y

* The total nucleus Hamiltonian H in (1) is the Hamiltonian in lab system but expressed trrough
the variables of the intrinsic rotating system. In the same way the component of linear moment

Pi in further expressions is assumed to be expressed in the intrinsic variables [24], i.e. P— =
. Pe~ ilxft,
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mated by phenomenological deformed potential which violates the conditions (2).
Therefore one has to choose the residual interactions in the form restoring the sym-
metries (2) of total Hamiltonian violated by deformed average field. Otherwise the
eigen vectors of total Hamiltonian describing the intrinsic nucleus excitations are
mixed with unphysical (from the point of view of intrinsic degrees of freedom)
components of collective type (see e.g. [26, —29]). In the case of violation of total
Hamiltonian symmetries (2) the collective and intrinsic modes are mutually mixed.
Since in next considerations the eigen modes of nucleus Hamiltonian are searched
for in framework of RPA the same approximation is used for restoration of sym-
metries (2).

For simplicity of explanation of basic ideas of used CM + RPA model we will
start with spherical symmetric average field. The residual interactions will be taken
in the form of separable multipole-multipole forces (long-range part) and monopole
pairing (short-range part). However it must be noted that the particular form of
residual interactions doesn’t influence the generality of explanation of CM + RPA
method. In further parts of this paper, where the applications of this method are
discussed, the particular form of average field and residual interactions is given,
but the calculations are performed in the framework of scheme described in this
part. So our starting total Hamiltonian has the form

A
(5) H' = ;ekc:ck -1 ZGIP:Pt - 3 Z Z “AQI,;Q;.;;

2=1,2,3,.. p=—2

where
(6) P: = kZ Ck+cﬁ Qzu = %:‘1;}5‘0;01 q;}f‘ = <k|"le,‘ll>

€T
¢ and c, are the creation and annihilation single-particle operators in the state lk)
of spherical nuclear field, respectively. ¢ = Te; T ™' (T'is the time reversal operator
[31]), %, and G, are the strength constants of multipole-multipole interaction and
pairing (v = N, Z), respectively. Summing in rel. (6) goes not only over indices k,
but also over k, 1.

Experiment confirms the fact, that the most of nuclei in the ground state and in
the yrast line states has the P, Ri(r), S, = P R; () symmetries (P is the intrinsic
parity operator, R(n) = e'™* is the operator of rotation by angle = round the axis
k of intrinsic fixed-body system). That means the nucleus deformed field posses
deformation of even multipolarity. Because of the term — QJ, the cranking Hamilto-
nian (1) has only P, R,(n), S,-symmetries. Therefore it is convenient to choose
the single-particle states to be the eigen vectors of R,(n) = R,(r) operator [32, 33], so

+ +
P C .= C
einix k —imjx _— T ;i k
(7) <c£ ) ) T (ci‘

In [30] some aspects of CM + RPA approach are discussed with use of nonseparable forces.
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In last years a lot of experimental and theoretical papers (see e.g. [34, —, 39])
have been published where the possibility of stable octupole nucleus deformation
have been discussed. Octupole deformation violates the P- and R,(rn) symmetry
of cranking Hamiltonian, however S, symmetry remains. Generalisation of CM +
+ RPA method for the case of stable octupole deformation is presented in [40].

RPA calculations for nonrotating nuclei show importance of quadrupole and
octupole excitations in description of observed spectrum. Therefore we restrict
ourselves in (5) only for 4 = 2, 3. Because of the intrinsic R;-symmetry of nucleus
we introduce the following combinations of multipole operators (see appendix)

+) _ H i A AC-
05 020 o0 = \,%Z(Q“ +0,-1) 0" = 2

(sz + Qz—z) 057 = — (sz —05-2)

(QZI - QZ—I)
oS — 1
V2
(=) — ] A
8 Fo7 =00 per_ :/1—2@31 ~0s) B = (0 +0s-)
F$P = —i—(Qaz - 03-,) ) = i(Q\az +0s-2)
J2 V2

o_1s 4 -
FS )=7£(Q33"Q3—3) F§)=\/L

~

(033 + 05-3)

with symmetries

; o (08 ure_ (050
( a) emJ, <F{_ﬁi)> e~ imx + (%(ﬁi))

These operators allow to rewrite the Hamiltonian (5) as
2 2
©)  H=TYeace - 1TGPIP -~ 2[ 3000 + 3 05°057] -
k T
FCORCH 1y FOIpe)
I 3 RORC]

The CM + RPA model involves two separate steps

i) In the first step, the Cranked Hartree-Fock-Bogolubov problem is solved. As
a result we obtain the quasiparticle spectrum for a given rotational frequency Q.
The quasiparticle vacuum |Q) characterizes the nucleus state in the yrast line
with a spin J corresponding to mean value of the operator J, in the state IQ)

with given frequency Q.

All operators are defined in the system with quantum axis. z.
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ii) In the second step, vibrations around the quasiparticle vacuum (i.e. around
the yrast-line states) are described by the RPA method.

Later we are going to discuss both steps in more detail. It must be also noted that

all discussions in this paper deal with the case of even-even nuclei.

2.2. The method of Hartree-Fock-Bogolubov (HFB)
for rotating nuclei (description of yrast line)

The HFB method is used for description of many characteristics of rotating nuclei
[53—59] and is described in detail in [42, 60]. Therefore only the basic ideas, ne-
cessary for further considerations are given in this part.

Using the Bogolubov transformation the quasiparticle operators «;, o are in-
troduced

(10) o = D(Aici + Brcy)
k

o = Y(4rci + Bicy)
k

where as a consequence of (7) the quasiparticle states are also the eigen states of the
operator R ()

(ot - ot
injx i —injx _ . i
(11) e (a:) e + l(a:_>

Quasiparticle energies E;, E; and coefficients A}, A}, Bi, B} can be determined from
the equations

(@ ()= =) () - = ()

with*)
A
(i)

where the corresponding matrix elements have the form

(13)  BP = dulec — 7.) — QK| TLJ1> — #:4Q] Q20|@) <k| Q2o|1) -
— %,4Q| Q7|2 <K| Q5P|1>
h3) = "5kl(eE —A) - .Q(k] Jxll> + ZZ(QI Q20|Q> <k| Q20|l> -
— #,Q| 057|2) <k| Q57|
4y = — G [44Q| P}|2) 6y,
Here <k| S|I) is the single-particle matrix element of given operator, {Q| S|Q)

stands for mean value of the corresponding operator in the quasi-particle vacuum
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IQ), which is represented in CHFB model by the yrast state with given rotational
frequency Q. The way of determination of expectation values of single-particle
operators is given in appendix. The selfconsistent equations (12), (13) have to be
added by the following conditions

(14) Q[ Ni=py|@ =Ny Q| N._|@ = 2, <Q|J|2> =J,

for the nucleus with N, neutrons, Z, protons and with the rotational frequency Q

corresponding to moment J, in the yrast line.
The solution of the HFB problem allows us to rewrite the Hamiltonian (1) in the

form

(15) B = CO|HIO) + DBl v+ of w) — T (P - 0| Pa))

(P, - (QI P,]Q))) :
2
%2 504 — Q] 0.]2)) (0% — <@ 0.]2)) —

2 m=0
-3 > 005 - > [3FOFO: + 3 FORD:]
m=1 m=1 m=0

where the symbol :: denotes the normal ordering with respect to quasiparticle
vacuum |Q). Since the Hamiltonian (1) is invariant to the transformation R,(m)
and since [H’, P] = 0 (P is the space axis inversion operator), the quasiparticle
vacuum can be searched for with this symmetries

(16) e™=|Qy = Pl = |2

On the base of (16) one can conclude that the mean values is nonzero only for the
operators 4 not changing the parity and with positive signature.**)

The problem of solving of Eq. (12), (13) with the conditions (14) by precise self-
consistent way is quite complicated. Therefore the nuclear average field is usually
approximated by phenomenological potential of Nilson (see e.g. [53, 57]) or Saxon-
Woods [56, 61] type. The parameters of this phenomenological field are determined
from the requirement of reproduction of experimental single-particle characteristics
in the ground state of given nucleus. Then the minimum of the total energy of de-
formed nucleus is searched for given rotational frequency @2 using the method

* Equations (12) can be for instance obtained by variation method [42, 44]
s {KQ| H'|2> + YE,[D(4i4] + BiB| + AjA] + B;B]) — 2]}
ij 1
with the total Hamiltonian H given in (5).
** Operator 4 has the positive signature if R.(7) A7 Y(m) = A, and negative if R (n) .

« AR Y(m) = — A [18, 19)).
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of Strutinski [12, 57]. So in the case of phenomenological deformed average field
the selfconsistency is performed only through the pairing term and cranking term
in Hamiltonian (1).

As has been mentioned above the phenomebological deformed average field
violates the symmetries (2) or (4). In order to restore these symmetries it is necessary
to choose the corresponding residual interactions (see e.g. [26, —, 28, 62, —66]).
The connection between the residual interactions and symmetries (4) is discussed
in detail in part 3 of this paper.

2.3. The Random Phase Approximation (RPA)
for rotating nuclei

2.3.1 Hamiltonian RPA and equation of motion

The method of RPA has been succesfully used for studying of nonrotational
nuclei during last 30 years (see e.g. [1, 7, 10, 60] and references there). Firstly the
RPA together with cranking model was suggested for desctiption of rotating nuclei
properties in papers of Marshalek [67, 68, 18, 30, 43] and of Jansen and Mikhailov
[19, 44]. There the basic ideas of HFB + RPA approach were formulated. The
further progress of this method was connected with the construction of particular
models for qualitative and quantitative investigation of nucleus properties [69, 45— 52
70—76] and also with the improvement of theoretical scheme of restoration of total
Hamiltonian symmetries in rotating nuclei [24, 29]. In [77] the method of strength
function was used for description of solutions of RPA equations of motion. The
generalization of the HFB + RPA approach for the case of stable octupole deforma-
tion is given in [40].

In the framework of HFB + RPA the states near the yrast line are described
by phonons which are linear combinations of two-quasiparticle bosons (see e.g.

[43])
(172) io=ogal by =ialal b = %o

(17b) o oy = Y (bybim + bimbim)

o oy = i) (bmbim — binbim)

These bosons are antisymmetric in indexes (b, = —by;) and fulfil the following
commutation relations
(18) [bkls br:n] = 6km5hx - 6kn51m [bklv b;ﬁ] = 5km§lri

[bkla bmn] = [bklv b;ﬁ] =0
The RPA suppose the mean number of quasi-particles in vacuum to be zero

Q| of |2y ~ 0
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The condition (11) implies

(19) ei””[ ;c(ik)jl e == [ ;(ik)jl
+ +
bix ik

Every single-particle operator contained in Hamiltonian (15) can be expressed as an
expansion in bosons (17). Particular form of this expansion depends on the symmetry
of given operator regarding Hermitian conjugation, time reversal, transformation
R, () (see appendix). Substituting these boson expansions of all operators involved
in cranking Hamiltonian into (15) we obtain the boson representation of H'. R, (r)-
symmetry of Hamiltonian and commutation relations (18) allow to express the
cranking Hamiltonian as a sum of four mutually commuting parts

(20) H = Q| H'|Q) + H} + H}) + HY) + H{Z}

where

(21a) H{Y) = ZE;b b — ZG P(1)P(1) — Q i 05 (1)Q8(1)
(D) HE = TS b+ Eabih) =2 T 09(008()
(21¢) HEE) = Y Egbigby — = Z FCO(1)FSD(T)

ik

(21d) H(Z) = 4 Y(Eubliby + Exbibs) - “3 z FO(1) FO(1)
m=0

Here E; = E,; + E, and symbols P(1), Q{¥)(1), ani)(l) represent the linear boson
terms of expansions of corresponding operators (see appendix). Lower index in sym-
bol H{ZZ1} in (21) characterizes the parity of the operators involved in given part
of Hamiltonian and upper index characterizes their signature.

Substituting the boson expansion (AS5) into the symmetry conditions (4) one can
write in the framework of RPA

(22) [H(Z3, 7.(0] = [HE). N()] = 0

(23) [HG), 1,0V = —iJ,(1)  [HZ), J(1)] = i J(1)
(24) [H), P(1) =0

(25) [H{Z, P(D] = —i@ P(1) [HCZ}, P(1)] = i@ P(1)

(26)  [Ji1), P()] = [Ji(1), N(1)] = [Pi(1), N(1)] = [P(1), P,(1)] =
= [7(1), J,(0] = [7(1), J(1)] = 0
(27) [7,(1), (D] = i<2| |2
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Since all parts of cranking Hamiltonian (20) mutually commute the RPA equations
of motion

(28) [H, 2] =iol%, [H,%Z,]=-i?, [%,2?,]=i,

can be solved independently for each of parts [79]. In (28) %, and 2, represent
the generalised coordinates and linear momentum, respectively, w, is corresponding
energies. The way of solving (28) is described in detail in the following section of
this paper.

The Hamiltonian H’ expressed in canonical conjugated variables &, and 2,
has the form

(29) H =31Y(2] + 0}%}) = 1Y (P} + 0} %)) + 3 Y. 20, =
Y wv;O oyo=0
=Y 00,0, +1) +1) 2
wv"#o wv20=0

where the creation operator of phonon

- BV - o2

with w, #+ 0 is introduced. The equation of motion (28) for w, + 0 can be rewritten
as

(31) [H,0] =0, [H,0]=-00, [0,0,]=23,,

(30) oy

Comparison of RPA equation of motion (28) or (31) with the symmetry conditions
(22)—(25) allows to determine all “unphysical” (spurious) modes of Goldstone
type (see 79) for all four parts of Hamiltonian (20).

From comparison of (22) with (28) it follows that there is one solution of RPA
equation with Hamiltonian H{}} which is connected with the operator J,(1) and two
solutions connected with N(1) (¢ = N, Z). Therefore

(32)

vo—J'x \/(ng) Jx(l)
= H{ =1 X (27 + oiZ3) + 195, TL(1) +  TanN2()
Pyo=N, = \/(gN') N 1) 0y$0,2

The way of determination of mass parameters g;_ and gy_will be discussed later.
From (32) one can see that the quantity &, = 1/g;_represents the moment of inertia
regarding the rotating axis x.

The comparison of (23) with (28) allows to conclude that it is possible to construct
the mode of Hamiltonian H{} with energy w = Q from the operators J,(1) and

J:(1)
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[H(), ] = or*
(33) [HZ)IN=-or {=H=3% Y (P2 + 2%+ QT +13)
[[', I—-+] =1 wy¥0,2

where the operators I', I'* are defined as

r+ = Jy(l) B iJz(l)

J@[ T2

Comparing (24) with (28) one can write

(34)  Pr-p. = V(92) P() = HE = 3 ¥ (2] + 0}27) + 195, P(1)?

wy¥0

where the quantity M = 1/gp_ represents the effective mass nucleus.

The comparison of (25) with (28) makes it possible to expect for the mode (P(1),
P,(1)) to be the solution of RPA eqauation with Hamiltonian H{Z] with energy
o = Q. However in consequence of commutation [P,(1), P,(1)] = 0 such a mode
would be nonnormalizable and therefore (P,(1), P,(1)) doesn’t form the solution
of H{Z}. Nevertheless it can be shown that the modes based on the operators P,(1),
P,(1) and corresponding coordinates X y(l) and X,(l) are orthogonal to all solutions
of RPA equations and therefore don’t mix with them. Therefore the Hamiltonian
can be expressed in terms of its RPA modes as follows

(35) H3 =3 ¥ (27 + o03) + Q(X,(1) P(1) — X(1) P(1))
mvv* 0
where the last term assures the validity of conditions (25).
One can see from (32) —(35) that the comparison of symmetry conditions (22) —(25) .
with the RPA equations gives the possibility to extract the Goldstone modes connected

with the rotation of whole nucleus and with the motion of center of mass of nucleus
(or with number of particle conservation) from the solutions of RPA equations.

2.3.2. Diagonalization of RPA Hamiltonian

In this section the general scheme of diagonalization of RPA Hamiltonian and
searching for the mass parameters g,_, gy, and gp,_ is given (see [29, 77]).

From (20) and (21) it follows that each of four parts of Hamiltonian H' has the
following structure

ny n2
(36) HB = 2 Eub:bﬂ + Z xslI/SII/’l + Z xleV-’zVVSz
N

sp=1 s2=1

where V;, and W,, are the linear boson parts of corresponding operators
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(37) V, = SVA(br +b) s =1,...,n,
n

W, =YWS(b} —b,) s;=1,...,n,
B
Therefore the diagonalization procedure described further for the case of Hamilto-
nian Hy (36) is applicable for arbitrary part of Hamiltonian (20).

Hamiltonian Hp is characteristic by definite symmetries (see (22)—(25)) what
is formally expressed by zero commutators of Hamiltonian Hy with corresponding
operators (e.g. J.(1) and N,(1) in the case of Hamiltonian H{}}). Let us suppose
that for Hamiltonian Hp there are L, operators of type (b;r + b,) and L, operators
of type (b — b,)

(38) 2, = Y2,°(b; + b)) Ki, = YK,2(b) - b,)
I, = 1,‘f..,L1 I, = 1,“...,L2

which for all I, and [, fulfil the following commutation relations

(39) [Hp, 2,] =[HpK,]=0

(40) (2., 2,,]] = [Ki,,Ki,;.] = [2,,.K;,] =0

Substituting (36), (37), (38) into (39) and using (18) one can obtain

(41) PVE, = nilxsza;;W‘f“) I=1,..,L

ny
l l
K(PE, = ¥ %, b2Vt 1, =1,...,L,
s1=1
where

(42) agy = 2[W,

2

2,] = 439,00z
"

b = 2V, K] = 4 DK
n

It must be noted that the quantities ai; and bf,f in particular approaches can be
expressed in terms of the expectation values of type <Q| 01} ,|@>, <Q| P|@)> and
others (see [19, 40, 43, 44]). This means the relations (41) represents the conditions
of selfconsistency between the quasi-particle HFB field and residual interactions
of cranking Hamiltonian in the framework of RPA.

The boson representation of canonical conjugated coordinates %, and linear
momenta £, can be searched for in the form

&, = YX(b; + b,)
N

(43) [.%'v, 9‘,,] = ZiZng’;' = id,,
‘@":izpz(b:_bu) “
I3

44



Substituting these expressions and relation for Hy (36) into the RPA equation
of motion (28) and using (18) one obtains the matrix representation of RPA equations

EW: o v

Z SzA:z 2 Z llB" —_L—

s2=1 E - (0 s1=1 “ - (Dv
(44)

N E,V;"
.@u = Cl)y“;lxszA “ wv _.“Z_: S1 Sl —Ez_z
where
(45) A5, = 4ZX;W“sz B;, = 42.@;17:‘
14 B

Resubstitution of (44) into (45) yields the system of algebraic equations for (n, + n,)
unknowns 43, and B;,

& v 65 ’
(46a) Y x,,A:, (SWS(z)WS'(z) — 2‘2) Z %5, By, Uy, Wy =0 S2=1,...,m,

s2=1 4xsz

o v 6;;:;' ’

(46b) sz_: K, A5, 0, %V: (W s2) s;f‘hBﬁ <Sv,“,V.'(,) + ?) =0 si=L..m
where

ER,T, R,T,
47 So = uNuly Uor = nlu
(47) RT ;—Ei—wz RT %E—ﬁ—wz
which fulfil the following useful relations
(48) SRT = SRT (0) + (OZWRT URT = URT (0) + wzgk'r

R,T, R,T,

49 ——FE £z — e
( ) Z (E2 ) RT — %:EZ(EZ - )

Among the solutions of (46) there are ones with zero energy w, = 0 which can
be connected with the symmetries of cracking Hamiltonian (see sec. 2.3.1.). These
zero solutions have to be extracted because the physical interest is caused only by the
solutions with , #+ 0. For o, = 0 the system of Eqs. (46) can be rewritten as

1)
Z J{Sz ;(0) <SW.(1)W-'(1) (0) -

ﬁ&>=0 =1y

$1= s2

(50)

ny
ZI"nBlz (0) <SV.(1)V. ) (0) + ;lh ) =0 Sll =1.., n;
s1=

S1

The condition of solvability of (50) is
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- 5::s:' =0

4x

E
SVs(uV:'(x)) (0) + 22 =0

S1

det SW.(z)Ws'(z) (0)

52

(51)

det

It is evident that if we put

(52) 45(0) = V/(91) a; Bi(0) = (91) bst
the selfconsistent conditions (41) and Eqs. (50) become equivalent. Besides that
using (50) from equation (51a) it follows

(53) ZI%MB::(O) UV.(x)W.(z)(O) =0

Multiplying each of the equations (46a) by x,zag and summing through index s,
and similarly multiplying each of the equations (46b) by x, b!? and summing through
index s, with using ot (50) and (52) one can obtain the following system of equations

ny na ni n2
I 4v _ _ Iy —
Z Z Hsy%s, anAsz’(SWs(z)Ws’(z) SW;(:)W.q'u)(O)) Z Z Hs K, s,y UV.(:)W.(:) =0
s2’=1s3=1 s1=1s3=1
ny n2
2 173 v .
(54) @, Z Z “n“nbsx As, UVS(X)WI(Z)
s1=1s2=1
ny 1 !
— 2RV — —
Z Z %,12{“: b-uBsx’ (SV;(x)V.'(x) SV;(:)V.’(x))(O) =0

si’=1s1=1

With help of (48) and (53) the system of equations (54) can be rewritten in the form

2 Iy 4v _ 2 L pv —_
, Z Z x.vz”sz’ aszAsz’ WWS;W:;' (o Z Z Hs Ks, aszBSx gV,(x)W.(z) =0

s2 s2’ s1 S2
(55a) L=1,..,L,
(s5b)
wf Z Z x.nnsz b::A:ng“WSz - wf Z Z xslxsl’ b:iB.:x'WstVS;' =0 12 = 1’ ERRE) LZ
s1 $2 sy s1'

In such a way the complete system of equations for (n; + n,) unknowns 4}, and By,
consists of L, equations (55a), L, equations (55b) (n; — L,) arbitrary chosen equa-
tions (46a) and (n, — L,) arbitrary chosen equations (46b). From corresponding
secular equation

(56) w} Tt g(w,)| = 0

(here |2(w,)| is determinant of obtained system of Egs.) it follows the 2(L; + L,)
order degeneracy of the solution with w, = 0. The energy of nonzero solutions can
be obtained from equation

(57) |2(w,)] = 0
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Then the structure of corresponding phonon (i.e. amplitudes X}, an 2, in (43) is
determined from equation (44) using the normalization conditions in (43) and the
solution of (57).
The only unknowns to be found are the mass parameters g;, and g,,. The way
of determination of these parameters differs in two following cases.
i) the simultaneous existence of spurious states caused by the operators K;, and
D
ii) existence of spurious states created only by operators K;, or only by operators
2,,.
If the spurious states of both the types simultaneously exist, the relations (50)
and (53) hold. From the Eqs. (44) for w, = 0 with respect to (52) it follows

g:‘z(o) - \/glz Z Xs blz

s1=1 “

X2(0) =SZ %, A"(O) \/(g,z)sztx b'2

S$1781 Ez

51

(58)

Substituting these expressions into normalization condition (43)
(59) [X,(0), 2.,(0)] = 2 ¥X,2(0) 2,2(0) = i
B

one can get the following equation

vaever
—\/(glz) Z ZusxxizA:'z(O) b-:i UV.(:)W:(z)(O) + 91, Z Z Hs Ky blzbg, Z % = %
51 S2 s1 81’ u E”

From (53) and (52) one can see that the first term in the right-hand side of Eq. (59)is
equal to zero. Using (59) and (42) one obtains eventually the expressions for generalised
inertial coefficients

(12) g (12)
(60) 1 _, 5y K, 7K™

91, L4 Ell

A similar expression can be obtained for coefficients g1,
(11) gy(l1)
(61) i =2 Z M
[ B Ell

Let us investigate the case ii), when only the spurious states of one type exist
(e.g. created by operator of type K,,). In this case the relation (53) doesn’t hold and
therefore we have to make an other way of determination of inertial coefficients.From
(46) with regard to (52) it follows

(62) 3 o A0 (Srcomrn®) = 22) = V(02) 5 5 Brman®) = 0

.u = S2 0=
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Y 5
(€20 V0on) 5 iy (Snamof® + 22) =0
sp'=

4

Using (41) Eq. (62a) can be rewritten as
< Os, s,
(63) Jz'Z= lx:z’A::'(O) (SW:(z)W:'(z)(O) - ﬁ) - \/(glz) SKl(z)W.(z)(O) =0

s, =1,...,m,

Relations (58) and (59) hold in this case too. Substituting (41) into (59) we obtain

(64) - \/(g’z) sZI xszAii(O) SKx(z)W-(Z)(O) + 91, SKx(z)Kl(z)(O) = %
b=

The inhomogeneous system of equations (63) and (64) allows us to determine the
unknowns A2(0) and g;, using Kramer’s method

Oyrs,r
Swaawe(0) — 72
1 @Ws'(2) 4,

2 Iglzl

(65) g1, =

where |9,,| is the determinant of the equation system (63) and (64).

In the end of this section one has to mention that the representation (43) can be
understood as a transformation from the space of two-quasiparticle bosons into
the space of RPA modes (X,, 2,) (or (0,, 0 )). This transformation is given by unitary
Hermitian matrix with elements X, and 2,. Number of two-quasiparticle bosons
b,, b} must correspond to number of RPA modes (X,, P,). This completeness
of both spaces can be expressed by relation (see e.g. [40])

(66) b: = i;{[b:’XV] 2, + ['@v’ b:]Xv}

where the summation goes through the spurious as well as through nonspurious
modes.

2.3.3. Eigen vectors of cranking Hamiltonian

All solutions of the RPA equations are known to be orthogonal to each other.
Therefore, all normal modes (Z,, 2,) of Hamiltonian (20) with w, + 0 are ortho-
gonal to spurious Goldstone (0,(1), J,(1)) mode (symbol ©,(1) stands for the
linear boson part of angle ©, canonical conjugated to operator J,). Therefore the
mean value of the J, component of the total angular momentum in one-phonon
states

(67) Q| 0,7,07|2> = <2|[0,,].] 052> + Q| J.0,0]|2> ~ (Q| J.|2>

corresponds to mean value of the operator J, in the yrast line state [2) (rel. (67)
valids in RPA order, that means up to the second order in boson expansion).
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The state [Q) of yrast line represents the vacuum for quasi-particle and phonon
operators. Therefore

(68) 0,|2) = N(1)|2) = P,(1)]@> = I|2) = J,(1)|@) =0

Since J,(1) = J, — Q| J,|2), the relation (68) corresponds to the fact that the
angular momentum in the state IQ) is aligned along the rotational axis x. This is
expressed by cranking condition

(69) Q| T2 = JIU + 1)

From (67) and (69) it follows that the phonon creation operators 0y acting on the
yrast line state |Q> do not change the angular momentum J.

From (68) and from condition {Q|P,|Q@) = 0 one can also make conclusion
that there are no vibrations of nucleus center, of mass along the axis x. Generally
such a vibrations can arise as a consequence of nuclear excitation but the extraction
of spurious mode (X, P,) from the RPA solutions guarantees the orthogonality
of normal modes to (X, P,) mode. As was mentioned above the vibrations of center
of mass along the y,z-axes in lab system also don’t mix with the normal RPA modes.

In accordance with the papers of Marshalek [30, 43] (see also [81, 40]) the eigen
vectors of cranking Hamiltonian can be written as

(70) |« My = |aJ> x |[JM)
ei(.’-—.’o)ex (1—1+)J—M

71 IM) = JoM = J
(71a) |7 M J2r I - M)'l 0 0>
(71b)

i(N—=No)ONn i(Z—Z0)Oz ,iPxX + \y(- Bt + )iy +

ay = ¢ : (@2 (O™ 0, N, Zo, 0
J2n V2 2m oms,  Umyl! Jn,!
By(+)

where n,_ and n,, are numbers of the phonons of negative and positive signature,
respectively, © (t = N, Z) and O, are the angles conjugated to N, and J, and X
is a coordinate x-component. Theket |n,_ = 0,n,, = O,N = No,Z = Z,, P, = 0)=
= |@) describes the yrast line state with angular momentum J, (with projection
M = J, onto x-axis) for a nucleus with N, neutrons and Z, protons. Index « in
(71b) substitutes the quantum number n,,, n,, N, Z, P,.

Since the intrinsic part |&J) is supposed to be symmetric with respect to the R, (x)-
transformation and since the yrast line state symmetry (16) is valid it is possible
to write the following condition

(-1 (-1 expénv_ =1

According to this relation the single-phonon states with positive signature correspond
to even values of angular momentum J and vice versa.

49



2.3.4. Electric Transition Probabilities

The analysis of E2-transitions in high angular momentum limit was performed
in papers of Mikhailov [83] and Marshalek [43]. The El- and E3- transitions were
discussed in [40]. Qualitative estimations of El-transition probabilities for rotating
nuclei can be found in papers [70—73, 82].

Reduced electric transition probability is given by (see e.g. [21])

l(“zjz ” -//?(Ei)" o‘1-I1>|2
2J, +1

(72) B(E}.; OCIJI hd 0(2.,2) =

where 4 (EA, p)is the electric transition operator of multipolarity v with the projection
u. Tensor operator . . defined in lab system can be expressed in terms of its compo-
nents 3, in intrinsic system as follows

(73) ./f?;“ = Z@;};v‘/z;.v = % Z{-’”}.va

where the Wigner function 97, is understood to be in operator form (see [30, 85])
In the case when the quantum axis coincides with the rotational one in J > 1 the
reduced matrix element has the form [83, 30]

(74)
Capd + V||l 3] o J> = JQ2T + 1) (JAIv | T + vJ + v) oy J + v|My,f o T>

Since all projections of angular moments in wave functions (70), (71) are defined
in the system with axis x as a quantum axis, all multipole operators involved in
Hamiltonian H' have to be rewritten using transformation

(75) Qlux Z@ nxuz(’fn) Qluz

Substituting the boson expansions of the operators (see appendix) and explicite
form of Wigner functions (see [84]) into (75) one can obtain the following expressions
(up to the second order in boson expansion)

Qzu,,—o £2 = <Q|Q§1::—o 2 |Q> 0;,2 + Z{-ﬂfi"”bfz + (—1))' "”I?I:F“xbkl}
(76)
05 )-t1,43 = C; (M b+ MEFP=by + METE=bE + METFby)
+11=2

where —A < u, <1 and ¢ = , MY MY, MY are quasi -particle
—-11=13

matrix elements. Their explicite forms are given in appendix. The expressions
(76) have be to added by condition

@ 0" = (-1 055,

;vllx
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Here the symbols (+) above the operator indicates its signature. Substituting space
completeness condition (66) for all parts (21) of Hamiltonian (20) into (77) the opera-
tors Q{%) can be expressed by the normal RPA modes (X,,, 2,,), spurious modes
(0.(1), 7.(0), (©.(1), N(1), (J,(1), J.(1), (X(1), P(1)) and the modes (Y,PLD),
(2(1), P,(1)). In the expressions thus obtained there are the commutators [QZ), J,(1)],
[0, 71T, [042), P.(1)] and [@5%), P{')] which can be substituted by the correspond-
ing linear combinations of multipole operator mean values in the yrast states (see
[19, 40, 43. 44]). Further, according to prescription of Marshalek (see [30]), in these
expressions one has toreplace ©,(1) = 8, 0,(1) » 6, X (1) » X,N,_y (1) » Ny — N,
N.o.() >N, - Zo, J(1)> J, — Jy, P,(1)—> P, in order to get the relations
for 0,, (&) in the lab system in which the wave function (70) acts. The obtained
expressions can be used in (73) for determination of Q:qu acting in the intrinsic
fixed-body system (i.e. in the space of the function |xJ}, see (71b)).

For this purpose, one has to express the Wigner function Qﬁv in operator form
in terms of the operators J (1), ©,(1), I', I'* and to make the replacement ©,(1) —
- 0,, J(1) > J, — J, (see [30]). As a result, we obtain

(782) an:o = ZA?O)((D: +(-1%0,) + 0,2 {<Q| Q(22=o|9> +

v

+ [0520, i0x] (N = No) + [05,)=0,16.](Z — Zo) + [05;)=0, 6] (J = Jo)}

(78b) QS.?,:=1,2,3 =Y (4807 + A¢740,) + 6, {(QI Q(+)=z|9> +

2px

+ [083)-216y] (N — No) + [0%:)-2,16.] (Z — Z,) + [05})-1,i0,] (J — Jo)}

where ¢ = + for u, = 2,6 = — for u, = 1, 3. The matrices A= have the following
form

AP0 = Zk:vll #~"(on) + ¥ix)
(79)  ApemELERES =_;7- Y(ME=ph — MGV + M=% — M)
(A)* = (=1***al, —Asu<a
and the meaning of ¥}, k), Pikky> Vik» @ix follows from the phonon relations
(80) o, = ;(!l/?zb?x + ¢ibi)
o, = %:,(‘/’:kb;c + @by + Yibix + @iebix)

Static nuclear moments are defined by mean values of the operators §§:" in the state
|«J>. Using (71b) and (78) nuclear moments can be written in the form of Taylor

expansion
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16 A
\/‘? 0% 02 “J> =

Q> + (ﬂz—) (N = No) + (;ZQ—Z-) A

aNN=No Z=Zo

(81) eQ2p =02 = <on

- (a5 e
2,;,—0,2
5JJ=J°

where the following assignments are introduced

0Q,,. 161 -4y .4 GQZ#‘> 167 o)
2 P T > - | = () z
(82) <‘7NN=NO> \/ [0%,), i0x] <52z=zg \/S uys 107]
aQZu,‘ — E_’E A) A
(aJ,=JO> \/ 5 (o 10

It must be noted that the moments in (81) are determined with respect to axis x.
The expressions for nuclear moments in the system with quantum axis z can be ob-
tained by means of the transformation (75).

Substitution of (74) into (72) and using of the asymptotic expressions for Clebsch-
Gordan coefficients (J,, J, > 4) yields (A(EA, p) = €X05%))

(83) B(EA; 00,0 = ayJ — v) = [KT — v, 0] el Q%0 | Joy D)2

where depending on whether the signature in the given transition changes or not,
we have to take a (—) or (+) index in (83), respectively. Symbol e}y in (83) means
the multiplying of single additive components of moment Q§})" corresponding to
given type of particle by effective charge. The relations (78) can be substituted into
(83), and we obtain all searched for E1, E2, E3 reduced probabilities.

For transitions not changing the number of phonons (i.e. transition along the
rotational bands including the yrast band), one can write

(84) B(E2;0d —» aJ — v) = [KQ| 085)_,|@> + [045)_,, i04] (N — No) +
+[05:)-2,10.](Z = Zo) + [0%;)-2, 0] (J — Jo)|?

where (%% = €04 It is evident that in the normal case, when the HFB and
RPA problems are solved in the framework of one nuclei and when the intrinsic
structure of the states ‘ocJ) does not drastically depend on J, one can put N = N,,
Z =Zy,J = J, (see 30).

The transition changing the number of phonons by 1 (extraband transitions)
can be divided according to the angular momentum change

i) for transitions with 4J = 0

(85) B(EA;n,Jo = ny + 1J5) = |40 x {Z“ + 1

where A = 1,2,3, 4 = e,



ii) for transitions with 4J = 1

(86) B(E4, n,Jo > ny + 10y — 1) = | T2 {: i1

where A =1,2,3, 6 = + forA=3,6=—fori=1,2

iii) for transitions with AJ = 2

(87) B(EA,n,Jy - n, + 1Jy — 2) = |[AM==7F2|2 {: +1
v+

iv) for transitions with 4J = 3

(83) B(EA, nJo > n, + Jo — 2) = | A= 53]2 x {: +1
v

In (85)—(88) the index vo characterises the signature of phonon by which the initial
state differs from the final state in the given transition. It is possible to expect that
all transitions with a change of the number of phonons (extraband transitions) are
weaker than the transitions along one rotational band, since the reduced probabilities
of one-phonon transitions are proportional to the amplitudes |4} (see (85)—(88))
which are less by a factor of boson decomposition than the mean values of multi-
pole operators (QI Q%]Q> characterizing the intraband transitions.

In the end of this section one has to note that the expressions (85)—(89) have
been obtained in high spin limit J,, J, > A. However in many papers (see e.g.
[9, 86]) the arguments are given for possibility of applying the CHFB approaches
for description of low-lying and low-spin states. In this case the relation (76) is used
without asymptotic form of Clebsch-Gordan coefficients and corresponding ex-
pressions for reduced transition probabilities can be found in [87].

2.3.5. Strength function method

In order to obtain the information on transition probabilities between discrete
levels in the framework of SCCM + RPA approach it is necessary to know the
structure of corresponding initial and final states. For it one has to solve the corre-
sponding secular equation (56) and system of equations (46). However the investiga-
tion of single solutions of secular equations in the region of high excitations (f.i.
giant resonances) loses its sense because the density of levels in this region of spectrum
grows up very hardly and experimental information has the statistical character.
Therefore it is used to apply the method of strength function [31] for description
of electromagnetic transition in the high excited states region. Strength function
method has been used with succes in analysis of giant resonances of nonrotating
nuclei [88, 89, 41]. Further we give the basic ideas of this method in the case of
rotating systems (see [77]).

Let us examine the quantity b(w,) which has physical meaning in the points w;
satisfying the following equation
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(89) Fw) = 0

The function b(w;) can be for instance the probability of transition of given type
and multipolarity from one-phonon states into yrast line. In this case w; represent
energies of phonons and equation (89) coincides with (57). The strength function
of quantity b(w) is defined as an expectation value of this quantity averaged in some
energetical interval 4 in neighbourhood of point w; (see [31])

(90) by(w) = Zi:b(w,.) o4(0 — o))

where g,(w — ;) is weight function normalised to unity with maximum in points
o — o; = 0. Weight function is usual taken in the form

e R

Considering all solutions of (89) nondegenerate, i.e. (0#/0w,-,,) * 0, one can
introduce the function P(w) as follows

(92) b(w)) =

_P(w)
0F(w)
0wy =y,

If function P(z)/#(z) as a function of complex variable z hasn’t any peculiarities
except of simple poles in zeroes of & (z) and if

lim P(z)|#(z) = 0
z—
then using the theorem of Cauchy it is possible to write
P(co + i}4)
F (o + i34)
Let us exam the question of construction of strength function for transitions from
one-phonon states into yrast line states. With this aim we write the motion equations

(44) in more symmetric form. Instead of unknowns (45) we introduce the following
ones (we restrict ourselves to the case w, + 0)

(93) ba(w) = ;r

(94) AD() = (o) x,A; ADO) = — —— x,B,
V(@)
Then (44) has the form
v E 1 ( s2 1 (=) s

09 K= g TADO W+ E‘*; s Vo s 00

v w2 (+) S2 S1
_@y: 2—602\/602% )WM \/wzg V)V

u 52
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The system of equations (46) can be then written as

5.re 3
(96) gﬂif)(v) <SWA'(1)W:'(Z) 4;2> + , Zg(x )(V) %V,(g)W.’(z) = 0

2

- Ogysy’
92("')(‘;)%‘,’ "1HWa2) + Zﬂ(l )(v) (SVs(x)V.’(n + -if:‘—) =0

1

So we have obtained the system of homogeneous equations for the vectors #‘¥

(97) Zy:s"%s’ =0
rg

where

S, . 5‘2‘2 o

Wa2)Ws'(2) 4% Va(1)Ws(2) 92(.,.)
s = 0 # = (gg(—))
S15 S
m%V.(x)W:(z) SV.(;)V-‘(() + 4;:1 !

The normalization condition from (43) with inclusion of (95) yields

v v 1 S 82’
YX P =Y (ET—) {E,o(Y .9?(+)(v) R() W Wt +
B B s2s2”
+ 3 A7) 200) Vi Vi) + (B + o)) ¥ 200) 20) VitV =
s151’ s151°
n=ny+n3
(98) =1 3 A0)20) 655” / =%

We take over one term to right side of Eq. (97), say e.g. term containing %,(v),
then one obtains

(99) 29’“ () Z(0) = — S uB() = Zy“a e
where
(100) a, =2 s a. —a®

P

Substitution of (100) into normalization condition (98) gives

(101) 22 aa, ayL / ~ 1
ss’

D=Wy

Secular equation corresponding to system of equations (97) can be expressed in the
form of expansion of determinant |&| = 0 into its algebraic complements

-1

(102) lyl = i yn'Ass’:O:Zyu'% =—%u

s,8'=1 s’=1 sn
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where s is arbitrary index from 1, ..., n. Comparing (102) with (99) one obtains

A
103 a, ==
(103) e
Since s is arbitrary, s = n can be chosen
A
104 ay = =2
(104) 7B
Substitution of (104) into (101) yields
(105) R = o Am
ZA yass’
ss’ ® awm:a)v

The total determinant |#| is defined as
I.?’I = Z(—I)P.Vu,l e P py e .7,,“

0,
—I_ Z( l)pylpl p....y"pn=
CD
yll . e 9’1,,
(107) —y | Ll vy 0
s Jw Jw ss’ 0 ’
'?nl e ynn
Then eventually one obtains
(108) RE = Am
oF
00|y =0,

The remained unknowns %, can be determined from (100) and (104). The generalized
coordinates X}, and moments 2}, are able to expressed in terms of £, (see (95))

E, 1 Jo,
X =2, E——— > a,,(v) W2 + E a,,(v) Vit
" {Eﬁ—wszvs C) %, E} - o ®) }

2

R e LS P OL

E: — o} Jo, E;
and corresponding phonon amphtudes ¥ and ¢ (see (80))

(109)

V= ((\/(a))X' T gv;) \/121; 2 [T, () W + B, () 7]
(110) ' v
0l =35 (Vo) X5 = S 0) = 55 T () W T () 7]
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Since the amplitudes  and ¢ of one-phonon states are proportional to £, the
arbitrary quantity quadratic in these amplitudes (e.g. the probabilities of electric
transitions (85)—(88) from one-phonon states into yrast line) contains the factor
(108) making possible to use the strength function [77] (compare (108) with (92)).

As an example we can give the strength function of reduced probability of electric
dipole transition from one-phonon state into the state of yrast line without change
of spin 4J = 0. Reduced probability of such transitions is determined by (85)

(111) B(E1;n, = 1,J »n,=0,7) = [SH00W] + o))
In
Substitution of (110) into (111) gives
(112) B(El;n,=1,J>n,=0,J) =
E ) 2 (0%
=24, Y MO° | 1= a, W + —2 Y a, V" =
; g (Ei_‘”ﬁg g Ei_w3§ “> /(aw)m=wv

Comparison of (112) with (92) yields the expression for the function P(w)

| 3o
u S1

2
E, — o,

E , 2

_2—“2 Zasz vy:z +
E s2

u — Oy

P£1,u=o(w) = 24,,

(113)

where a,, and a,, are determined by (103). Corresponding expression for strength
function is then given by definition (93) and (113). The relations for strength function
of reduced probabilities of arbitrary multipolarity with arbitrary change of spin
can be obtained by analogous way.

3. Selfconsistency of residual interactions with average field

As was mentioned in preceeding sections in practical calculations of particular
properties of rotating nuclei it is usual to start with phenomenologically chosen
deformed average field which violates the symmetries (2) of the total Hamilotnian.
In order to restore these symmetries one has to choose the appropriate form of
residual interactions.

In this section the problem of restoration of symmetries of total Hamiltonian is
discussed and the prescription for construction of residual interactions is proposed
[131]. This prescription is based on the ideas of Pyatov [26, 27, 91 —94]. The restora-
tion symmetry of Hamiltonian of nonrotating nucleus is discussed in [28], the
restoration of translational symmetry of rotating nucleus Hamiltonian is analysed
in [24].

So the starting Hamiltonian is supposed to have the following form (compare
with (5))

(144) H=H, — %ZGrPr-Fﬁr + Vr(e:) + Vr(e:)
t
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Here the separable residual interaction is written in the form of summ of two parts
according to parity of single-particle operators involved in each of these parts.
Since in the framework of RPA the components of linear momentum commutes
with the components of angular momentum and with the pairlng operator P, the
part V<) can be obtained from the restoration of rotational symmetry while V.;’

is constructed from requirement of translational symmetry of total Hamiltonian.

3.1. The restoration of rotational symmetry of total Hamiltonian

The nuclear average field H ;- is supposed to be of the following isotopic structute
(see e.g. [61])

z N
(115) H, = T, + Z U(p)(?b ﬁs)) + Z U(")(f.‘, Bﬂ)
i=1 i=1

where T;, is the kinetic energy operator. The proton and neutron potentials can be
written as

(116)  UD(F, Bo) = ULNF, Bo) + UMNF, Bo) 7. + UPA(F, Ba) Ucours - Ba)
U™(F, Bo) = UNF, Bg) + UMN(F, Bg) . + UR(F, Ba)

Here UM)(#, B,) and UMY(7, B,) represent the isoscalar and isovector potential,
respectively. U, (7, Bg) is the spin-orbital interaction potential and Ug,,, is a Coulomb
term. The symbol S, denotes the set of deformation parameters and z, is the z
component of isospin for a given nucleon. Since the deformation S, depends on
rotational frequency Q, the index Q is prescribed to f. In what follows, we restrict
ourselves to the restoration of rotational and translational symmetries violated by
the isoscalar and isovector parts of (116). The Coulomb term can be treated in the
same manner. The restoration of translational and rotational symmetries violated
by the spin-orbital interaction is quite a complicated problem. Nevertheless, one
may expect that spin-orbital term is not substantional for investigation of properties
of the state near the yrast line [26]. Therefore, the spin-orbital term will be omitted.

The isoscalar and isovector potentials are usually taken in the form [61]

(117) UPN#, Bo) = — Vo fUF, Ba) UMI(F, Ba) = Vi fHN(7, Ba)

where V, and V; are the depths of corresponding potential wells, and f'')(7, B,)
are the functions depending on the nucleus form. For instance, in the case of a de-
formed Saxon-Woods potential fI)(7, B,) is represented by the Fermi distribution
[61]. Since the components of angular momentum J; commute with the pairing
term H,,;, in the Hamiltonian H, the rotational symmetry (2) is violated only by
a deformed average field H ,y, and H,;, needn’t be taken into account in restoring
rotational symmetry (2).
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For further consideration it is convenient to express the single-particle potential
in the form of the expansion in spherical harmonics

(118) TYUF, Ba) = Z _Z FENF, Bo) Yuu(P) ©=0,1

even

where fL4(r, Ba) = fI2(r, Ba). As a consequence of the cranking Hamiltonian
invariance with respect to rotation R,(m) and space-axis inversion, only the even
values of L remain in (118). Therefore, the nuclear average potential can be written
as sum of the spherical symmetric part US)(B,), corresponding to the term with
L= 0in (118), and the deformed nonspherical part § U'(B,)

(119) UF, ) = US(,) + & UM(B,)
(120) 5 U(5,) z iymm.{%yl% 1 (2531]]

It is evident that the Hamiltonian rotational symmetry is violated by the nonspherical
part of (119)

(121) [UMN(F, Ba), J,] = [6 U(Ba), J,] + O

For every value of Land M of expansion (118) we can construct the system of opera-
tors

(122) m(" Ba) YLM(?) p=—-L,...,L

which obeys the commutation relation with the angular momentum

(123) [75a(r Bo) Yo,(F), 1] = VILL + D] (Lu v ]| Lu + 9) FE5(7, Ba) Yius(F)
Instead of the system of operators (122) one can take a wider class of operators

(124) gE(r, Ba) Yru(P)

where g} (7, Bo) is an arbitrary linear combination of the radial function

(125) giu(r, Bo) = Z asine (L) fE3-(rs Ba)

even

The ensemble of the operators (125) is used for construction of the residual inter-

action V&) Introducing the operators

(126) FLAM) = gii(r, Bo) Yo(F)  FEX(M) = a5ik(r, Bo) Yeu(P) T
the residual interaction Vi) can be searched for in the form
(127) Vae' = Vies(Ba) + Vies(Bo)
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where

W () = — 56U (Ba) - 2 3.

ven

VEB) = —3 U (50) + 2 3

L
., 2 I 00) O

o~

(128)

'M"’ :er-

3 Fon) PR

even even

Now the total Hamiltonian H (114) can be written as

H = Ty;, + Hpy; + Utol(f, Ba) + U[ll(f ﬂn) + Vlggsl(ﬂﬂ) + {:}(ﬁn) + Vies =

= Tyin + Hpoir + USY(Bo) + UGN (Ba) — Z Z Z PRl (M) +
L=2M=0p=—
even even

L R FLu [1]
N Z Z Z (M)F (M) + W Res
JENT
As a consequence of the concrete form (128) of residual interaction, the nonspherical
parts & U)(By,) cancel in (129), and therefore H is rotational-invariant, [H, J,] = 0,
for arbitrary constants ajjy.(L) (because of [Vg.’, J,]rpsa = 0). The constants
a2\-(L) will be determined from the conditions of self consistency of the residual
interaction with the average field. The Hartree-Fock-Bogolubov averaging of (1)
with H given in (129) must yield <Q| H'|Q) + Y(Ejaf o; + E;«j ;). This leads
J

to the condition

s = - Lo £ 53 [l () o> FE0n) + <al FR(M) @y P ()

(130)
@ L
sun =% 5 5 ol B0 o> FEM) + <al FEI() o> PO
2 L=2M=0u=-
even even

where (QI F |Q> is the mean value in the states of yrast line with a given rotational
frequency Q. It is reasonable to suppose that the single-particle density matrix
o (7, Bg) has the same symmetry properties as the single-particle potentional of
a deformed average field of s rotating nucleus. In that case one can write, in analogy
with (118)

(131) &GU(F, Ba) = Z _Z oin(r, Ba) Yom(P)

even

where ol (r, Bo) = oF) y(r, Ba). Using (131) the mean values of the operators
F%)(M) and F U)(M) have the form
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(132) Q| FE(M) |2 = Z aiga (L) bi%(L)
Q| Fl(m) @) =7 Z aheir (L) biru(L)

even

where

(133) bl = J.fi?p(r, Bo) oM, Bo) r2 dr

So, we have two expressions (130) and (120) for the nonspherical part of average
potential (119). Comparison of these two expressions with the use of (125), (126),
(132) and (133) gives the equations for unknown constants

(134) £ 3 P (L) (B3 (L) /38 (v, Ba) + binu(L) fEir: (1. Ba)] = JE (1. Fa)

even

Here #}-(L) represents the real symmetric matrix

(135) A(L) = [a(L)]" o™ (L)

One can suppose that the radial dependence of the average potential has the same
character as the radial dependence of the mass distribution. Then, the radial function
0% (r, Ba) of the density matrix in (133) can be substituted by the corresponding
radial function fL3}(r, Bo) of the average single-particle potential. In this case bif},.
defined in (133) takes the form

(136) B (L) — Bl (L) = ffw,(r Ba) SE3(r, Bo) r* dr

and the self consistent equation (134) can be rewritten as

(137) 3 3w [Biu(L) ik (. Ba) + Biu(L) fikk- (. Ba)] = fE5) (r. Bo)

chn

The solution of (137) is

(138) Z (L) B (L) = Sy
hence

(139) ©L) = #NL) = [B(D)]™

So, the final expression for residual interaction Vi) restoring the rotational
symmetry of the total Hamiltonian is

(140) Vi& = Vied(Ba) + Vied(Bo)
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where
Vies (Ba) = =6 U™ (Bg) —
© L

by v i [b“” (L) (£, (7, Ba) Yuu(P))* (F1(r, Ba) Yiu(P)

2 L=0p=-LM'M"=

(141) even
Vied (Ba) = =8 UM (o) +
“y s Z [ Tierne (/L (v, Ba) Yeu(?) 2)* (fEad (1 Ba) Yuu(?)7)

2 L=0p=—LM
even

In the case of axial symmetry of the average field (o}7(r, Ba) = Suo 05a(r, Bq)) only
one element of the matrix big},.(L) is nonzero

(142) m (L) = bm(L) 5M05M ‘0
where
(143) B = j FEX(r, Ba) &E3(r, Ba) * dr

If in this axial-symmetry case we restrict ourselves to the isoscalar part of residual
interactions and to multipolarity L = 2, the Hamiltonian (129) can be rewritten as

(144) H = T, + USY(B) + H,py, — % Z xy F(M = 0) F¥I* (M = 0) + V)

u=-2

where

(145) "o
ff&%l(r Bo) £353(r, Bo) 1 dr

and

(146) FEM = 0) = f35(r, Bo) Y2,()

The form (144) of Hamiltonian is similar to the one usually used in practical calcula-
tions (see e.g. [10]) except for the radial dependence f53](r, Bo) of the residual inter-
action which is generally different from 2 used in paper [ 10].

3.2. The restoration of translational symmetry of the total Hamiltonian
(in the framework of RPA)

The restoration of translational symmetry of the total Hamiltonian in a rotating
nucleus violated by the deformed average nuclear field is described in [24]. Therefore,
here only the basic formulae and ideas are given for the purpose of completeness
and mutual relation of translational and rotational symmetries.
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Since the components of linear momenta P, (u = X, y, z) commute with the H,,;,
and with angular-momentum components in the framework of RPA, one can con-
struct the negative-parity part V5., of residual interaction, according to the method
of Pyatov [26], in separable form
(147) VI{e—s) = —% Z ‘%,u [ﬁAV’ Fu];PA [ﬁAV’ Fy]RPA

B=X,Y,Z
where the strength constant 2, will be determined from the requirement of transla-
tional symmetry [H, P,] = 0 for all u. Using (147) we have

(148)
[ﬁ, F,,] = [FIAVa Fu]RPA - ‘l‘ Z .%",,{[ITIAV, Fv]RPA! [P;u [HAV, Fv]]RPA} =0

V=X,Y,2
where the symbol { , } denotes the anticommutator. In the RPA order (i.e. P,
is linear in bosons and A, is quadratic in bosons) the double commutator in (148)
is a c-number, which means in the RPA order
If we choose the double commutator as

(149) [ﬁw [HAV9 PvJ]RPA = <Q|[F;u [HAV’ Pv]]|9>
(150) [F,p [ﬁAW Pv]]RP‘A ~ cuauv
and assume
oL
CV

the translation invariance condition [, P,] = 0 is fulfilled automatically.

As in the case of restoration of the rotational symmetry, only the isoscalar and
isovector term is considered in the average potential (115) (Coulomb term can be
treated in the same way, and the spin-orbital term is supposed to be unimportant
for the states near the yrast line). Substituting of (115) into (147) gives

(152) Vaw=—1 ¥ VR[] R[]
where T
(153) ﬁ\'[o:l = [U[O](r’ ﬁﬂ)’ Pv]RPA

Rv[l] = [UY(r, Bg) 2, P,]re4
The strength constant »L" is given by (151)

1
154 1 _
(1549 * Q| [P,, RYT] |2

From the symmetry properties of the operators P, (see appendix) and from the
symmetry of potential it follows (up to the second order in boson expansions)
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RY ~ RY(1) = TrP<] (b} — b,), = (ik)
u

R ~ REY(D) = gi[rﬁ”[f] (b = b) — P[] (bg — b))l » = (ik)

. . i
RE1 ~ R(1) = = - R[NP[0 + b) + r[s] (b3 + bl
13

where r{’[7] are the quasiparticle matrix elements of corresponding operators (see
(A5) in appendix).

4. Conclusions

The SCCM + RPA method, described above, makes possible to obtain the quan-
titative informations about the structure of states of rotating nuclei in the framework
of microscopical theory. However practical realization of this method is connected
with the tedious numerical calculations and with introduction of number of approxim-
ations. In spite of this problem the SCCM + RPA approach have been succeeded
in description of many characteristics of nucleus caused by rotation, e.g. isovector
dipole excitations [70, 98], isoscalar quadrupole low-lying states [48, 49, 51],
giant dipole resonance in rotating system [121, 122. 123] and others. The particular
results of numerical calculations with the SCCM + RPA method will be discussed
in the following paper.
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Appendix: Boson representation of single-particle opelrators

Every single-particle operator can be expressed in the form

(A1) G = §{<k| G| ¢f c; + <k| G|I) ¢f ¢ + <K| G|I) c e + <K| G|I) cf c1}

Further the operator G is supposed to have the following symmetries
(A2) TGT ! = y,G T= UK
Ck| G|IY* = r<k| G|Iy G* =hG T? = (-1)¥
R.(x) GRZ '(r) = 7,G

where T is the operator of time reversal, % is the unitary operator, K stands for the
operator of complex conjugation. Numbers y. = +1, r = +1, 9, = 1, h = +1
characterize the symetries of given operator with respect to corresponding trans-
formation. In consequence of R, (m)-symmetry of single-particle and quasiparticle
vacuum combining (7) and (A2) we have
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(A3) Ck| GIy = y.r<k| G|I
Ck| G|Iy = —y.r<k| G|I>
Ck| Gy = —y.Ck| G|
Ck| Gl = K| G|
From (A3) it follows

(A4) G = Y <k| G|I) (¢ ¢; + yregeg) for operators with  y, = +1
i

G = Y <k| G|I) (ci c; — y.refc;) for operators with y, = —1
T

In next considerations the assignment G'*’ will be used for the operator withy, = +1
Using the Bogolubov transformation (10) and introducing two-particle bosons
b, bgy, by (see (17)) one can write for operators G*)(y, = +1) the following
expression

(A5a) G = Q| G| + G}) + G

Gy = ng;* (bl + hrby), g = YXk| G| (4Bf — 3.hBiAi)

Gy = Y <k| G|y {(4i4] - v,hBiB’) Z(bmu,,. + bimbjm) +

ijkl

and for operators G (y, = —1) the following one
(ASb) G = Gy + GG
Gy = — 5 Z{gu ((bij — rhby;) = vergi; (biy — rhby)}

9 = z<k| G|Iy (AxB] + y.hAlBy)
9 = Z<k| GO (y.hA{B} + A;Bl)

G3) = zz Ck| GO {(AxA] + v.hBIBg) Y (bimbim — bimbjm) +

+ ihr(y.;hAzA{ + BiB{) Z(b,m i — bimbim)
In (AS) the symbol G{{) and G{;) denote the linear and quadratic term in boson
expansion of given operator G'*’. The quantities g{}’> and g{; represent the quasi-
particle matrix elements of G‘*). From (AS) one can see that the operators G(™?
(with negative signature) have zero mean values in quasiparticle vacuum [Q). As
a consequence of R,(r)-symmetry (k = 1,2, 3) of average nuclear field it is con-
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venient to choose the phase of wave function so that the time reversal operator
has the form

(A6) T=R;'(n).K

i.e. Ur = R, 1(11:) In this case the operators of coordinates 7, linear momentum P
and angular momentum J fulfil

(A7) TFT™! Gy* = —(x) (Py*= (P (Jp*= I
T_}:T_ _f = <,V>* = <.V> <Py>* = —<Py> <Jy>* = _<Jy>
TIT™ ! = —J (z)* = —=(z) (Py*= (P JIp*= <

where in (A7) the symbol ¢ ) denotes the matrix element of corresponding operator.
Using (A7) and (A6) it is possible to obtain the following symmetries of multipole
operators sz =r YM

(A9) 0h = (1 Quey R(1) 00 RS') = (<1 Qi

TQAJ-MT-_I = (_1)“ Qi
In the cranking Hamiltonian H’ (1) and in the transition operators (see sect. 2.3.4.)
there are the combinations of multipole operators 2 8iven in (8) and in table bellow.
Using (A7) and (A8) one can derive the values of y,, y,, r, h for all operators (8),
operators of coordinates, linear and angular momentus. These values, allowing to

one to determine the boson structure of corresponding operator in terms of (AS),
are collected in table.

The zero-boson and linear-boson terms for the particle number operator N,
(t = N, Z) and for pairing operator P (see (6)) have the forms

(A9) <@ N|2> = YI(Bi) + (B)]

N(1) = ¥nifbi; + by) ni; = Y (4Bl — BeAf)
ij

ket

Table: Symmetries of single-particle operators

Operator Y« ¥. h r Operator Y« ¥: h r
~ A _ 1 4 A
257 =04 —++—F(2)—~(Q +03-2) — + + —
V2
A 1 A ~ 1 A A
P = (0= Qiy) + - =0 - 055) + + + -
J2 J2
Af_ [ A A - A
gg):z(Qu'*‘Ql—l) —+++ﬁ(3):’—( +05-3) — + + +
N V2
06" = 03 + + + + J. + - + +
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.
B =

(A10)

)=\/2
_\/2

] Il
4 -

[\ =)

Il
SEENERS[S

‘L(Qu + QZ—-I) +

1 4 ~
— Q21 = Q2-1) -

\/2 (sz + 0, ) +

502~ 02-0)

)

ol

(
3

(Q - 05—y +
(@31 + 05-1) -

(Qaz - Qs—z)

Q| P} =

+ 4+ + +

Z - +

[AIEBk + AkBE]

P (1) = P‘“ + P
PP = zpfﬂ(b +by) PP = Z(A;Ak + BiB})

P = i (b — buy)

At the end of this appendix we present the expressions for quasiparticle

elements of the operators Q,,_ (see (76))

(10) d(1+)
2 _
gt = L2 (—iag - ag)
2, . 0- -
gty =2 (iago + )
3 1
.//,((%0) \/ (2+) q(°+)
2
2 _ . (11—
D = = L2 + ialt)
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- 2, . 0- -
gy =2 (i & ago)

_ 2 _
MG = J (—id8™ — di™)

./”(2 1) _ \/ ( q(2 ) 4 iqﬁ"’)

matrix



MED = «/2( a7 + igl ™) MED = _ \_/_(qu ) 4 iglh)
2 .2 - 2 /2
agr = ggoiflago s g g Lo s

\/3 (0+) \/3 (o+)
HEW A ok

10 6
ag = g0 _S9gq0

MEY = __*_/ﬁ)fg—) + i3/8_5f’$,z—)+ MED = \/30 G0 4 \/5 2-) _
+ 2o V2o - ‘ﬁf;&‘" - iﬁf,ﬁf->
16 8 1 8
30 ,3- I - _ 30 ,(3- S -
o =¥V ppo B g = gy Py
V2 1oy _ ;33 40 V2 1oy _ 43 0
o AREy + 2o 3
16ka 8 kl 1 k1 3 kl
3 .2 - 3 /2
agp = Lgpo i g0 s g = - pgn 2o
NS VS s+
+ 3= , -
4 Ja 4 fa
2 3_ /0 L2 _ 2 3= A6 2o
= = poo s i Lpeo - g 2o oy
_ /30 (1) 4 iy5 ©0-) +\/30 a-) 4 iVs ©0-)
16 a2 16 i
agy = 2 poo i 8oy M = = o i ¥
16 8 16
\/30f(1 ) 4 ’\/5f(o ) \/30f(1 ) 4 ’\/wa )

Kl
T4 J2 4.2
0- 1- 1+) 0+ 2+ 1+ 2- 1- 1+ 2+ 3+ 00—
where dii 7, di; 7V, 43", aiq ", ali "V, ¢a ), 4l 7 aa T LGV AED FET G,
fa-, f,f,z ), f(3 y represent quasx-partlcle matrix elements of the operators 9§ 7¢

29, 0, 0B, O, BT, B, FGE), F$®). which can be determined by means
of (A5) with using of table given in this appendix.
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