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The characterization of solvability of the relational equation Ro X = T, where R, X, T are
fuzzy relations, X the unknown one, and o the minimum-induced composition given by Sanchez
([6]), is extended to compositions induced by more general products in general value lattices.
Moreover, the procedure also applies to systems of equations.

V préci je rozdifena Sanchezova charakteristika ([6]) feSitelnosti rovnice Ro X = T, kde
R, X, T jsou fuzzy-relace (X nezndma) a o je sklddani indukované minimem, na rovnice se skla-
danim indukovanym obecné&j§imi produkty na obecném svazu hodnot. Vysledky jsou dale
roz8ifeny na systémy rovnic.

B pabote pacmmpsieTcs xapaktepuctuka Canue3a ([6]) peummMocTH ypaBHenust Ro X = T, rae
R, X, T da33u-oTHomeHUA (X HEU3BECTHASA) M o — KOMIIO3HMIHMS WHAYLMPOBAaHHas MHHHMYMOM,
ZJIs ypaBHEHHI C KOMIIO3ALMER HHAYLMPOBaHHOM 6oJiee OOLMMH NPOAyKTaMH B OOIIMX CTPYKTYpax
3HaveHmit. Pe3ynbTaThl gasiee 0600mAaroTCa Ha CHCTEMBI ypaBHEHHH.

These results were obtained in 1985 — 86 at the Charles University when the author
received a post-graduate exchange scholarship of The Academy of Finland and
Czechoslovak Academy of Sciences.

In [6], Sanchez studied the solvability of the equations Ro X = Tand X - S = T,
where R, S, T and X are fuzzy relations, X the unknown one, and the composition
is the sup-min composition (see below). In this paper we show that these results can
be easily generalized for all compositions generated by residuation structures on the
value lattice. The procedure can be applied also to the systems of relation equations,
to generalize the results of Gottwald [3].

Introduction

Let U, V be sets. Recall that a binary fuzzy relation R on U x Vis a fuzzy set
on U x V,i.e., Ris a function
R:UxV->L,

where Lis a lattice. In such a case we will write R € U x V.

*) Kalevantie 4, 331 00 Tampere, Finland.
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The inverse of R, denoted by R™!, is the fuzzy relation on V x U defined by
R~ v, u) = R{u, v). The identical fuzzy relation I is defined by

1 for u=v
0 otherwise .

I{u, v) ={

The sup-min composition of two fuzzy relations RS U x V, ST Vx Wis
defined by
R o S<u, w) = V (R{u,v) A SCv,w)) foreach ueU, weW,

veV

where V stands for sup and A stands for min.
E. Sanchez [6] has studied the fuzzy relation equations

(1) XoS=T
and
(2) ROY= T,

where RS U XV, SSVx W and TS U x W are fixed and X S U x V,

Y < V x W are unknown fuzzy relations with values in a Brouwerian lattice (i.e.,

in a complete lattice satisfying the complete distributivity rulea A Vb; = V(a A b))).
i

13
He introduced the operation « to compose fuzzy relations by

RaS{u, w) = A (R{u, vy aS{v, w)) foreach uelU, weW,

veV

where A stands for inf and « is an operator on Ldefined by
aab = V{xeLjla A x < b} foreach a,belL.
Sanchez proved
Theorem A. The fuzzy relation equation (1) has a solution iff (SxT~!)~! is a solu-

tion. If a solution exists, then (SaT ™')™ ! is the greatest one.
and

Theorem B. The fuzzy relation equation (2) has a solution iff R™'aT is a solution.
If a solution exists, then R~ 'aT is the greatest one.

On Generalized Fuzzy Relation Equations

Let Lbe a generalized residuated lattice (cf. [1], [2], [5]) i.e., a lattice endowed
by binary operations u, hy, h, such that
(3) 1 is isotone and associative,
(4) ulx,y) < ziff x < hy(y, 2), wix,y) < ziff y < hy(x, z).
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The operation u will be usually denoted simply as

u(x, y) = xy
and will be called the product in L.

Since we have the Galois correspondences (4) between u(—, y) and hy(y, —),
and between u(x, —) and h,(x, —), the product u preserves suprema in both
variables.

For examples of residuated lattices see e.g. [1], [2], [4].

Remark. Any Brouwerian lattice can be viewed as a residuated lattice with g = A.
For more examples of the structure see e.g. [4]

Definition. Let L be a residuated lattice and let R< U x V, S< V x W and
T< U x W be binary fuzzy relations with values in L. The u-composition of R
and S is a fuzzy relation RuS < U x W defined by

RuS{u, wy = A (Ru, v> S(v, w)) foreach uelU, weW.

vV
Fuzzy relation H((S, T) S U x Vand H,(R, T) S V x W are defined by
H (S, T)<u,v) = A hy(S<v, w), T¢u, w)) foreach ueU, veV,
weW

H,(R, T) v, w) = A hy(R<u, v, T u, w>) foreach veV, weW.
ueU

Observation. One sees easily that the operation u on relations is associative.

Remark. In the case of u commutative we have of course, h; = h,. It is easy to
see, that in this case
(RuS)™' = S™'uR™!
and
Hy(R, T) = (H{(R™,, T7Y)™*.

Theorem 1. We have RuS < Tiff R < H,(S, T) and RuS < Tiff S < H,(R, T).
Proof. RuS =T

<>

(5) V(Ru, vy S{v, wp) < Tu,w) foreach ueU, weW

<>

R<u,v) S(v,w) < Tu,w) foreach ueU, veV, weW
<>

R{u, v) < hy(SCv, w), T¢u, w)) foreach ueU, veV, weW
<>

R{u, v) < Ahy(S<v, w), T<u,w)) foreach ueU, veV

<>

R < H(S,T).
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The (in-) equality (5) is also equivalent to
S<v, w> £ hy(R{u, v), TCu,w)) foreach ueU, veV, weW

<>

S¢v, w) £ Ahy(R{u, v), T¢u, w)) foreach veV, weW

<>

Since H,(S, T) < H,(S, T) we obtain

Corollary 1. H,(S, T)uS < T.
and similarly, since H,(R, T) < H,(R, T).

Corollary 2. RuH,(R, T) £ T.

Theorem 2. The fuzzy relation equation
(6) XuS=T

has a solution X iff H,(S, T) is a solution. If a solution exists, then H,(S, T) is the
largest one.

Proof. If H,(S, T) is a solution, then (6) has a solution. Let R be a solution of (6).
Then

7 R < H(S,T)
and, by the isotonicity of u, we have
T=RuS < H(S, T)uS < T (by Corollary 1),

i.e., H(S, T) is a solution and, by (7), also the largest one. [J
Similarly, using Corollary 2, we easily obtain

Theorem 3. The fuzzy relation equation
(8) RuY=T

has a solution Y iff H,(R, T) is a solution. It is also the largest one, if a solution
exists.
In the similar way one immediately obtains

Theorem 4. A system of fuzzy relation equations
9) XuS;=T;, i=1,..,n
n
has a solution X iff C = ) H(S;, T}) is a solution. If a solution exists, then C is the
i=1

largest one.
and
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Theorem 5. A system of fuzzy relation equations
(10) RuY=T,, i=1,...,n

has a solution Yiff D = () H,(R;, T;) is a solution. If a solution exists, then D is the

i=1

largest one.

Theorem 6. The fuzzy relation equation (6) has a solution X foreach TS U x W
iff H,(S,I)uS =1.

Proof. If (6) has a solution for each T, it has it in particular for T = I and hence
(11) Hy(S,))uS =1.
On the other hand if (11) holds, we have, for X = TuH,(S, I)

XuS =TuH (S, )uS)=T. O
Similarly, we have

Theorem 7. The fuzzy relation equation (8) has a solution YforeachTS U x W
iff RuH,(R,I)=1.
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