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Some Examples of Bol Loops
A. R. T. SOLARIN and B. L. SHARMA

Department of Mathematics, University of Ife*)
Received 30 March 1983

In this paper we give eight constructions of Bol loops of order 4n, with two generators,
consequently not Moufang. It is proved that these loops are non-isomorphic. All the loops are
found to satisfy both Lagrange’s theorem and Sylow’s main theorem. We have therefore been
able to provide more non-isomorphic Bol loops of small orders.

V tomto ¢lanku uvadime osm konstrukci Bolovych lup fadu 4n, které maji dva generatory
a nejsou tedy Moufangovymi lupami. Je dokazano, Ze tyto lupy jsou neizomorfni. Je zji$t€no, Ze
vSechny tyto lupy spliiuji jak Lagrangeovu, tak hlavni Sylowovu v&tu. Byli jsme tudiZ schopni
ziskat vice neizomorfnich Bolovych lup malych fada.

B 370it cTaThEe MBI ITOKa3bIBAEM BOCEMB NOCTPOeHU# Nynt bona nopsiaxa 4n, KOTOpbIe MOPOXAC-
HbI JBYMA 3JIEMEHTAMHM M CJI€IOBATE/IbLHO Ha ABIAIOTCA ynamMu Mydanr. IToka3ano, 4T0 3TH JTymnsl
He U30MOPdHBI M YTO OHH YAOBJIETBOpsAAT TeopeMam Jlarpanxka u Cmnosa. VITak, MbI IOJTy4MITH
6onee Hen3oMophHBIX myn Bona MasbIX NOPSOKOB.

L. Introduction
A loop G(-) is a Bol loop if and only if

(1) (xyoz)y = x(yzoy)

for all x, y, z € G. Bol loops first appeared in a work of Bol [1] on geometry. Further
studies have been carried out on this class of loops including algebraic properties,
construction and classification; Robinson [8], Burn [4], Solarin and Sharma [9, 10,
11], Sharma [13].

In this study, we give eight constructions of Bol loops of order 4n, where n is
a positive integer, each gives a Bol loop of order 16, with at least one element of
order 8. One of these constructions gives the only Bol loop or order 12 with two
generators and also a Bol loop of order 24 (See T). Also, we show that the loops
from these construction are non-isomorphic.

In section II, we shall state all the constructions, and for conservation of space,
we shall only prove one to satisfy the Bol identity. In section III we present the dis-
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cussion on isomorphism and establish that the eight constructions are non-isomorphic.
We shall refer to the six Bol loops of order 8 given by Burn [4] as IT, (8) i = 1, 2, 3,
4,5, 6 according to Burn’s numbering, without stating them. Similarly, we shall
refer to the Bol loops of order 16 in our earlier paper [12] as I, to IT,,. Bruck [3]

defined the left nucleus N, the middle nucleus N, and the right nucleus N, of a loop
(L, -) as follows:

N,={xeL|xoyz=xyoz Vy,zeL}
N,={yeL|xocyz=xyoz Vx,zeL}
N,={zeL|xoyz=xyoz Vx,yeL}

1L

Construction 1. Let G(o) = C,, x C, and the binary operation is defined as follows:
() (5 ) = (5, a®)
(xP1, a®) (x", a) = (xP1*P2, q=* 1Y) if B, = 0 (mod 2)
= (x*1+P g=* 1) if B, =1 (mod 2)
then G(o) is a Bol loop of order 4n, where n = 3, 4, 6, 12.
Proof. We first show that G(o) satisfies (1).
(a) 4 = (x"',e); B =(x2e); C = (x",e) then
(ABo C) B = (xP1*2h2%hs )
A(BC o B) = (xF1*202%hs ),
(b) A = (x*1,e); B =(x",¢e); C = (x",a) then
(ABo C)B = (xP1*2P2%Fs g) if B, = even
= (x*F1+682*Fs g) if By = odd
A(BC o B) = (xP1*2P2%F g) if B, =even

= (x%h*848s ) if By = odd

(c) A= (x"',e); B=(x,a); C=(x",e) then
(AB - C)B = (xP1*2h24Fs ¢) if B, = even
= (x2501% 624383 o) if B, = odd
A(BCoB) = (xP1+22%Fs ) if B, = even

— (xﬂ1+6ﬂz+5ﬁz’ e) if B, =odd.
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(d) A = (x",¢e); B = (x*,a); C =(x",4a)

(AB o C) B = (xPr*2b2+hs q) if B, =even, PB; =even
= (x25P:1+6P2*38s g)  if B, =odd, B3 =even
= (x3F1¥6faths q) if B, =even, B3 = odd
= (x129842604505 g) if B, = odd, Py = odd.

A(BC o B) = (xPr+28:*hs q) if B, =even, f; = even
= (xf1*802430s g) if B, =o0dd, pB;=even
= (xSP1+6haths g) if B, =even, B; = odd

— (x5ﬂ1+26ﬁz+5ﬂz, a) if ﬁz = odd, ﬁs = odd .
(e) A =(x*,a); B=(x¢); C=(x¢)
(ABo C)B = (xP1+282%Fs q)
A(BC o B) = (xPr+2P2%Ps _g)
(f) 4 = (x*,a); B =(x2,e); C = (x, a)
(ABo C)B = (xP1+2P2*8s ) if B, = even
= (x*+682%85 o) if B, = odd
A(BC o B) = (xPr*2h2%Fs ¢) if B, =even
= (xSPteRths o) if B = odd.
(8) 4 = (x",a); B=(xP2,a); C = (x,¢)
(ABoC)B = (xP1*2h2*8s g)  if B, =even
= (x2SB*SBESB o) if B, = odd
A(BC o B) = (xPr*2h2%8s q) if B, = even
— (xﬁl+6ﬁz+5ﬂ3’ a) if B, =o0dd.

(h) 4 = (x’1,a); B = (x*2,a); C = (x**, a)

(AB. C)B = (x\1+20:+5s ) if B, =even, fB; =even
= (xSPrroBths ) if B, =even, B3 = odd
_ (x25m+6ﬂz+533’ e) if B, =o0dd, p; = even

— (x125ﬂ1+26ﬁz+5ﬁ3, e) if B, =o0dd, PBs=odd.

A(BC o B) = (xf1*2h2*8s ¢) . if B, =even, 3 =even
= (x%F1*6P2%hs ) if B, =even, B3 = odd
= (xP1+6P2+38s o) if B, =o0dd, B;=even

- (x5ﬂ1+26ﬂ2+5ﬂ3’ e) if ﬂz odd, ﬂs = odd.
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Since (AB . C)B = A(BC . B) is all cases whenever 25 = 1 mod 2n, that is n =
=2,3,4,6,12.

Also (e, e) is the two sided identity.

Moreover, if

A =(xf,e), then A7'=(x"%¢)
if A4 = (x%a), then
A"l =(x"%a) if P =even
=(x"%,a)if B=o0dd
therefore the inverses are defined.
Also for non-associativity, let 4 = (x', e); B = (x*?, e); C = (x*, a) where B,
and f; are odd integers, then
AB o C = (x*F1*302%Fs gq)
and Ao BC = (xP1*302%8s q)
AB.C # Ao BC whenever 4 % 0 (mod 2n)

thus the construction is non-associative except when n = 2 which gives the group
C, x C,.

Hence it is a Bol loop of order 4n, n = 3, 4, 6, 12.

Construction 1, gives the group C, x C, when n = 2; the Bol loop of order
12 with two generators, when n = 3; IT,, when n = 4; T; when n = 6.

Construction 2. Let G(o) = C,, x C, and the binary operation is defined as

follows:
(xﬂl, adn) o (Xﬂz’ e) = (xﬁ1+ﬂ2’ a*

(xP1, a®') o (%72, a%?) = (xP1*F2, @ **2) if B, is even
= (xP27F1 g %) if B, is odd
then G(o) is a Bol loop of order 4n, where n is any positive integer greater than or

equal to two. G is ITs (8), when n = 2; the Bol loop of order 12 with two generators,
when n = 3; I15, when n = 4.

Construction 3. Let G(o) = C,, x C, and the binary operation is defined as follows:
(xP1, e) o (x"2, €) = (x*1772, ¢)
(xP1, @) o (xP2, €) = (x**P2, q)
(xP, a®) o (xP2, @) = (X271t g% %) if B, = odd
= (x3fthatrn gntl) if B, = even

then G(o) is a Bol loop of order 4n, where n is any positive even integer greater
than two. G is D, when n = 2; II; when n = 4.
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Construction 4. Let G(o) = C,, x C, and the binary operation is defined as follows:

() o (P e) = (0, 0

(xP1, %) o (xP2, a%2) = (xF1 102, g1 *e2) if f; =0 (mod2)
= (xP2=Brtra gmitea) jf B, =1 (mod 4)
= (x*1¥h2 guitez) if B, =3 (mod4)

then G(-) is a Bol loop of order 4n where n is any positive even integer. G is IT5 (8)
when n = 2; [1; when n = 4.

Construction 5. Let G(o) = C,, x C, and the binary operation is defined as follows:

(xﬂl, aan) o (xﬂz, e) = (xﬁ1+ﬁz, a®

(xP1, a®) o (x2, a®) = (xP1* P2, g1 *22) if By =0(mod2), B, =0(mod?2)
= (xﬁ1+ﬂz+naz’ aal+a2) if B, =1 (mod 2) , B2=0 (mod 2)
= (xP27P1 g1t %2) if B, =1 (mod?2)

then G(-) is a Bol loop of order 4n, where n is any positive even integer. G is IT (8)
when n = 2; IT;, when n = 4.

Construction 6. Let G(o) = C,, x C, and the binary operation is defined as follows:
(xﬁx’ aﬂl) o (xﬁz’ e) = (xﬁx +ﬁ2, a*
(xP1, a®1) o (x#2, a*2) = (xPP1+Pa¥nez gn*e) §f B =0 (mod2)
= (x3Pi+h gute) if B, =1 (mod?2)

then G(o) is a Bol loop of order 4n where n is any positive even integer. G is IT, (8)
when n = 2; I1,, when n = 4.

Construction 7. Let G(o) = C,, X C, nad the binary operation is defined as follows:
(xﬂl’ adn) o (Xﬂz, e) — (xﬂ1+ﬂ2’ a*!
(%1, a*) o (x*7, @) = (xFr*F2*na gm*er) if B, =1 (mod?2)
— (x3ﬂ1+ﬁz+na1’ aa1+az) if ﬂl =0 (mod 2)’ ﬂz =0 (mod 2)
= (¥ -Ptm guta) if B=1 (mod2), B, =0 (mod2)

then G(o) is a Bol loop of order 4n, where n is any positive even integer. G is IT, (8)
when n = 2; [1,; when n = 4.

Construction 8. Let G(c) = C,, x C,, and the binary operation is defined as follows:
(xﬁx’ aﬂl) o (xﬂz’ 8) = (xﬂ1+ﬂz’ a®
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(%P1, e) o (xP2,a) = (x*'*F2 q) if B, =0 (mod2)
= (x*** q) if B, =0 (mod2)
(xP',a) o (xP2,a) = (x*#7P2¢) if B, =0 (mod2)
= (x"1*%%2¢) if B, =0 (mod2), B,
=(xf1*P1e) if By =1 (mod2), B,

1 (mod 2)
1 (mod 2)

then G(o) is a Bol loop of order 4n, where n is any positive even integer. G is IT, (8)
when n = 2; I1; when n = 4.

II1. Discussion on Isomorphism

Our approach in this section shall be to consider the order of the elements in
the constructions to distinguish non-isomorphic loops. Two loops shall be consider
non-isomorphic if they contain different number of elements of the same order.
Whenever, two loops contain the same number of elements we shall go further to
consider the order of elements in their nuclei. If these conoide both cases, we shall
consider commutative patterns of both loops.

Theorem 1. All the eight constructions stated above are non-isomorphic.

Proof:

(a) let us consider the number of elements of order 2 in each construction.

(i) construction 1

elements of order 2 are given by

1) (=" ¢)
(2) (xf’, a) . (y", a) = (x:", e) i (e, e) ?f B f 0 (mod 2)} (A)
=(x%%¢)=(e,e) if B =1 (mod?2)

the only possible solutions (A) are (x", @), (e, a), therefore there are three elements of
order 2 in construction 1.

(ii) Construction 2

elements of order 2 are given by

(1) (=" ¢)
(2) (x/’, a) (xﬂ, a) = (x2ﬁ, e) j (e, e) 1‘f B f 0 (mod 2)} (B)
= (e,e) if B =1 (mod2)

therefore the elements of order 2 are (x", e), (e, a), (x", a) and (x%, a) VB = 1 (mod 2),
hence there are n + 3 elements of order 2 in contruction 2.

64



Following the above procedure we obtain

(iii) construction 3, one element of order 2
(iv) construction 4, 3 elements of order 2
(v) construction 5, n + 3 elements of order 2
(vi) construction 6, 1 element of order 2

(vii) construction 7, 1 element of order 2

(viii) construction 8, 3 elements of order 2

from above isomorphism is only possible in the following sets {(i), (iv), (viii)};
{(iii), (vi), (vii)}, {(ii), (v)} (b) consider elements of order 4.

(ix) construction 1*), 4 and 8

For constructions 1 and 8

(1) (xn/z’ e), (x3n/2’ e)

(2) (x%,a)o (x*,a) = (x**,e) = (x",e); B=n[2, 3n

hence constructions 1 and 8 contain 4 elements of order 4.
For construction 4

(1 (72, 0); (=%, 0)

(2) if B = 1 (mod 4) then (x#, a) o (x*. a) = (x", ) implies p =4k + 1,k =0, 1, ...
...,(n]4) — 1, given n/4 elements of order 4.

If B=3(mod4), (x%,a)o(x,a) = (x*,e) = (x"e) implies p =4k + 3, k =
=0,1,...,(n/4) — 1; given another n/4 elements of order 4. There exist (n[2) + 4
elements of order 4 in construction 4.

Hence construction 4 is not isomorphic to either of constructions 1 and 8.

To show that constructions 1 and 8 are non-isomorphic, we consider the com-
mutative pattern of the elements.

Construction 1:
xn/‘Z’ a) o Xﬂ, e) = xn/2+ﬂ a
( )o(xF,e) = ( ,
(¥, ¢)c (", 0) = (%%, )
(x"2,a) o (x*, a) = (x"2*F,¢) if B =0 (mod2)
x, a) o (x"?, a) = (x"**P ¢) forall B
(
(xn/Z’ a) o (xﬁ’ a) = (x5n/2+p’ e)
=(x"**f¢) if B=1 (mod?2)

n/2

hence (x"'?, a) commutes with all elements.

*) Construction 8 is valid only when n is an even integer, therefore n is considered as even
integer in construction 1, for isomorphism.
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Construction 8:
(x"2, a) o (xP, e) = (x"?*#,a) if B =1 (mod2)
(x*, €) o (x"'2, a) = (x**"/2, a)

n/2

hence (x"/%, a) does not commute with (x*, e).

Consequently construction 1 is not isomorphic to construction 8.
(x) Constructions 3, 6 and 7

consider element (x, a); (x#, a) o (x%, a) = (x*/*", ¢)
in all the 3 constructions whenever f is f = 0 (mod 2) Moreover,

In construction 3, whenever B is odd (x%, a) (x. a) = (x", e) implies (x%, a) is of order
4 for f = 1 (mod 2).

But, in constructions 6 and 7 (x%, a) is of order 2n whenever B is odd, therefore
constructions 3 is not isomorphic to either of constructions 6 or 7. Consideration
of commutative pattern as above shows that constructions 6 and 7 are non-iso-
morphic.

(xi) Constructions 2 and 5

In the case of constructions 2 and following early approaches show that the
order of elements are the same. Also three elements of order 2 commute with all
elements in construction 2, while only one element of order 2 commutes with all
elements in construction 5, therefore the two constructions are non-isomorphic.
This completes the proof of the theorem.

3.

In this section we give the representations of T, and state some of its properties,
N;,N,, N,

T,
R(1) = (1)
R(2) =(123456789101112) (13 14 1516 17 18 19 20 21 23 24)
R(3) =(1357911) (246810 12) (13 1517 19 21 23) (14 16 18 20 22 24)
R(@4) =(14710)(25811) (369 12) (13 16 19 22) (14 17 20 23) (15 18 21 24)

R(5) =(159) (2610) (37 11) (48 12) (13 17 21) (14 18 22) (15 19 23)
(16 20 24)

R(6) =(16114927121038) (13 1823 16 21 14 19 24 17 22 15 20)
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R(7) =(17)(28) (39) (410) (5 11) (6 12) (13 19) (14 20) (15 21) (16 22)
(17 23) (18 24)

R(®) =(183105127294116) (132015221724 19 14 16 23 18)

R(®) =(195)(2106) (311 7) (4 12 8) (13 21 17) (14 22 18) (15 23 19)
(16 24 20)

R(10) = (1 10 7) (2 11 8 5) (3 129 6) (13 22 19 16) (14 23 20 17) (15 24 21 18)
R(11) = (1 119 753) (21210 8 6 4) (13 23 21 19 17 15) (14 24 22 20 18 16)
R(12) = (112101198 76543 2) (132423222120 19 18 17 16 15 14)

R(13) = (1 13) (2 14) (3 15) (4 16) (5 17) (6 18) (7 19) (8 20) (9 21) (10 22) (11 23)
(12 24)

R(14) = (114 720) (2 19 8 13) (324 9 18) (4 17 10 23) (5 22 11 16) (6 15 12 21)
R(15) = (1155199 23) (2 16 6 20 10 24) (3 177 21 11 13) (4 18 8 22 12 14)
R(16 = (116 7 22) (2 21 8 15) (3 14 9 20) (4 19 10 13) (5 24 11 18) (6 17 12 23)
R(17) = (117913 521) (2 18 10 14 6 22) (3 19 11 15 7 23) (4 20 12 16 8 24)
R(18) = (1 18 724) (223 8 17) (3 16 9 22) (4 21 10 15) (5 14 11 20) (6 19 12 13)

R(19) = (1 19) (2 20) (3 21) (4 22) (5 23) (6 24) (7 13) (8 14) (9 15) (10 16)
(11 17) (12 18)

R(20) = (1207 14) (2 13 8 19) (3 18 9 24) (4 23 10 17) (5 16 11 22) (6 21 12 15)
R(21) = (1215139 17) (2226 14 10 18) (323 7 15 11 19) (4 24 8 16 12 20)
R(22) = (1227 16) (2158 21) (3209 14) (4 13 10 19) (5 18 11 24) (6 23 1217)
R(23) = (123919 515) (224 1020 6 16) (3 11 11 21 7 17) (4 14 12 8 18)

R(24) = (1247 18) (2 178 23) (3229 16) (4 15 10 21) (520 11 14) (6 13 12 19).

N, ={1,4,7, 10, 13, 16, 19, 22}
N,=N,={1,3,579,11}.

The authors are grateful for the research grant from the University of Ife
Research Committee.
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