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Classification of Bol Loops of Order 18

B. L. SHARMA
Department of Mathematics, University of Ife.*)

Received 30 March 1983

In this paper we classify Bol loops of order 18 and prove that (up to isomorphism) there
are exactly two (non-associative) Bol loops of order 18.

V tomto &lanku je dana klasifikace Bolovych lup fadu 18. Dokazujeme, Ze (aZ na izo-
morfizmus) existuji prav€ dvé (neasociativni) Bolovy lupy fadu 18.

B 3T0M cTaThe MbI maeM Kiaccudukaumio ayn Bona mopsaka 18 m nmokasbiBaeM, 4TO (C TOY-
HOCTBIO 0 M30MOp(®H3Ma) CYIIECTBYIOT TOYHO nBe (HeaccoUHaTHBHBIE) Jymsl Bosna mopsaka 18.

1. Introduction

Recently Burn [5] has proved that there exist exactly six non-associative Bol
loops of order 8. Solarin and Sharma [11] have shown that (up to isomorphism)
there exist exactly two Bol loops of order twelve which are not groups and Moufang
loops. The object of this paper is to prove that there are exactly two (non-associative)
Bol loops of order 18 up to isomorphism.

For the definition of a loop, the reader should consult Bruck [4]. Albert [1]
defines a right multiplication R(a) as a permutation of a loop (L, *),

R(a):X > X .a.VXelL.

we call the set IT = {R(a) | a € L} the right regular representation of (L, *) or briefly,
the representation of L.
A Bol loop Lis a loop in which we have

(1) (Xy.2)y =X(yz.y) forall X,y zelL.

Strictly speaking, (1) defines a right Bol loop. For Bol loop, see [2], [7] and [10].
The following theorems due to Burn [5] will be used in the investigations.

Theorem 1. If IT is the representation of a loop L, then Lis a Bol loop if and only if
o, f € I implies afo € II.

Theorem 2. If IT is the representation of a finite Bol loop and « € IT, then « is a product
of disjoint cycles of equal length.
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Theorem 3. The order of an element of a finite Bol loop divides the order of the ioop.
Bruck [3] defines the left nucleus N, the middle nucleus N, and the right
nucleus N, of a loop (L, *) as follows:
N, = {all XeLIX.y,. =Xy.z, all y, zelL},
N,={all yeL|X.yz=Xy.z all X,zeL},
N, ={all z eL|X.yz =Xy.z all X,yelL},
In this paper we presume that IT is the representation of a Bol loop {1, 2, 3, 4,
56,7,8,9,10, 11, 12,13, 14, 15, 16, 17, 18} containing no element of order 18. It

is well-known that a Bol loop must be generated by at least two elements. In case
a Bol loop is generated by one element then it must be a cyclic group.

2. Main results

Theorem 4. If [T is the representation of a (non-associative) Bol loop of order 18,
then IT can not contain an element of order 9. '

Proof. We assume that a € IT, such that «® = 1. Without loss of generality, we take

o« =R(2)=(123456789) (1011 12 13 14 15 16 17 18)
2> =R(3)=(135792468) (101214 16 18 11 13 15 17)
o3 = R(4)=(147) (258) (369) (1013 16) (11 14 17) (12 15 18)
a* =R(5)=(159483726) (1014 18 13 17 12 16 11 15)
o = R(6)=(162738495) (101511161217 13 18 14)
a® = R(7)=(174) (285) (396) (10 16 13) (11 17 14) (12 18 15)
7-R(8)=(186429753) (1017 1513 11 18 16 14 12)
8 = R(9)=(198765432) (101817 16 15 14 13 12 11)

]
I

R
Il

Without loss of generality we assume, that R(10), ..., R(18) are of order 2. We assume

(2) R(10) =(110) (2X) 3y) (4z) (5a) (6b) (Tc) 8s) (at),

where X e {11, 12, 13, 14, 15, 16, 17, 18}. If X = 18, then R(10) R(9) R(10) = R(2).
Thus 2 R(10) R(9) R(10) = 2 R(2) = y = 17. Similarly we obtain z = 16, a = 15,

= 14,¢ =13, s = 12 and t = 11. Hence

(3)  R(10) = (110) (2 18) (3 17) (4 16) (5 15) (6 14) (7 13) (8 12) (9 11),

In case X = 11 in (2), then R(10) R(2) R(10) = R(2). Thus 2 R(10) R(2) R(10) =
= 2 R(2)= y = 2. Similarly we obtain z = 13,a = 14, b = 15,¢ = 16, s = 17 and
t = 18. Thus R(10) = (1 10) (2 11) (3 12) (4 13) (5 14) (6 15) (7 16) (8 17) (9 18). But
R(2) R(10)R(2) = R(12) = (11251692136 17)( ) ¢ I1. Hence X can not be equal
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to 11. Proceeding in the same way we can show that X ¢ {11, 12, 13, 14, 15, 16, 17}.
Thus we get only one R(10) given by (3).
Further we assume that

R(11) = (1 11) (2 X,) (3 y1) (4 21) (S a1) (6 b1) (T ¢1) (851) (9 14)
X, {10, 12, 13, 14, 15, 16, 17, 18} .

In case X; = 10, then R(11) R(9) R(11) = R(2). Also 2 R(11) R(9) R(11) = 2 R(2)
y; = 18. Similarly z, = 17, a;, = 16, b; = 15, ¢; = 14, s; = 13 and t; = 12. Thus

(4) R(11) = (1 11) (2 10) (3 18) (4 17) (5 16) (6 15) (7 14) (8 13) (9 12)

Incase X; = 12, then R(11) R(2) R(11) = R(2). Also 2 R(11) R(2) R(11) = 2 R(2) =
= y, = 13. Similarly z, = 14, a, = 15, b; = 16, ¢; = 17, s; = 18 and t; = 10.
Thus

R(11) = (111)(212) (3 13) (4 14) (5 15) (6 16) (7 17) (8 18) (9 10) .

But R(2) R(11) R(2) = R(13) = (1135...) () ¢ I1. Thus X, can not be equal to 12.
Following thc same argument we can show easily X ¢ {12, 13, 14, 15, 16, 17, 18}.
Thus we obtain only one R(11) given by (4).
Following the above arguments, we obtain
R(12) = (1 12) (2 11) (3 10) (4 18) (5 17) (6 16) (7 15) (8 14) (9 13)
R(13) = (1 13) (2 12) (3 11) (4 10) (5 18) (6 17) (7 16) (8 15) (9 14)
R(14) = (1 14) (213) (3 12) (4 11) (5 10) (6 18) (7 17) (8 16) (9 15)
R(15) = (1 15) (2 14) (3 13) (4 12) (5 11) (6 10) (7 18) (8 17) (9 16)
R(16) = (1 16) (2 15) (3 14) (4 13) (5 12) (6 11) (7 10) (8 18) (9 17)
R(17) = (1 17) (2 16) (3 15) (4 14) (5 13) (6 12) (7 11) (8 10) (9 18)
R(18) = (1 18) (217) (3 16) (4 15) (5 14) (6 13) (7 12) (8 11) (9 10)
Thus we get the only representation IT which is the representation of the dihedral
group Dy. This completes the proof of the Theorem 4.
In order to cut down the length of the paper we state without proofs the theorems

because we have not been able to get the representation of a (non-associative) Bol
loop of order 18.

Theorem 5. If IT is the representation of a (non-associative) Bol loop of order 18,
such that IT contains nine elements of order 2 and eight elements of order 3, then IT
is isomorphic to the representation of the group (c; X ¢3) X c,.

Theorem 6. If I1 is the representation of a (non-associative) Bol loop of order 18 and
a, B, A, 6ell, such that a® = 6 =1 =6%=1, o> = B3 =23 = 4% and o? +
#+ B2 # A? + 62, then IT is isomorphic to the representation of the abelian group
Ce X C3.
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Theorem 7. If IT is the representation of a (non-associative) Bol loop of order 18 and
@, B,Aell, such that a® = S =15 =1, a®> = B2 = A2, «® + B> + A*> and the
remaining elements are of order 3, then II is given by one of the following represen-
tations:

11,

R(2) =(123456) (7891011 12) (13141516 17 18)

R(3) =(135)(246) (7911) (810 12) (13 15 17) (14 16 18)

R(4) = (14)(25) (36) (710) (8 11) (9 12) (13 16) (14 17) (15 18)
R(5) =(153)(264) (7119) (8 12 10) (13 17 15) (14 18 16)

R(6) =(165432) (71211109 8) (13 18 17 16 15 14)

R(7) =(1739511) (2154176 13) (8 16 10 18 12 14)

R(8) = (1813)(2167) (310 15) (4 189) (512 17) (6 14 11)

R(9) =(19) (217) (311) (4 13) (57) (6 15) (8 18) (10 14) (12 16)
R(10) = (1 10 17) (2 18 11) (3 12 13) (4 14 7) (5 8 15) (6 16 9)
R(11) = (111593 7) (2136 17 4 15) (8 14 12 18 10 16)

R(12) = (11215) (214 9) (38 17) (416 11) (510 13) (6 18 7)
R(13) = (113 8) (27 16) (3 15 10) (4 9 18) (5 17 12) (6 11 14)
R(14) =(114316518) (28410 6 12) (7159 17 11 13)

R(15) = (115 12) (29 14) (317 8) (4 11 16) (5 13 10) (6 7 18)
R(16) = (1 16) (2 10) (3 18) (4 12) (5 14) (6 8) (7 17) (9 13) (11 15)
R(17) = (117 10) (2 11 18) (3 13 12) (4 7 14) (5 15 8) (6 9 16)
R(18) = (1 185163 14) (2126104 8) (7 13 11 179 15)
N,={1,2,3,4,56}, N,=N,={1,3,5}.

11,

R(2) to R(6) are same as in I,

R(7) =(1739511) (217413 615) (8 18 10 14 12 10)
R(8) = (1813)(2167) (310 15) (4 189) (512 17) (6 14 11)
R(9) =(19) (213) (311) (415) (57) (6 17) (8 14) (10 16) (12 18)

R(10) = (1 10 17) (218 11) (3 1213) (4 14 7) (58 15) (6 16 9)
R(11) = (1115937) (2156 134 17) (8 16 12 14 10 18)
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R(12) = (11215) (214 9) (38 17) (4 16 11) (5 10 13) (6 18 7)
R(13) = (1 138) (27 16) (3 15 10) (4 9 18) (5 17 12) (6 11 14)
R(14) = (1145183 16) (2126104 8) (71511 139 17)

R(15) = (115 12) (2 9 14) (3 17 8) (4 11 16) (5 13 10) (6 7 18)
R(16) = (1163 18 5 14) (284 10 6 12) (7179 13 11 15)

R(17) = (117 10) (2 11 18) (3 13 12) (4 7 14) (5 15 8) (6 9 16)
R(18) = (1 18) (2 10) (3 14) (4 12) (5 16) (6 8) (7 13) (9 15) (11 17)
N,=1{1,3,5,8,10,12,13,15,17}, N,=N,={1,3,5}.

Proof. Without loss of generality take o = R(2), then o = R(3), a® = R(4),
«* = R(5), «®> = R(6). R(2), R(3), ..., R(6) are the same as given in IT,. Let us assume
B = R(7). By our assumption a®> = 2 = R(3) = R*(7). Thus

R(7)=(1739511) (2X4y62z) (8p10g127),
X,pe{l13,14,15,16,17,18} and X # p.

(i) Take X = 13 and p = 14 then R(7) = (1739511) (2134156 17) (8 14 10
16 12 18) R(2) R(7) R(2) = R(14) = (1 14) ( 210) (3 16) (4 12) (5 18) (6 8) (7 15)
(9 17) (11 13). R(4) R(7) R(4) = R(18) = (118 314 5 16) (28 4 10 6 12) (713 9 15
11 17). Thus by assumption R(8), R(10), R(12), R(13), R(15) and R(17) are of order 3.
Without loss of generality, we assume R(8) = (1813)(2ab)(3cd)(41m)(5st)
(6 u v), where a € {14, 16,18} and be {7,9, 11}. In case a = 14 and b = 7, then
R(8) R(6) R(8) = R(2). Thus 2 R(8) R(6) R(8) = 2 R(2) = 13 R(8) = 3. It is a con-
tradiction. Hence b can not be equal to 7. Following the same argument we can
show that b ¢ {7, 11}.

Incase a = 14and b = 9, then R(8) R(2) R(8) = R(2). Also 2 R(8) R(2) R(8) =
= 2 R(2) = d = 15. Similarly we obtain ¢ = 10, I = 16, m = 11, s = 12, t = 17,
u =18 and v = 7. Hence, R(8) = (18 13) (2149) (31015) (416 11) (512 17)

Incase a = 14and b = 9, then R(8) R(2) R(8) = R(2). Also 2 R(8) R(2) R(8) =
= 2 R(2) = d = 15. Similarly we obtain ¢ = 10, I = 16, m = 11, s = 12, t = 17,
u = 18 and v = 7. Hence,

() R(8) = (18 13) (214 9) (310 15) (4 16 11) (5 12 17) (6 18 7)

R(7) = R(7) R(8) R(7) and R(2) R(8) R(2) = R(15). Thus we get the representation
IT which is isomorphic to I, under the isomorphism (2 6) (3 5) (7 16 9 14 11 18)
(81510 13 12 17).

Incase a = 16 and b = 7, then R(8) R(6) R(8) = R(2). Thus 2 R(8) R(6) R(8) =
= 2R(2)d = 15. Similarly we obtain ¢ = 10,1 = 18, m = 9,s = 12, ¢t = 17, u = 14
and v = 11. Thus

(6) R(8) = (1813) (216 7) (310 15) (4 18 9) (5 12 17) (6 14 11)
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R(17) = R(2) R(8) R(2) and R(12) = R(3) R(7) R(3). Thus we get the representa-
tion IT which is isomorphic to IT, under the isomorphism (3 5) (6 18 7) (2 16 9 4 14
11) (8 10) (13 17). Following the above argument we can prove easily that b ¢ {9, 11}.

In case a = 18 and b = 11, then R(8) R(4) R(8) = R(2). Thus 2 R(2) = 2 R(8)
R(4) R(8)=d =15. Similarly we get ¢ = 10, I=14, m =7, s =12, t = 17, u = 16
and v = 9. Thus

(7) R(8) = (1813) (218 11) (310 15) (4 14 7) (5 12 17) (6 16 9)

R(12) = R(3) R(8) R(3) and R(17) = R(4) R(8) R(4). Thus we get the representa-
tion T which is isomorphic to IT, under the isomorphism (2 11 18) (3 5) (6 7 16 4
9 14) (13 17) (8 10).

(ii) Take X = 13 and p = 16, then

R(7)=(1739511) (213415617) (816 10 18 12 14). But R(7) R(2) R(7) =
= R(16) = (116) ()...()ell. Also R(6)R(7) R(6) = R(16) = (1 16 5 14 3 18)
()()eM. It is impossible. Hence ¢ + 16. Similarly we can show that o ¢ {16, 18}.
(iii) Take X = 15 and p = 16, then

R(7)=(1739511) (2154176 13) (8 16 10 18 12 14). Now we take R(8) given
by (5). Thus R(2) R(7) R(2) = R(16), R(4) R(7) R(4) = R(14). Hence we get the
representation /1 which is isomorphic to /7, under the isomorphism (2 14) (4 16)
(6 18) (8 15) (10 17) (12 13).

In case we consider R(8) given by (6), then R(15) = R(7) R(8) R(7), R(16) =
= R(2) R(7) R(2) and R(14) = R(4) (R7) R(4), we get the representation II,.

In case we consider R(8) given by R(7), then R(17) = R(7) R(8) R(7) and R(2)
R(7) R(2) = R(16). We get the representation I1 which is isomorphic to IT, under
the isomorphism (2 7) (4 9) (6 11) (10 17) (12 13) (8 15).

Following the above argument we can easily show that p ¢ {14, 18}.

(iv) Take X = 17 and p = 18, the

R(7)=(1739511) (217413 615) (8 18 10 14 12 16). Now we consider R(8)
given by (5). Thus R(15) = R(7) R(8) R(7) and R(17) = R(6) R(8) R(6). Thus we
get the representation IT which is isomorphic to T, under the isomorphism (2 6)
(3 5) (7 14) (8 13) (9 18) (10 17) (11 16) (12 15).

In case we take R(8) given by (6). Thus R(17) = R(7) R(8) R(7) and R(12) =
= R(8) R(17) R(8). Thus we get the representation IT,.

Finally we see R(8) given by (3). Thus R(12) = R(3) R(8) R(3) and R(17) =
= R(4) R(8) R(4). Thus we get the representation /T which is the representation of
the group s; X cj.

Following the above argument we can prove that p ¢ {14, 16}.

Finally all the representation when X e {14, 16, 18} are isomorphic to the
representation obtained above under conjugation by (12345 6) (13814915
10 16 11 17 12 18 7). This complete the proof the theorem 7.
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Remark: Since the left nucleus N, of IT, can not be isomorphic to the left nucleus NV,
of IT,, hence I1, is not isotopic to IT,. It suggests the open problem: ‘“‘Are the Bol
loops of order 2p? (p being prime) isomorphic to their loop isotopes™?

Theorem 8. If IT is the representation of a (non-associative) Bol loop of order 18,
then IT is given by one of the representations 1, and IT,.

Proof. The proof follows from Theorem 4 to theorem 7.

3. The representations I7, and I7, suggest the following constructions
for Bol loops of order 21;2 (p being prime number = 3).
The proofs are straightforward

Theorem 9. Let G be an abelian group generated by the elements X and y such
that X" = y" = r, and ¢, be generated by a. Let I, m, p, q be arbitrary integers
0 < I, m, p, g < n,and the identities in each group be denoted by e. Let H = G X c,
and the multiplication is defined as follows:

(X'y™ e) o« (XPy9, e) = (X'TPym*e ¢)

(X'y™ €) o (XPy4, a) = (X'*Py™*e, a)

(X'y™, a) o (XPy9, e) = (X'*Py™~9, q)

(X", a)o (X7, a) = (X'HP-9ym9 ¢).
Then H(o) is a Bolloop of order 2n? (n = 2). The representation I, and the Theorem
9 (in a different way) have been given by Solarin and Sharma [9].

Theorem 9. Let X and a be the generators of the cyclic groups ¢, nad c, respectively,
such that X?? = a? = e (the identities in each group is represented by e). Let H =
= ¢, X ¢, and the multiplication be defined as follows:

(i) (X', e) o (X" e) = (X", ¢)

o(xm, ap—l) — (Xl+m’ ap—l)
(if) (XY a%) o (X™ e) = (X'""" a®) if miseven.

O(Xm, a(p—l)/2) = (XI+M+2(0+(11—1)/2)’ a—0+(P-1)/2) .

(iv) (X% a®) o (X, a®*D/2) = (X!*m g=e*@+1/2) if s odd .
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(V) (Xl, ao) o(Xm, a(p+3)/2) = (Xl+m+2(q+(p+3)/2), a—9+(p+3)/2) if m is odd.

O(Xm’ ap—l) = (Xl+m+2(e+p—l)’ a—a+p—1) .

Then H(o) is a Bol loop of order 2p2.

4. We give below the table to show how for the problem of classification
of (non-associative) Bol loops have been solved

Bol loops
Order Number Remark
8 6
12 2
15 2
16 25 If a Bol loop constains an element of order 8
18 2

The Bol loops of order 8, 12, 15 and 16 have been classified by Burn [5], Solarin and
Sharma [11], Niederreiter and Robinson [6]. The classification of the Bol loops of
order 16, and 24 are under investigation.

The author is indebted to his colleague Mr. A. R. T. Solarin, for checking, with
a computer the representations satisfying the conditions of Theorem 1.

The author is also grateful to the Ife University Research Committee for financial
support for this project.
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