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T-quasigroups
Part I.

P. NEMEC and T. KEPKA
Department of Mathematics, Charles University, Prague

Received 17 September 1970

In this paper and others that are to appear either in AUC or CMUC we are
studying a certain class of quasigroups very closely related to Abelian groups. An
impulse to our investigation was Toyoda’s theorem:

Be Q(0) an Abelian quasigroup, €. g. a quasigroup satisfying the identity

(@aob)o(cod)=(aoc)o(bod).

Then there is an Abelian group Q(+), its automorphisms ¢, ¥ and g € Q such that
@y = yop and for every x, y € Q,
xoy=g¢(x)+ vy +g ()

This theorem was proved by Toyoda, Murdoch and Bruck in the early 40's.
(See: K. Toyoda, On axioms of linear functions, Proc. Imp. Acad. Tokyo, 1941, 17;
D. G. Murdoch, Structure of Abelian quasigroups, Trans. Amer. Math. Soc., 1941,
43; R. H. Bruck, Some results in the theory of quasigroups, Trans. Amer. Math.
Soc., 1944, 55.) The proof of Toyoda’s theorem can be also found in the book of
V. D. Belousov: Osnovy teorii kvazigrupp i lup (Russian). As the requirement of
commutativity of the automorphisms ¢, y seems to have no principial significance in
the algebraic properties (in relation to Abelian groups) of quasigroups satisfying (s),
we came to the definition of T - quasigroup. Our aim is to clear up the relation
between the algebraic properties of T — quasigroups and Abelian groups and to
determine to what extent the algebraic properties of T — quasigroups are similar to
those of Abelian groups. In this first part we investigate some basic properties of
T - quasigroups and give several examples. First we shall make several arrange-
ments concerning notation. A groupoid with the underlying set G and the operation o
we shall denote by G(0), e. g. the symbol of operation we put into brackets behind the
symbol of the underlying set. Instead of G(.), a.b, (a.b). (c.d) we shall write
G, ab, ab . cd respectively e.t.c. We shall always denote an Abelian group with the
underlying set G by G(+) or G(0), O being zero in G(4), e zero in G(0), — subtraction
in G(+), - subtraction in G(o). If ¢ is a mapping of the set A4 into the set B and y
a mapping of the set B into the set C then the composite mapping of the set A4 into

39



the set C we shall denote by yg. If X, 7 € I is a system of groupoids and ¢ is an
endomorphism of Xj, then the symbol I7 X; means a Cartesian product of grou-
fel
poids Xj, IIgq is an endomorphism of /77X such that its restriction on X, 14 X;,
el iel el
is equal to ¢y, 7 € I, and < x; > means an element of ITX; such that its components
iel

are x; € X, 1 € I. Let Q(+) be a groupoid, H C Q. The subgroupoid generated in Q(-)
by the set H we shall denote by {H}". The left (right) translation by element a we
shall denote by L; (R;). Let Q be a quasigroup. The group of all permutations of
the set Q we shall denote by S, the multiplication (associated) group of Q by Gy,
the group of automorphisms of Q by Aur Q. A right (left) local unit belonging to
the element a we shall denote by e(a) or eq (f(a), fa). Thus f(a) .a = a . e(a) = a.
A mapping 1 : Q — Q is called left (right) regular if there is a mapping * : Q — Q
such that for every x, y € Q,

AMxy) = A°(x) . y (A(xy) = x . 2°()).
A mapping ¢ : Q — Q is called central regular if there is a mapping ¢° such that
Px) .y =x.9"(y).
Our definition of left and right regular mappings is slightly more general than the
usual one. Some results of the theory of regular mappings can be found in the paper
of T. Kepka: “Regular mappings of groupoids”.

I° Introduction

Definition 1: Let Q be a quasigroup. A tetrad (Q(+), @, ¥, £), O(+) being an
Abelian group, ¢ and p its automorphisms and g € Q, is called a T — form of the
quasigroup Q if for every x,y € Q,

xy = @(x) + 9(») + & ¢))

The group Q(+) is called a T — group of the quasigroup Q.

Definition 2: A quasigroup Q is called a T - quasigroup if there exists at least
one T — form of Q.
The following Lemma is obvious from (1).

Lemma 1: Let Q be a T —quasigroup and Q(+) its T — group. Then the group
QO(+) is a principal isotope of Q.

Theorem 1: Let O(+) and Q(0) be two T — groups of a T — quasigroup Q.
Then the groups Q(+) and Q(o) are isomorphic.
Proof: Groups Q(+) and Q(o) are, by Lemma 1, isotopes of the same quasigroup Q.
Hence they are isotopic. According to Albert’s theorem, they are isomorphic.

Lemma 2: Let Q(+4) be an Abelian group, ¢ and v its automorphisms, Q(0)
a loop with unit e. Be «, # permutations of the set Q and g an element of Q such that

for every x,y € Q,
x(x) 0 By) = ¢(x) + v(») + & )
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Then Q(o) is the Abelian group and there exist its automorphisms ¢, 1 such that
for every x,y € Q,
a(x) = g1(x) 0 x(e), B(x) = yi(e) o f(e). 3
Proof: Define permutations o, p1 as follows:
a1(x) = pa~1(x), fi(x) = pB-1(x) + g for every x e Q.
From (2) follows for every x € Q,
xoy = a(x) + fa(y). @

Thus the loop Q(o) is the principal isotope of the Abelian group Q(-+) and hence-
forth Q(o) is an Abelian group.
By (4), we can write

x +y = o3'(x) 0 f7'(9). ©)
Thus «;!(x) = x « $;1(0), Bi(y) = y+ «;*(0). Therefore
"x+y=xo0y.a, where a = «;'(0) o ;*(0). 6)

Define a mapping y, p(x) = x « a for every x e Q. Sincey(x + y) = (x+ y) « a =
=x0ysasa=x+ao0ysa=y(x)oy(y),yisanisomorphism of Q(+) onto Q(o).
Evidently, a mapping ¢1 = ppy-1 is an automorphism of the group Q(o).

From (2) we get ¢(x) = a(x) o b where b = By-1(—g). Hence gi(x) = ypy-1(x) =
=gy l(x)ea=ayl(x)ob+a=a(x0a)oc, where ¢c= b+ a. Thus for every
xeQ, .
a(x) = g1 (x + @)+ ¢ = gu(x) 0 g1(@) « ¢ = g1(x) 0 x(e).

Similarly we can prove the existence of an automorphism ; of the group Q(o) such
that f(x) = ya(x) o B(e).
This completes the proof of (3).

Lemma 3: Let Q be a T — quasigroup and a, b €. Q. Define Q(0) = Q®Ra™Ls™51),
Then Q(o) is an Abelian group. Put for every x € Q, ¢1(x) = Ra(x)+ [ba.a], y1(x) =
= Ly(x) + [b . ba]. Then ¢, 1 are automorphisms of the group Q(o) and the tetrad
(Q(0), 91, 1, ba . ba) is a T — form of the T - quasigroup Q.

Proof: It is well known, that for every quasigroup and for every a, b € Q the quasi-
group QWRa™\Ly'D js a loop with unit e = ba. Since Qo) = QR™HLo™'D, O =
= Q(o)Ra:Lns1), Hence for every x, y € Q, xy = Ra(x) 0 Lp(y).
Be (Q(+), ¢, ¥, &) any T — form of the T — quasigroup Q. Then we have for every
x, yeQ,

xy = @(x) + p(¥) + & = Ra(x) 0 Lo(y)
In view of Lemma 2, Q(0) is an Abelian group and permutations ¢i1, y1, where
@1(x) = Ra(x)* Ra(e) = Ra(x)+ [ba. a), y1(x) = Lp(x)+ Lp(e) = Lp(x)+ [b. ba], are
its automorphismus.
For every x, y ¢ Q we can write

xy = Rq(x) 0 Lo(y) = g1(x) 0 y1(y) 0 [(ba . @) o (b . ba)].
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Further, (ba . a) o (b.ba) = R;1 (ba . a).L;! (b. ba) = ba . ba. Thus (Q(0), ¢1, ¥1,
ba . ba) is a T — form of the T - quasigroup Q.

Lemma 4: Let Obea T — quasigroup and a loop Q(0) be a principal isotope of
the quasigroup Q, Q(0) = Q@61 Then Q(o) is an Abelian group and the mappings
@1, Y1, where gi1(x) = a-1(x)sa"1(e), yi(x) = B-1(x)+pf~1(e) are its automorphisms.
The tetrad (Q(0), 1, ¥1, 2 ~1(e) 0 f-1(e)) is a T — form of Q.

Proof: Since Q(o) is the principal isotope of Q, there exist elements a, b of Q such
that « = R;!, f = L;!. Further, e = ba. Now we can use Lemma 3.

Theorem 2: Let Q be a T — quasigroup and Q(o) be a loop. Then, Q(o) is
a T - group of the T — quasigroup Q if and only if Q(o) is a principal isotope of Q.
Proof: If Q(o) is a T - group of Q, then, by Lemma 1, Q(o) is a principal isotope
of Q. Conversely, if Q(o) is a principal isotope of Q, then, by Lemma 4, O(o) is
a T - group of Q.

Lemma 5: Let (Q(+), ¢, ¥, g) be an arbitrary T — form of a T — quasigroup Q.
Then Q= R,(o), Y = Lf(o), g = O.O0.

Proof: From (1) follows ¢(x) = x . p-1(—g) for every x € Q.
But O0.y-1(—g)=@(0)+ yp~}(—g) + g = O. Thus y-1(— g) = ¢(O)and = Re(o).
Similarly w = Ly(). Further, O. O = ¢(O) 4+ y(O) + g =¢.

Lemma 6: Be Q a T — quasigroup, # an arbitrary element of Q. Then there
exists a T — group Q(+) of the T — quasigroup Q such that u is zero in Q(+).
Proof: Put Q(+) = QW®R«Lrewy™D, Q(+) is a loop having unit O, O =
= f(u) . u = u. By Theorem 2, Q(+) is the T — group of Q.

Lemma 7: Let Q be a T —quasigroup and v be an arbitrary element of Q. Then
there is 2z € Q such that zz = v if and only if there exists a T - form (Q(+4), ¢, ¥, )
of the T — quasigroup Q.

Proof: 1) Bez¢ Q such that zz = v. With regard to Lemma 6 there is a T - form
(Q(o0), @, v, g) of Q such that z is zero in Q(0). By Lemma §, g = zz = v.
2) Be (Q(+), 9, w,v) a T — form of Q. Thenv = O . O.

Lemma8: Let Q be a T — quasigroup and «, v be arbitrary elements of Q. Then

there exists a T - form (Q(+), Ru, Ly, g) of Q if and only if there is z € Q such that
VB — 23U = 2.
Proof: Let z € Q be such that v = f(2), u = e(2). Select a T - form (Q(0), ¢, ¥, h)
such that z is zero in Q(o). Then, by Lemma 5, ¢ = Re(;) = Ru, ¥ = Lsz) = Lo.
If, on the contrary, (Q(+), Ru, Ly, g) is a T - form of Q, then Ry, L, are certain
automorphisms of Q(+). Hence Ry,(O) =0 = 0.u, L,(0O)=0=1v. 0.

Lemma9: Let Q be a T — quasigroup and (Q(-+), @, ¥, g), (Q(0), &, 0, k) two its
T — forms. Let the groups O(+) and Q(o) have the same zero. Then Q(4+) = O(o),
p=&6y=08=nh
Proof: By Lemma 5, g = 0.0 = h, 9 = Re(o) = 0,9 = Lyo) = 0.

Further, xy = ¢(x) + v(3) + g = &(x) 0 e(y) 0 h = ¢(x) 0 p(y) 0 8.
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As @, p are permutations, we have for every x, ye Q,x+y + g=xo0yog.
Let u, v be arbitrary elements of Q. We can write

utv=u+(@w—g +g=uo(w—gog=uo0(Oo(v—g)og)=
=uo0(O0O+v--g+g =wuov
Thus O(+) = Q(o).

Definition3: Let Q be a T — quasigroup, P its subquasigroup. A T - form
(O(+), @, v, g) of the T — quasigroup Q is called P — canonic if P(4) is subgroup
in O(+4), ¢|P and y|P are automorphisms of P(+) and g ¢ P.

Lemma 10: Let P be a subquasigroup of a T — quasigroup Q. Let a, b be any

elements of P. Set Q(+) = Q®a Lo, D Then the corresponding T - form
(O(+); @, ¥, &) is P - canonic.
Proof: T — form (Q(+), @, ¥, g) exists according to Lemma 3. The element ba is
zero in Q(4). As P is a quasigroup, ba = O € P,hence O . O = g € P. Moreover, for
every x, y € P is R}(x), Lyi(y) e P. Thus 2= R;1(x). LiX{(y)=x+y is
element of P. If further x + u =y, then y = R;1(x). L;1(y) so that L;}(u) € P,
and hence LyL;'(u) € P. But LyL; () = u. We have proved that P is a subgroup
in Q(4). By Lemma 5, ¢ = Re(o), ¥ = Ly(o). But ¢(O), f(O) € P, therefore ¢|P, y|P
are permutations of the set P, hence automorphisms of P(+).

Theorem 3: Every subquasigroup of a T — quasigroup Q is a T — quasigroup.
Proof.: Let P be a subquasigroup of Q and a be an arbitrary element of P. Put
O(+) = Q®RabLs™ D), By Lemma 10 and Lemma 3, (Q(4+), Rea)s Lray, a - @)
is a P—canonic T - form of Q. Therefore (P(+), Re(a)|P; Lt(a)|P; a .a) isa T - form
of P. Thus P is T - quasigroup. ‘

Lemma 11: Let P be a subquasigroup of a T - quasigroup Q. A T - form
(Q(+), @, v, g) of Q is P — canonic if and only if O € P.

Proof: If (Q(+4+), ¢, ¥, g) is P — canonic, then P(+) is a subgroup of Q(+), so that
Oe€P.

On the contrary, be O e P. Define Q(0) = Q®Re™sLso)™s1), By Lemma 3, there
exists a T — form (Q(o), &, o, h) of the T — quasigroup Q. Since O € P, f(O) € P.
Hence, by Lemma 10, the T - form (Q(0), &, o, k) is P — canonic. As f(0). O = O
is zero in Q(o), from Lemma 9 follows that Q(4+) = Q(0), ¢ = &, y =9,¢ = h. Thus
(O(+), @, v, g) is a P — canonic T — form of Q.

Lemma 12: Let Qand Pbe two T —quasigroups. Let a mapping &, § : O — P,
be an epimorphism and (Q(+), ¢, ¥, g) be an arbitrary T — form of Q. There are
a, be Q such that Q(+)= QR L1, Define P(o) = PReaLgw™>1) Then
& : O(+) — P(o) is an epimorphism, hence P(o) is an Abelian group. If x, y are
arbitrary elements of Q such that &(x) = &(y), then ép(x) = &p(y) and &y(x) =
= &y(y). Define mappings @1, y1 as follows: For every p € P, g1(p) = &p(x), y1(p) =
= &y(x), where x e Q such that &(x) = p. Then ¢i, y1 are automorphisms of the
group P(o) and (P(0), ¢1, w1, &(¥)) is a T — form of the quasigroup P.
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Proof: For every x, y ¢ Q we have
Ex + 3) = ER:(x) . Li(9)) = Rely E(x) . Ly £(3) = &(x) 0 &)
That is, £ is a homomorphism of the group Q(+) onto P(o).
Further, &(x). &(y) = §(xy) = &(p(x) + v(») + &) = &p(x) 0 Ep() 0 &(g).
Obviously £(O) = e, where e is the zero of the group P(o). Let x, y € Q and &(x) =
= &(y). Then &(x) . e = &(x) . &(0O) = &(y) . £(0) = &(y) . e. Hence &p(x) o &(g) =
= &p(y) 0 &(g), so that &p(x) = &p(y). Similarly we can prove that &y(x) = &p(y).
Thus, the definition of mappings ¢1, 1 is correct.
Be p, s arbitrary elements of P. There are x, y ¢ Q such that &(x) = p, &(y) = 5. We
have g1(p) 0 g1 (5) = &p(x) 0 §p (y) = &(e(x) + () = ép(x + y) = @u(p 0 5).
Therefore ¢; is an endomorphism of the group P(o). Similarly ¥, is an endomorphism
of P(0). Moreover, ps= &(x). &) = &p(x) o &p(y) 0 &(8) = @r(p) o ya(s) o &(g).
Therefore ¢, y1 are automorphisms of P(o0) and (P(0), ¢1, y1, £(g)) is a T — form of
the quasigroup P.
The following theorem is an easy consequence of Lemma 12.

Theorem 4: If a quasigroup P is a homomorphic image of a T — quasigroup Q,
then P is a T - quasigroup.

Theorem 5: A cartesian product of any non — empty system of T — quasigroups
is a T - quasigroup.
Proof.: Let {Q;, i € I} be a given system of T — quasigroups. For every 7 e I be (Q¢(+),
@i, Y1, gi) arbitrary T — form of the T - quasigroup Q;. Define O(+) = q Oi(+),

¢ = Iy, p = Iy Then (Q(+), <p; Y, < gi >) is obviously a T - form of the
iel el
quasigroup I7Q;.
iel

Now we can formulate:
Theorem 6: All T - quasigroups form a primitive class in the class of all qua-
sigroups.

2° Abelian groups whose every isotope is a T — quasigroup

Lemma 13: Let Q(+) be an Abelian group. Every quasigroup isotopic to Q(-+)
is a T — quasigroup if and only if the symmetric group S¢ of the set Q is generated
by all translations and automorphisms of the group Q(+).

Proof: Denote by G the group generated by all translations and automorphisms of
the group Q(+) in the group Sgq. As for every a, b ¢ Q(+) and every ¢ € Aut Q(+) is
a= Ray, LaLy = Layp, L;! = L(_q), pLa = Lgap; it is possible to express every
element of G in the form L,yp, where y € Aut Q(+) and u € Q(+) are convenient
elements.
Let G= S¢ and Q(+) be any isotope of Q(+4), Q(+) = Q(+)@h:». We can
suppose that y = 1 (Q(«)¥»*™»7™) = Q(4 )@ #5) and quasigroups Q(-) and
Q@) ¥¥™) are isomorphic). There are @, p € Aut Q(+) and a, be Q(+) such
that @ = Lqgp, f = Lpy. Put g = a 4 b. Then for every x, y ¢ O(+) we have
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xey = ax) + B(y) = @(x) + a + b+ p(y) = @(x) + p(¥) + &.

Thus Q(+) is a T — quasigroup.

On the contrary, let every isotope of the group Q(+) be a T - quasigroup. Be
o € Sg an arbitrary permutation. Put Q(+) = Q(+4)@1l, Q(.) is a T - quasi-
group, so that, by Lemma 4, there is ¢ € Aur Q(4) such that « = Lq(e®. There-
fore « € G. Thus G = Sq.

Lemma 14: Let Q(+) be an Abelian group satisfying one of following two
conditions:
(1) Q(+4) has at most three elements.
(ii) Q(+) has four elements and each of them has order 2.
Then every quasigroup isotopic to Q(+) is a T — quasigroup.
Proof: In view of Lemma 13, we shall prove that the group Sgq is generated by all
translations and automorphisms of the group Q(+).
If the group Q(+) has at most two elements, then every element of the group Sg
is a translation of the group Q(+).
Let Q(+) have three elements. Then the group Ggq(,) of all translations of Q(+) has
three elements. The group Aut Q(+) has only two elements. The intersection
Gq) N Aut Q(+)is, evidently, the unit subgroup. As the union Aur Q(+) U Gq
has four elements, the group G generated in Sq by all translations and automorphisms
of O(+) has at least four elements. By Lagrange’s theorem, Sq = G.
Let Q(+4) have four elements and let every (nonzero) element of Q(-+) have order 2.
The group of translations Ggq(,) has four elements, the group Aur Q(+) has six
elements and Gg() N Aur Q(+) = 1. Denote by G a group generated in Sq by the
set Aut Q(+) U Go). Leta € Gy, ¢ # 1. If p € Aur Q(+), ¢ # 1, then ap ¢ Aut
O(+), ap ¢ Go)» but ap € G. Therefore G has at least fourteen elements. Since
S¢ has 24 elements, it must be G = Sq.

Lemma 15: Let Q(+) be an Abelian group having at least four elements.
Let in Q(+) exist a nonzero element g of order O(g) 7% 2. Then there exists an
isotope Q(+) of Q(+4) which is not a T — quasigroup.
Proof: We have g = O, O(g) # 2. Define a permutation « of the set Q such that
a(0) = g, a(g) = O and a(x) = x for each other x ¢ Q. Consider the principal
isotope Q(s) = Q(+)(@-1.1) of the group Q(+). Suppose Q(+) to be a T — quasigroup.
Then, by Lemma 4, the mapping ¢, ¢(x) = a(x) — a(O) = a(x) — g for every
x € Q(+), is an automorphism of the group Q(+). Especially we have ¢(x — g) =
= @(x) — @(g) = p(x) — a(g) + 2(0) = @p(x) + g and p(x — g) = a(x—g) — g =
= @(x) + & = a(x). Thus a(x — g) = a(x) + g M
Since Q(+) has at least four elements, there exists y € Q(+4) such that y # O, y # g,
y # 2g. For such an element y is y — g # O, y — g # g and thus a(y — g) =
=y —g.From(7)wehavea(y —g)=y—g=a(y) + g=y + g.Hencey — g=
= y + g and hence, O(g) = 2, which is a contradiction.

Lemma 16: Let Q(+) be an Abelian group having at least five elements. Let
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for every g € Q(+) be O(g) = 2. Then there exists a quasigroup Q(-) isotopic to

O(+) such that Q(.) is not a T - quasigroup.

Proof: Select g1, g2 € Q(-+) such that g1 7 O, g2 # O, g1 # g2. Define a permutation

« of the set Q such that «(O) = g1, «(g1) = g2, «(g2) = O and a(x) = x for each

other x ¢ Q(+). Suppose that Q(+) = Q(+ )11 is a T — quasigroup. Then the

mapping ¢, ¢(x) = a(x) — «(O) is an automorphism of the group Q(+4). There

exists y € Q(+) such that y 7= O, y # g1, ¥ # g2, ¥ # &1 + g». Since every element

of Q(+) has order 2, we have y + g2 #0O, y + g2 7 g1, ¥y + g2 7 ge. Thus a(y) =

=y oy + g2) =y + g

Further,p(y + g2) = a(y + 82) —2(O) =y + g2 — 1=y + g2+ &=

= @(») + ¢(g2) = a(y) — 2(0) — a(0) = a(y) = y. Thus y + g1 + g2 = y. Hence

g1+ g2 = O, and hence, g1 = g1 + g1 + g2 = g2, which is a contradiction.
Theorem 7: Let Q(+) be an Abelian group. Then every quasigroup isotopic

to the group Q(+) is a T — quasigroup if and only if Q(4) satisfies one of the

following conditions:

(i) O(+) has at most three elements.

(i i) Q(+) has four elements and each of them has order 2.

Proof: This theorem follows directly from Lemmas 14, 15, 16.

3° Several examples of T - quasigroups

Theorem 8: Every Abelian group is a T - quasigroup.
Proof: Be O(+) any Abelian group. Then evidently (Q(+), 1, 1, O) is a T — form of

the group O(+).
Definition 4: Let » be a positive integer, n = 2. Quasigroup Q is called an

on — quasigroup if for every xy, . . ., x, € Q and for every y1,...,yn € Q,
(1 (2 (... (xn-120 D)) (((Pnyn-1) - . ) y2) 1) = (8)
= (2 (22 (. . . (xn-10)))) ((((%n yn-1) - . . ) ¥2) 31).
Q is called a B, — quasigroup if
((((xrx2) x3) . .. ) xa) (Y (. . . (¥3(y2 1)) =
= (3 x2) x3) . .. ) xn) (¥ (. . . (¥3 (y2 x1)))). ®

Theorem 9: Let n be a positive integer, » = 2. Let Q be an «, — quasigroup or
Bn — quasigroup. Then Q is a T — quasigroup.
Proof: Assume that Q is an a, — quasigroup.

1) Be x1, . . .s Xn, Y1, - . ., Yn arbitrary elements of Q.

Define a1 =x2(x3(...(xn-12%n))), a2z = xa(x3 (... (Xn-1yn)))
b= (((ynyn-1) - ..) y3) y2, b2 = ((xn yn-1) . . .) y3) yo.
Let x, y € Q. In view of (8), we can write

Ra; (%) . Loy () = Rap (x) . Loz ().
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Thus Ray RZ: (x) .y = x. Ly, L3} (). Hence Ry R;! is a central regular map-
ping of Q. Let u, v be arbitrary elements of Q. There is z ¢ Q such that uz = v-
Since Rew)(#) = u, v = R,R;},,(4). We can select the elements x2, . . . Xn, Y2, - - ., Yn
such that a; = 2, a2 = e(u). Then Rq R;}(¥) = ». We have proved that Q is
a transitive quasigroup.

2) Bexy, ..., Xn-1, %1, . . ., yu-1 fixed elements of Q. For every x, ¥ € Q define

xo0y=(alxz (... (xn-12)) (OG-0 - - .) y2) y1).

According to (8), O(o) is a commutative groupoid. Moreover, Q(0) is a principal
isotope of Q.

3) From 1) and 2) follows that Q is a principal isotope of some Abelian group
Q(+), Q = Q(+)@A.1), By (8), we have

a(a(x1) + Bla(xz) + B (... + Bla(xn-1) + B(xa)))) +

+ BB + 2(By2) + a (. . . + a(B(yn-1) + «(yn)))) = (10)

= a(a(x1) + Bla(xe) + B (. . . + Px(xn-1) + Blyn)))) +

+ BB + 2(B(y2) + (. . . + a(B(yn-1) + alxa))))-
Since a, § are permutations of the set Q, from (10) easily follows

a(xr + Blxz+ B(. . . + Blxn-1+ B (xa))))) +

+ Bon+ a2+ « (.. . + a(yn-1 + a(yn)))) =

=ala+ B+ B(. ..+ Bln1+ Byn))) +

+ B+ a(yz + a (... + a(¥n-1 + a(xa)))).
If we put xo=x3=...=xp-1=y1=py2=...=y,= 0, we get for every
X1, Xn € Q, a(x1 + 71 (x)) + B7-1(0) = a(x1+ f7-1(0)) + Pam-1(x,). Hence there
are permutationsy, 6 of the set Q such that for every a, b € Q, « (a + b) =y(a) + (b).
That is, « is a quasiautomorphism of the group Q(+) and henceforth there exists an
automorphism ¢ of the group O(+) and an element g; of Q such that for every
x € Q, a(x) = @(x) + g1. Similarly we can prove the existence of y € Aur Q(-+) and
g2 € QO such that for every y € Q, B(y) = w(y) + g2. Denote g = g1 + g2. Then
xy = a(x) + B(y) = @(x) + y(¥) + g Thus Q is a T - quasigroup.
The proof for f, — quasigroups is similar and of no principal difficulties.

Theorem 10: Let n be a positive integer, n = 2. Let Q be a T — quasigroup.
Then Q is an a, — quasigroup if and only if for any (and then for every) T — form
(Q(+), @, v, g) of the quasigroup Q is pyn-1 = yonr-1.

Proof: Since Q is a T — quasigroup, the condition (8) is obviously equivalent to the
condition

@3(x1) + @(g) + pyp(x2) + . .. + per-L(xz) + g +

+ ¥?(1) + w(@) + vey(ye) + . . . + @y m) =

= ¢%(x1) + @(g) + pyep(xe) + . .. +yp-1(yn) + &+

+v20n) + v(@) + vey (y2) + .. . + @yt (xn).

But this is equivalent to y@® -1 (xa) + @yn-1(yn) = pe*-1 (ya) + @y" 1 (xa) which
is equivalent to pyn-1 = yen-1,
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Theorem 11: Let Q be a T - quasigroup and # a positive integer, n = 2. Then
Q is a B - quasigroup if and only if for any (and then for every) T - form (Q(+),
P> v, 8) of Q is pm = yn.

Proof: The proof is quite similar to that of Theorem 11.

Remark: An a2 —quasigroup is often called Abelian quasigroup.
As a corollary of Theorem 10 we get:

Theorem 12: A T —quasigroup Q is Abelian if and only if for any (and then for
every) its T — form (Q(+), @, ¥, &) is oy = yo.

Theorem 13: Let Q be a T — quasigroup and (Q(+), @, ¥, g) its T — form such
that @, v have finite order in the group Sq. Then there is a natural number #n such
that Q is a 8, — quasigroup.

Corollary: Every finite T —quasigroup is a B, —quasigroup for some convenient
natural number 7.

Proof: Denote O(p) = k, O(y) = I. Then ¢kl = (¢k)l = 1 = (ph)k = ki,
Therefore, by Theorem 11, Q is fx — quasigroup.
Definition 5: Quasigroup Q is called

B, - quasigroup if  x(yz2) = y(x2) (11)
B; - quasigroup if  (xy)z = (x2)y (12)
Bg — quasigroup if  x(yz2) = 2(yx) (13)
B4 - quasigroup if  (xy)z = (2y)x (14)

for every x,y, z € Q.

Theorem 14: A T - quasigroup Q is a left (right) loop if and only if for any
(and then for every) its T — form (Q +), ¢, p, g is p = 1 (¢ = 1).
Proof: We shall prove the statement for left loops only. Let the quasigroup Q have
aT-form (Q(+),p, 1,g). Thenforeveryxe Q, o (—g) x=—g+x+ g=x.
Hence ¢-1(— g) is a left unit in Q.
On the contrary, be e a left unit in Q. Let (Q(+), @, v, £) be arbitrary T - form of Q.
Then for every x € Q, x = ex = @p(e) + y(x) + g. For x = O we get p(e) + g = O,
henceyp = 1.

Theorem 15: Let a T —quasigroup Q be a left or right loop. Then the quasigroup
Q is Abelian.
Proof: By Theorem 14 and Theorem 12.

Theorem 16: Let Q be a T — quasigroup. Then Q is a left (right) loop if and
only if Q is a B, — quasigroup (Bz — quasigroup).
Proof: Let Q be a left loop and e be its left unit. Then, by Theorem 15, Q is an
Abelian quasigroup. For every x, y, z € Q we have ex . yz = x(y2) = ey . xz = y(x2).
Thus Q is a B; — quasigroup.
Conversely, let Q be a B; — quasigroup and (Q(+), ¢, v, g) be a T — form of Q.
Then, by (11), for every x, y, z € Q, p(x) + yo(y) + ¥%(2) + g + v(g) = o(¥) +
+ wop(x) + v¥(2) + g + y(g). Hence ¢(x) + yo(y) = ¢(y) + pg(x). Fory = O we
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get ¢(x) = pe(x). Therefore y = 1 and, by Theorem 14, Q is a left loop. The other
part of the proof is similar.

Theorem 17: Every Bs — quasigroup and every B4 — quasigroup is an Abelian
quasigroup and hence a T - quasigroup.
Proof: Be Q a quasigroup and x, y, u, v arbitrary elements of Q. If Q is a B3 -
quasigroup, then xy.wuwv = v(u.xy) = v(y.xu) = xu .yv, which is the Abelian
identity. If Q is a B4 — quasigroup, then xy . uv = (uv.y) x = (yv . w)x = xu. yv.
Theorem 18: A T - quasigroup Q is a B4 —quasigroup (B3 — quasigroup) if and only
if for any (and then for every) its T — form (Q(+), ¢, ¥,8) is p = ¢?(p = y?).
Proof: The proof is similar to that of Theorem 16.

49



		webmaster@dml.cz
	2012-10-05T20:00:32+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




