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SOME PROBLEMS OF COMETARY PHYSICS INVESTIGATED
ON THE BASIS .OF PHOTOMETRIC DATA

PART ONE

ZDENEK SEKANINA

Astronomical Institute of the Faculty of Mathematics and Physics of the Charles
University, Prague

Director Prof. Dr. J. M. Mohr

PREFACE

Photometrical data of any physical body are collected, besides other reasons,
for studying the stability of its brightness. Comets belong to those cosmic ob-
jects, the apparent as well as real brightness of which changes considerably.
If the terrestrial influences are not considered, which introduce a number of
errors into obtained brightness estimations, the objective agents accounting
for changes of the comet brightness are as follows:

1. geocentric distance of a comet;

2. heliocentric distance of a comet, or the surface temperature of a comet nuc-
leus;

3. state of the Sun at the moment;

4. structure and physical properties of a comet nucleus under the conditions
existing;

5. period during which the comet nucleus is exposed to, the effects of the solar
activity (secular influences).

The first and partly the second items are the problems of celestial mechanics
and they make no difficulty at present. A part of the second point, viz. the de-
pendence of the surface temperature on the heliocentric distance, as well as
each of the other belong to the problems.of cometary physics. With respect to
their character the changes of comet brightness may be divided into two groups:

1. brightness changes with the heliocentric distance;

2. brightness changes with time: -

a) periodical changes;

b) irregular changes:
ba) short-term changes,
bb) secular changes.

An analysis of photometrical data may be performed in two different ways:

1. by starting from the form of the dependence found from the gathered ob-
servational material and looking for pure empirical correlations;

2. by postulating a certain physical comet model (simplified, of course) and
discuss the agreement between theory and observations. ..

In the present study I will follow, as far as possible, the latter way. A comet
dust-gas model is applied as the physical theory. Hence, one of the main targets
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of the study is to prove the ability of a dust-gas model to interpret the quanti-
tative relations found.

In Chapter One I am trying to give a brief synopsis of the cometary photo-
metry successes reached so far. Observational effects on brightness estimates
are discussed a little more, because this important problem, being outside the
interests of the study, is not further analyzed in detail.

A fundamental problem of photometry of comets and cometary physics alto-
gether is the character of the dependence of the comet brightness (more exactly
comet-head brightness) on the heliocentrical distance; an analysis of the pho-
tometrical curve of the comet is the method of investigation. This problem is
therefore discussed most thoroughly, especially in Chapter One and several
other chapters. At the same time the Jimportance of the photometrical efficiency
of dust in the cometary atmosphere is stressed. Up to now only small attention
has been paid to this question in world literature.

In connection with the release of dust into the cometary atmosphere an in-
teraction between a comet and interplanetary matter is of great importancy,
which is discussed in a separate chapter. The Stanyukovich theory of microsco-
pic explosions (when cosmic velocities occur) is applied to the conditions in
interplanetary space.

The next chapter deals with the study of cometary-head dimensions, which
is closely connected with photometrical parameters and check on each other.
In this field the results are incomplete at present and a number of difficulties
arise in treating observational material.

Part Two of this investigation, which will follow in the course of next year,
analyzes the influence on comets of the periodicity of the solar activity, short-
term fluctuations in the colour-index of comets, and the perihelion asymmetry
of the cometary light curves.

On principle I try to give the observational material used, and if it is not
possible because of the extent of the study I consistently indicate the reference.
The synopsis of physical characteristics of comets distributed according to the
solar cycles will be appended to Part Two. It may serve for cotingent further
investigations.

CHAPTER ONE
HISTORY AND EVOLUTION OF PHOTOMETRY OF COMETS

The history of photometry of comets in the best sense. of the term, i. e. that
of determining their brightness and empirical study of observed photometrical
curves, is connected with the evolution of knowledge of kinematic and dynamic
properties of comets. The brightness of comets changes in many greater limits
and substantially faster than that of any other cosmic objects (excepting super-
novae), and hence, they have always attracted observers’ attention. The per-
formed brightness estimates, however, were not in any way contributing to
science as long as no information on the comet position in space was obtained.
Finding the law of universal gravitation was of fundamental importance for
photometry of comets as a part of comet astronomy. Methods of computing
comet orbits, based on the law, made it possible to determine the heliocentric
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and geocentric distances of a comet for any moment and to construct in such
a way its photometrical curve.

It was NEwToN (1687) that first investigated the problem of integrated-
brightness variation of comets and its utilization for determining “photo-
metrical parallax‘ of comets. He assumed the radiation of comets was due only
to reflected solar light; hence, the following expression was used by him for the
apparent comet brightness: , ‘ .
I =147, : (1.1)

I, was a constant. This formula was used many times, and even verified in
practice (ScEMIDT, 1863, MULLER, 1897). At the same time another reduction
formula was suggested, which assumed that comets hold their luminosity
constant (analogously to stars), so that their apparent brightness varied with
42 (e. g. HERSCHEL, 1912).

At the end of the 19th century the first critical remarks appeared regarding
the validity of formula (1.1) (BERBERICH, 1888, HOLETSCHEK, 1896, 1905, 1913,
1916, 1917). HoLETSCHEK (1893) suggested the following formula for expressing
the changes in the comet brightness:

I=1I.4%r" (1.2)
where quantity =, called the photometrical exponent at present, was put

by him equal to 4. If we denote I, the comet brightness reduced to a unit of
geocentrical distance,

I, =1.43 '
we get the general definition of the photometrical exponent from (1.2):
_ dIA ' )
n(r) = —I Tar | (1.3)

HoreTscHEK himself considered the photometrical exponent to be a constant
magnitude. Let us here stress that relation (1.3) results from (1.2) only provided
n = const. The generalization to an arbitrary, variable n was definitorically
introduced later. Then the mathematical form of (1.2) met with changes too,as
we shall see in the next chapter.

HoLETSCHEK having suggested Mlation (1.2) in 1893, applied in his later stu-
dies the old law (1.1) and contented himself with referring to systematic depar-
tures of observations from it. The present current method of determining the
photometrical exponent from the form of the photometrical curve was introdu-
ced by OrLoV (1911a, 1911b) and the variability of the photometrical exponent
was first pointed out by VSEKHSVIATSKY (1925). This fact led VSEKHSVIATSKY
(1936a, 1936b) and some other authors (FILrepov, 1929, DEIcH, 1932) to look
for photometrical formulae more suitable than that of HoLETscHEK. However,
their attempts had a purely empirical character and the suggested formulae are
not used in practical computations. Meanwhile, formula (1.2) has been applied
to a great extent without any change up to now.

Since the beginning of this century a number of astronomers have dealt with
deriving numerical values of the so-called photometrical parameters, i. e. ex--
ponent n and absolute magnitude H, = — 2.5 log I, for many comets. ORLOV
(1911a, 1911b) and KRITZINGER (1914) were the first to do so, BOBROVNIKOFF
(1941, 1942) and BrYER (1933, 1937a, 1937b, 1937c, 1942, 1947, 1950a, 1950b,
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1955, 1958, 1959) dealt with the problem most thoroughly, and in this country
mainly BoUuSKA (1949a, 1949b, 1949c, 1949d, 1950a, 1950b, 1951a, 1951b,
1951¢, 1953), VAN YSEK (1949,1952), BouSKA and VANYSEK (1949), VANYSEK and
HREBIK (1954), and HRUSKA (1957a) took part in this investigation. Moreover,
Hru$ka and VANYSEK (1958) have recently made up the catalogue of photo-
metrical parameters of 120 comets from the years 1853 to 1955.

VSEEKHSVIATSKY (1925, 1928, 1933, 1935, 1937, 1948a, 1948b) and his colla-
bolators, KoNoPLEVA (1950) and VopoPiaNovA (1954a, 1964b, 1954c, 1956),
proceeded in another way. VSEKHSVIATSKY statistically studied the distribu-
tion of observed photometrical exponents and found that the mean value was
close ton = 4. This value was held by him as “a characteristic of the mean law of
the comet-brightness variation, when the ice evaporation from the comet takes
place in an average homogeneous force field of the Sun (i. e. corpuscular radia-
tion field — Z. S.)* (VSEKHSVIATSKY, 1958). Although VSERHSVIATSKY's inter-
pretation may be hardly accepted, nevertheless, the method has some justifica-
tion for purely statistical purposes because of its applicability to a considerably
greater number of comets than that of the general form of formula (1.2). Besides,
for the comets being observed within a small interval of heliocentric distances
the photometrical exponent results, as a rule, in such a great error, that the
approximation n = 4 is quite sufficient and often closer to facts. In this way
VSERHSVIATSKY obtained the H,,-quantity called by him the absolute
magnitude and defined by the relation '

H,,=H—5log4—10logr, (1.4)

H is the apparent magnitude. By this method the General Catalogue of Abso-
lute Magnitudes of Comets has been made up, including H,, for 803 apparitions
of comets at present (VSEKHSVIATSKY, 1958).

A history of photometry of comets in a narrow sense, i. e. that of the study
of physical processes occurring in the cometary head on the basis of photo-
metrical data, began less than twenty years ago. An impulse to investigations
of this kind was given by LEVIN‘s paper (1943), who applied the ideas of the
processes of sorption (i. e. absorption, adsorption, chemosorption) and desorp-
tion to the mechanism of release of gas from the comet nucleus. He indicated
that the comet brightness depended among others on the surface temperature
of the nucleus, sort and concentration of gas. The resulting photometrical
exponent is in close connection with the heat necessary to evaporate
a certain amount of the gasand it isa function of the heliocentric distance.
LEvIN (1947) presumes the character of the sorption of gas in the comet nuc-
leus is an interstage between adsorption on the one hand and absorption and
chemosorption on the other. It is likely that over the whole life-time of the
comet nucleus a high degree of the gas diffusion has taken place in its crystal -
structure as well as inside individual crystals. On the other hand it is hard to
accept an idea of the uniform distribution of gas within the crystal; it is clear
the maximum concentration of gas is near the crystal surface. During the
approach of a comet to the Sun the heating of the nucleus occurs; the eva-
poration of gas comes first of all in the surface layer. However, there exists
a rather great inertia of the process so that the heat attains deeper layers of
nucleus blocks only after the perihelion passage. It produces the transfer of
molecules sorbed in deep parts towards the nucleus surface and sometimes
their evaporation, too. The brightness of the comet then increases with its re-
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ceding from the Sun. Such a case is relatively frequent and appears as the
retardation of the maximum brightness regarding the perihelion passage.

Besides it an opposite effect is always present. The continuous evaporation
of gas during an approach of a comet to the Sun leads to the fall of the sorbed-
gas conocentration in surface layers of the nucleus and, hence, to the decrease
of the comet brightness after the perihelion passage. In this case the time of the
perihelion passage is preceded by the moment of the maximum brightness.
Both the mentioned processes act simultaneously and the character of the re-
sulting effect depends on the respective powers. o

Here are some fundamental ideas of the physical conditions connected with
the mechanism of release of gas from the comet nucleus. As it is the gas that
produces the observed effect, the discussed physical model is often called the
comet gas model. .

The gas describes the cometary atmosphere as a homogeneous physical
medium. However, various physical investigations indicate the cometary
atmosphere must be considered as a heterogeneous medium. The reasons are
both logical and experimental.

The assumption of the release of gas from the stony blocks of the comet
nucleus (whether close to the monolith or more divided) leads to considera-
tions about the interaction between gas molecules and ‘“parent” bodies, in
which the gas was sorbed, and especially about the process of ejection of dust
particles together with gas moleculgs. The acceptance of this process condi-
tions the acceptance of the fact that there are two constituents which take part
in the comet radiation: the gas and the dust.A number of observed disruptions
of comets prove in a telling way that the forces securing the stability of the
comet nucleus are relatively weak, not to say those uniting individual particles
of the nucleus. Otherwise, there exists some evidence indicating a porous struc- -
ture of the nucleus material.

Experimental reasons for physical non-homogeneity of the cometary atmos-
phere are in close connection with finding the differences in physical properties
of the so-called “new’ and “old’’ comets and based on photometrical investi-
gations, spectral analysis and polarization measurements of the comet light.

The differences between ‘“‘new” and ‘“‘old” comets are not a cosmogonic
problem to all intents and purposes, even when there is no doubt that they con-
tribute to the solution of evolution problems of the solar system. The criterion
of “age” of comets is not represented by the duration of the period, during
which a comet stays in the same state as observed, but by a number of its re-
volutions round the Sun. Expressed in units of time, the scale of ageing is
specific for each comet, according to its orbital period. The ‘“new’ comets are
those approaching the Sun for the first time or several times extremely, while
the “old” comets are those known for many passages through the perihelion.

A statistical analysis of photometrical exponents of a great number of comets
having been performed by many authors indicates that there exists a syste-
matic difference between long-period and non-period comets on the one
hand and short-period comets on the other. The former have a far smaller ave-
rage photometrical exponent. The difference is explained both by the absence
of the dust and by the higher values of the evaporation heat of gas molecules
in atmospheres of short-period comets. Analogously there exist systematic
differences in the absolute magnitude of both groups of comets. These differen-
ces indicate the various amount and different type of sorbed gasesin the nucleus
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for the two groups. Long-period and non-period comets have vast supplies
of gas placed in surface layers of the nucleus, while in the same regions of the
nucleus of short-period comets the supplies of gas are exhausted.

A statistical analysis of photometrical exponents alsb indicates that the
n-value decreases both in the vicinity of the Sun and in rather large helio-
centric distances (HRUSKA, 1957a), so that curve n = n(r) attains its maximum
gs a rule in the range between 1 — 2 A. U., sometimes even farther from the

un. \

A photometrical and spectral investigation of the “new” and “old” comets
was thoroughly carried out by OorT and SceEmipT (1951). They divided co-
mets into four groups according to the semi-major axis of the primitive orbit, a,
i. e. of that undisturbed by gravitational influence of Jupiter or other planets:

1. new comets, %— less than 0.0001 (A.U.)-%;
II. fairly new comets, % between 0.0001 and 0.0020 (A.U.)-1;
III. old comets, % between 0.0020 and 0.0400 (A.U.)-1;
IV. periodical comets, —‘l; greater than 0.0400 (A.U.)-L.

As to spectral characteristics of comets, OorT and ScHMIDT gave a few in-
teresting data following from BALDET’s catalogue of cometary spectra, con-
taining comets from phe years 1864 to 1925. They found that seven out of eight
comets with intense continuous spectra belonged to the groups of new and
fairly new comets, and that six out of eleven comets, for which primitive orbits

1 . . .
of - less than 0.00025 (A.U.)~! were established, had intense continuous spectra,

five of the six having the perihelion distance larger than 1 A.U. The authors
concluded that an intense continuous spectrum was a feature of new and fairly
new comets. From the above mentioned, however, the conclusion could be drawn
that new comets own continuoug spectra not because they are new but be-
cause they are observed in large heliocentric distances, in other words, an in-
tense continuous spectrum is a general property of comets in large heliocentric
distances. OorT and ScHMIDT contradict such a conclusion, referring to the
fact that BALDET’s list includes at least 9 old comets (without an intense con-
tinuous spectrum or even a continuous spectrum at all) out of 17 comets with
perihelion distances larger than 1 A.U.

Fluorescence, a process exciting gas molecules for radiation, produces si-
multaneously a partial polarization of the molecular light (LEVIN, 1947), to
7.6 per cent in transitions X — 2 as well as IT — IT and to 19 per cent in
transitions X' — II. Owing to a very low gas density collisions of molecules
may be left out of account, the unpolarized constituent of excited radiation is
negligible and the observed degree of polarization must be ranged between the
two extreme values, while the polarization degree of the solar light reflected on.
dust particles is considerably higher, sometimes exceeding 30 per cent. The
latter fact has recently been experimentally verified by RicHTER (1959). Earlier
OmmaN (1941a, 1941Db) found a 10 per cent polarization in the comet 1941 I and
a 24 per cent polariza,tion in the comet 1941 IV. The latter was characterized by
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an mtense continuous spectrum (Swm(;s 1941, ELVEY Swings, Bascook,
1943). The connection of the polarization degree with the a,ppeara.noe of -
spectrum was later proved by many other explorers. -

The differences between “old’”’ and “new’’ comets are reflected even in a value
of the heliocentric distance ¥ of the maximum growth of coma dimensions
(see Chapter Six).

The average values of the heat of evaporation, L, photometrical exponent n,
and heliocentrical distance 7 for the Oort-Schmidt distribution of comets are
given in Table 1.

Table 1
Average photometrical parameters of in'vestigated groups of comets
Group of comets cal [Ix‘nol n A.;;I.
I. new \ 2700 4 500 2.8 3.3 £+ 0.4
II. fairly new 3400 + 500 3.7 2.5 + 0.3
III. old 4900 + 400 3.8 ‘1.6 + 0.2
IV. periodical ' 6500 + 1000 4.2 1.7 £ 0.3

The differences in spectrum, i.e. in the intensity ratio between the emission
band spectrum and the continuous spectrum, as well as those in the parameters
given in the table are produced by the same effect. Any comet isa conglomerate
of gas and dust; both gas and dust are characterized by the specific (and diffe-
rent from each other) values of L, n and the specific appearance of spectrum.
The reason why values L, n and spectra of respective groups of comets differ
from each other is the different ratio between the abundance of the two consti-
tuents of the conglomerate: the influence of dust in the two first groups is
much greater than in the two others.

The following correlation clearly appears on the basis of the results of mvestlo
gations reached so far between the appearance of spectrum, photometrical ex-
ponent (or heat of evaporation) and degree of polarization:

(a) continuous spectrum < low photometncal exponent < high degree of
polarization;

(b) emission molecular band spectrum <> hlgh photometrical exponent <= low
degree of polanzatxon

A “pure” gaseous model could explain neither ascertained differences between
“old” a,nd “new” comets nor the form of the photometrical exponent curve.

Hence, the only logical solution of the disagreement between the gaseous model
and observations was originating and working up a new physical hypothesis,
a comet dust-gas model. Some considerations of this character, even-when
vague and in some points incorrect, were pronounced by BOBROVNIKOFF (1942)
twenty years ago. Nine years later the same problem was discussed in the
already mentioned paper of OorT and ScEMIDT (1951), while the simplest
mathematical analysis of the new model was first performed by VANYsEk
(1952). The present mathematical methods of the comet dust-gas model and its
next development are dealt with in the substantial part of the study. =

Simultaneously with improving observational methods and accumulating
material of sufficient abundancy some other ﬁelds of investigation have started
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to develop, mainly the solar-cometary relationships and study of the secular
variation of comet-radiation parameters.

A correlation between the solar activity and the brightness of the Encke co-
met was first found by BerBERICH (1888). Later this relation was confirmed by
BosLER (1909), but also authors appeared, negating it (LINK, 1948, KONOPLEVA,
1954, DoBROVOLSKY, 1957) and finding another way of interpretation (Ho-
LETSCHEK, 1916). Analogous studies were lately extended to other comets
(RICHTER, 1939, 1941, 1949, 1954b, BEYER, 1950a, KoNOPLEVA, 1954, DOBRO-
voLSKY 1955, 1958). Conclusions of various authors differ from each other and
till now there are many obscurities in this question, as to both short-term
fluctuations and long-term periodical changes.

Secular variations of the absolute brightness of comets were thoroughly
dealt with mainly by two investigators, VSERHSVIATSKY (1927, 1930, 1950,
1958) in the U.S.S.R. and BOBROVNIKOFF (1942, 1948) in the U.S.A. An
influence of observational methods and instrument used, however, made itself
felt here even in a higher degree than in studying comet-brightness changes.
Results are therefore unreliable.

A detailed discussion of the accuracy of observational methods is not the
subject of this paper. Regarding the fundamental importance, however, of
photometrical observations for our conclusions, it is necessary for at least some
aspects of this problem to be briefly mentioned. Whether HOLETSCHEK’s old
method or BEYER’s new method or the most extended extrafocal method is
used, the obtained values are always affected by a number of systematic errors
(in addition to accidental errors). The agents are (besides the method used) as
follows: '

a) comet, viz. head dimensions and the brightness distribution over the disc;
b) state of the sky, viz. transparency, high cloudiness, twilight, the Moon ete.;
c) observational instrument, viz. its dimensions and magnification used;

d) observer, viz. properties of his subjective percept.

The first, second and fourth effects are irremovable in practice. The dissen-
sions in view on the way how to reduce them are in connection with this fact.
A number of investigators suggest a reduction of the heterogeneous set of bright-
ness estimations to the system of only observer (BOBROVNIKOFF, 1941, 1942,
1948, GADOMSKI, 1947). On the other hand VSEKHSVIATSKY (1928) proved that
no observer estimated the brightness always in the same photometrical system;
he believes the determination of the average value from several observers’
‘estimates is more advantageous.

No universal view exists among astronomers on the influence of the instru-
ment used. BoBROVNIKOFF (1941) found that the difference between the observ-
ed magnitude and that of the photovisual system depended linearly on the
aperture of the instrument, D, i. e.

AH = —a.4D,a > 0. (1'.2)

This reduction formula was objected to by LEVIN (1947), and strongly criticized
by VSEKHSVIATSKY (1958). LEVIN points out the method of comparison between
focal comet images and extrafocal star images is not suitable. A comparison
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of surface brightness of a diffuse object with: that of tha extrafocal image of
a star-like object yields an estimate independent of instrument dimensions and
magnification used only in such a case, when the former object has sharp con-
tours. However, this requirement is not fulfilled in comets. This is just the way
in which systematic di ferences arise consisting in downward bias of comet
brightness in big telescopes when great magnifications are used. Hence, correc-
tion 4H should be dependent first of all on the magnification used. According
Jto VSERHSVIATSKY the light-gathering power of the telescope and the magnifica-
tion used are the magnitudes affaoting 4H.

In 1943, BoBROVNIKOFF (1943) obtained more than 700 estimates of the
brightness ‘of the Whipple-Fedtke comet through various instruments to verify
the character of the dependence of AH on instrument; dimensions. He observed
the comet with the naked eye and through a few different telescopes. BoBrOVNI-
KOF¥’s brightness estimates as well as the parameters of the instrument used,
viz. the diameter of the entrance pupil, D, the reciprocal value of the hght-
gathering power, S, and the ma.gmﬁoa.tlon used, M, are included in Table 2.

Table 2
Visual brightness estimates as related to the instrument used
o | 5% ¥ | m
m

6 3.8 1 0.00
28 5.2 8 4021
32 4.0 3.5 +0.18
54 3.5 4 +0.18
83 10.8 20 +0.76
240 15.7 . 60 +1.61

If the error of individual measurement is assumed to be 4 0.2, the AH-data
are of an accuracy of about + 0™.026. Further, an analysis is carried out of
the influence of respective instrument charaecteristics on the observed comet
brightness. The complication of the problem will appear to the full,

We denote I the observed comet brightness (through a given instrument) and
assume two diffsrent types of its dependenoe on the instrument characteristics;
firstly, a power form

I(D, 8, M) ~ D=.8¢. Mr, - (1.6)
and secondly, an exponential form: , ‘ ' ‘
I(D, 8, M) ~ exp [xD + AS 4+ uM), . (L7)

a, B, ¥,%, A, 4 are conlstants which may be found by the method of least squares.
Let us point out that BoBROVNIKOFF’s formula (1.5) is identical with (1.7) for
A = u = 0. Table 3 incltudes the constants as well as residuals 0-C' between 4H

. of Table 2 and that from (1.6) or (1.7). The computation has been performed
for various forms of the dependence.
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Table 3
Parameters of the reduction formula I = I (D, S, M)

34

00

+0.
+0
+0

—0.024 + 0.001

—0.110 =+ 0.007

o-C

m

312 | ——0.159 + 0.016

183
197
241

—1.02 + 0.24

—0.59_%+ 0.27
—0.85 % 0.10

—0.16 + 0.06 | —0.62 + 0.13

—0.04 + 0.18

—0.36 + 0.12
—0.40 + 0.08

M

8

D
M+8
M+D
S+D

>4
f
of
f
£
>4

independent o
independent o
independent
independent o
independent
independent o

general

The following conclusions may be drawn from
the data of Table 3: :

a) exponential form satisfies observations much
better;

b) general form of the dependence gives always
the best agreement with the material;

¢) BoBROVNIKOFF’s formula represents the worse,
agreement with observations (residual 4 0™.17)
than any other exponential case under considera-
tion.

The general form of the exponential dependence
is the only satisfying observation with a higher
accuracy than that of observed 4H.In spite of it,
even this form must be considered as a merely for-
mal expression of the sought-for dependence be-
cause of the sign of the coefficient at M. It indicates
that the observed comet brightness increases when
using greater magnification, which is impossible.
Since the values of M-coefficient are in every case
small, it seems the magnification is of little im-
portance for estimations of the comet brightness.
The situation is complicated also by the fact, that
the magnification of two instruments used is
smaller than the corresponding normal magnifica-
tion. It probably produces some change in respec-
tive AH, too. It seems that the effect of the
observational instrument itself cannot satisfacto-
rily explain the course of AH found empirically
assuming the dependence may be in general ex-
pressed in the form of (1.6) or (1.7). Then the three
other effects that cannot be abolished must be of
the same order. Most authors inclinerto the opinion
that the error of good visual observations is about
4+ 0m.2 to 4+ 0.3 (VSEKHSVIATSKY, 1928, Bo-
BROVNIKOFF, 1942, BEYER, 1952, HRUSKA, Va-
NYSEK, 1958). Any correction may hardly reduce
it markedly.

At present more and more photometrical mea-
surements are made by photoelectrical methods.
This is one of the ways of improving the observa-
tional material of physical data and giving preci-
sion to our conception of physical processes tak-
ing place in comets.

With a view of application to photoelectrical
measurements of comet brightness a series of met-
hods are being worked out in this study that can-
not be fully exploited for treating Ppresent visual
observations.



CHAPTER TWO

. A COMET DUST-GAS MODEL. .
FUNDAMENTAL METHODS OF DETERMINING ITS PHYSICAL
s PARAMETERS :
/

2.1. INTRODUCTION

Under physical pa.rameters we shall generally understand such quantities
which are neeessary and sufficient for the computation of the brightness of a co-
met provided its distance from the Sun, », and from the Earth, 4, are given,
and which by their nature characterize simultaneously certain physioal condi-
tions in the comet. In this respect they differ from the photometrical para-
meters. The physical parameters are with a sufficient accuracy constant for
the given comet for a long enough time-interval. -

Let us accept a dust-gas model of the comet and find the relation between
the physical and photometrical parameters.

The connection between the surface Yemperature of the comet nucleus and
the number of molecules, n,, released by the process of free evaporation from
a unit surface per unit of time, is given by the relation wlnch was first used by
LEviN (1943):

L
n,,_—_N.,.[z":;n] o~ BT e

where N, is the concentration of molecules in the surface layer of the nucleus,
m the mass of the average molecule, » the- Boltzmann constant, R, the gas
constant, 7' the absolute temperature of the comet-nucleus surface and L the
heat necessary for evaporation of a certain amount of gas. Expressions similar
to (2.1) result even if some other release mechanism, e. g. evaporation through
the isolative disperse surface layer of dust, effusion of gas ete., is considered
instead of free evaporation. As the gas-coma brightness may be ‘assumed to be
proportional to the number of released molecules, which is LEVIN'S way of
doing it, formula (2.1) gives the dependence of the brightness of the gas consti-
tuent of a cometary atmosphere on the heliocentrical distance. The form of re-
lation 7' = 7T'(r) only must be known.

There is no doubt that the surface temperature of the cometary nucleus in-
creases with an approach of the comet to the Sun. However, the exact mathema-
tical form of the dependence has not been foupd so far.

If a body of tiny dimensions in a thermal equilibrium state is the queéstion,
its absolute temperature 7 is

T(r) = To.r ; (2-2)

where T., is its absolute tempera.ture at a unit hehocentncal distance; accepted
T,-values are ranged within 300° — 350° K.

The comet nucleus is neither in a thermal ethbrmm state nor of tiny di-
mensions, since its diameter is probably ranged within 1 to 10 kilometers. Mo-
reover, formula (2.2) does not take into account the rotation effect of the nue-
leus. MARKOVICH (1959) showed that for these reasons the formula could not
correctly express changes of the surface temperature of the comet nucleus.

The correct expression results from the partial differential equation for con-
duction of heat, applied to the physxcal conditions that are — according to our
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conceptions — in the comet atmosphere. Such an analysis was performed by
MarkovicH (1959); he indicated that the surface temperature of the comet
nucleus changed in a different way from that given by formula (2.2). Its magni-
tude as well as variation depend to a great extent on the structure of the comét
nucleus and on what gases are released from it. We should not forget that the
thermal solar radiation acts in two directions: both increases the comet-nucleus
temperature and produces release of frozen gases and tiny dust particles from
the nucleus. By means of numerical quadrature of the equation of heat conduc-
tion for some special cases MARKOVICH showed the dependence of the surface
temperature of the comet nucleus on the heliocentrical distance might be sa-
tisfactorily written in a formally analogous form to (2.2):

T(r) =Ty.r=, (2.3)

where, however, a < 0.5 and has somewhat smaller value prior to the perihe-
lion passage than after it. Nevertheless, so far formula (2.2) has been often
applied in statistical investigations and therefore we cannot avoid it throughout
this study. - ‘

The problem of the presence of dust in cometary atmospheres will be discus
sed in detail in the next chapter. '

2.2. THE ANALYTICAL FORM OF THE PHOTOMETRICAL CURVE

Let us denote by symbels without index the quantities concerning the whole
coma; index d will be used for the same quantities concerning the dust coma
and index g for those related to the gas coma. Let us introduce the following
denotations:

I4(r) — the brightness of the coma in the heliocentric distance r and geooen-
trio distance 4 =1 A.U.;

H 4(r) — the magnitude of the comet corresponding to Z(r);

n(r) — the photometrical exponent defined by the well-known formula;

7(r) — the function giving the dependence of I, on the heliocentric distance

(physical exponent);
I, — the absolute brightness of the comet;
H, — the absolute magnitude of the comet;
B  — the quantity resulting from the average heat of evaporation of ga-

ses L, the gas constant R, and the absolute temperature of the
nucleus surface in r =1 A.U., T : B = L/R,T,;

k — the ratio of the absolute brightness of the dust- and gas coma;

Y(r) — the ratio of the brightness of the dust- and gas coma in & given helio-
centrical distance.

If the measurements of the brightness are free of the phase-effect the fol-
lowing relations are applicable:

Iy =1Isa + La, (2.4)
aa = Ioa.r™, ' (2.5)
Iy =dog.777,, (2.6)
Iy, =1I,.r, (2.7)
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so that

I = I.. l—-—'l- k Py (2.8)
makr—a + ngr,
= , 2,
nr) krg + 1, (2.9)
[ 2P ?.
or LR
1 ! 1 ! :
Cngr) =k +"'°', e (2.10)
—[e —[lte
ke 1 +e !

‘These relations apply to arbitrary forms of the functions n¢ = n4(r) and
7, = 7y(r) which are related to the oorrespondfng photometrical exponente by
differential equatlons of the form (¥ = d,g) :

. 3 e =, ext)

. Now we shall oonslder quite & general form of the funotlons ng and 7, and if
for n, and 7, we insert the expressions following from (2.1) and (2.3), .

ny = '?,: + a'Bra’
i (2.12)

o +B “Inr °

we obtain the resulting expression for the magmtude of the oomet in the helio-
centric distance r:

Hy(r) = H, + 2.5 .log 1+k . (2.13)

b % 4+ T exp [BU — )]

Hence, the photometnca.l curve of the comet is cha.mctenzed by three para,
meters, H,, B, k, called the physical parameters ’

2.3. DERIVATION OF THE GENERAL EXPBESBIONS FOR THE PHYSICAL PARAMETERS

.
'

.2.3.1. Method of expanding in a series

Expanding (2.13) in a series of the form:

Hy(r) = z’ a;(log 7’;—)‘ ' 7 | (2.14)

=0
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(rois the geometrical mean of the heliocentric distances for which measurements
of the comet brightness were carried.out) and neglecting the terms with p > 2
we obtain, with respect to

n4(r)
mod ’

—d— (r—73) = —r—a
dlogr )

the following expressions for the coefﬁcients a;:

ay = Hd(’o),

oo 5 o P
a, =mta+ﬂaw+2a3fo], .

B 5 ' L (2.15)

% = 16 mod(1 + W)"

[—iw+m(a—m)+

+. T’mod(l + P) dlogr F (e + 2Tn¢) aBry — Y’a’B‘r’“]

Quantities ¥, ng and d(} ogr must be taken in r,. Eliminating ¥(r,) from the

second and third equations of (2. 15) we obtain the quadratic equation for B,
-when n(r,) 3= m(r,,)

oBY* Ay + aBriAu + pay — pvs +‘——4— aldy = 0; (2.16)
here - »
v _"2_5' » —= m Qs
dng
— m3
Ha =T — 100 Jlog r ’
_ o
A | (2.17)
= __
v‘ - 2 n‘l
Ap = pa— p,
dy =v;— .

Then the sought-for root of (2.16) is equal to:

B =2———[A# +{(Aﬂ)’ 44y [mv—m + iAv]} ] (2.18)
Ly
For the ratio ¥ we obtain the expression _
o 2
—32‘— + aBr, —5% _
Y(r,) = 3 , (2.19)
- 2 oy — e
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and —_ . - :

k= W(r,).7" ~ 2 .exp [B(1 — r7)]. (2.20)
The fundamental equation (2.13) together with (2.15) and the other equations
gives the expression for the absolute brightness H,,.

Thus, equations (2.18), (2.20) and (2. 13) together with the other equations
make it possible to determine the physical parameters of the comét designed |,
according to the dust-gas model for an arbitrary form of the dependence of
the photometrical esponent of the dust coma on the heliocentric distance.

In the special case, when

n(re) = na(re)y (2.21)

equation (2.18) loses its validity. The heat of evaporation is now given by
the requirement of a finite solution of equation (2.19), so that

== (—% — —;—) I ¢ X )
and by inserting (2.21) and (2.22) into the last equation of (2.15) we determine:
_i_h_iq_ﬁ
Py = 220 1 ';m .
' ®T1 Tlogr

The parameters k and H, will be derived in the same Way &8 before Thua, from
the material, a,, a,, a; have to be determined.

(2.23)

\

. 2.3.2. Method of the photomaterical exponent

Our considerations will be based on two equations. From equations (2. 7
and (2.8) follows:

ke~ + r—%"
-9 o0

log
o 14k . (2.24)
"l("o) == lOg:’:
and according to (2.9) _
' —ng -,
n(r) = T0 "+ W (2.25)

kry "4 vy "

let r, be again the geometrical mean of the heliocentric distances, for which we
know H,. By eliminating parameter k from the two equations we find the trans-
oendental equation for B, of the form of:

Ber® + 8B + &'= 0, (2.26)
where . p__':(,,_,,‘),.:ﬂ’ - -
° y=9—1,

8= ary (rgd —r7), (2.27)

& =(%—n)r§‘f(m——%)r,’,’ .
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The expression for k follows directly from (2.24):
_ T,
k= e (2.28)

In this case, H,, n(r,) and ﬂ(r.,) have to be determined from the material.
This method fails for ry - 1 A.U

-

2.4. TREATMENT OF THE MATERIAL

The coefficients a,, ..., a, in equation (2.14) will be computed from the fol-
lowing system of linear equations

¥+
2 2 a.;(log Te z Hy (log ] j=0, s Dy (2.29)
i=0i=1 .

where N is the number of observations. The coefficients for a higher p result
usually in large errors so that it is advisable to take only p = 2 into conside-
ration. This enables us to determine a; and a, from the graph of the function
Hy— Ha— g

, which we plot in dependence on log -7— , a8 the ordinate on the axis y
log - o

and the slope of the relatlon, respectlvely

The method of the photometrical exponent requires, first of all, the determi-
nation of the absolute magnitude of the comet H,. This may be done either di-
rectly from the diagram or by a suitable extrapo]atlon (ifg >1AU. orifno
observations from the neighbourhood of r = 1 A.U. are available).

If we kqow H,, the expression for 7 follows from equation 7
Hy(rg) = Hy + 2.57(r,) log r,. (2.30)

I2.5. ?&lgl;ARISON OF THE TWO METHODS. PHYSICAL PARAMETERS OF THE COMET

The comparison of the results following from the derived methods is carried
out on the comet 1943 I, Whipple-Fedtke. The relation (2.2) is here accepted
to be possible for comparing the numerical results with those obtained in an-
other way earlier by various authors. As according to spectroscopical data
(McKELLAR, 1943) there was no substantial influence of the dust on the comet
brightness it is possible to put 73 = 73 = 2.

The computation of the physical parameters of the comet 1943 T was based
on the material collected and grouped into daily means by GADOMSKI (1947).
It turned out that the observations prior to the passage of the comet through
the perihelion are not numerous and at the same time homogeneous enough, so
that they were unsuitable for treatment. The comeét passed through its perihe-
lion on February 6, 1943. In its vicinity the comet revealed numerous anomalies
in the run of its bnghtness as shown in Fig. 1. In the anomalous region, the
observations (daily means) are plotted by circles, in the normal Tregion,
registered in the diagram, by discs. The smoothed out curve is given in
a full line and its extrapolated part in a dashed line. In the perihelion, the
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comet was by almost 1= fainter than would correspond to the most pro-
bable extrapolation. The maximum of the light curve was ret: in
respect to the-perihelion by about 18 days and the comet attained in it the
brightness of H, = 4.74m, whioch is by about 0.5= brighter than it should have
been. The average photometrical exponent from the period 4t till 26% February

results in n = —53, which sufficiently illustrates the tumultuous development

Fig. 1. Light curve of the Whipple-Fedtke comet in the vicinity of the perihelion.

of the comet in this period. That cannot be substantially influenced even by
the fact that on February 20% the Moon attained her full, so that the bright-
ness of the comet in the short period round that date was somewhat underesti-
mated. . ’

Observations made between February 27% and July 8™ were taken into
consideration, with the exception of those of the periods from March 19t till
March 2204, April 16 till April 2204, when the brightness was underestimated
owing to the Full Moon, and those of April 12%, asthese observations distinctly
deviate from the given dependence. Thug, there remained 58 daily means that
comprised 512 observations, all of which were made after the passage of the
comet through the perihelion. The weight of each of the daily means was put
equal to the number of the individual observations within it. The run of Hy
with the logarithm of the heliocentric distance is shown in Fig. 2. The values of
the weight > 20 are plotted by crosses, those of the weight < 20 but > 10 by
discs and the values of the weight < 10 by cireles.

The elimination of the twg periods round the Full Moon subdivided the ap-
plied material into three groups corresponding to the time-intervals from
February 27t till March 18%, from Mareh 23% till April 15% and from April
231 tjll July 3. The photometrical parametérs were then computed for six
time-intervals 4¢ and the intervals of the heliocentric distance Ar, correspond-
ing to them, with the mean value of log r, and the total number of observations
N given in Table 4. These photometrical parameters were then treated by both

" mentioned methods. It turned out that for shorter intervals 4r, the value a, was
very unreliable and liable to cause a complete misrepresentation of ite physical
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Table 4
Distribution of measurements into groups

No 4 Ar log ry N
I 27. II.— 3. VIL 1.39 — 2.44 0.1805 512
II 27. II. —15. IV. N 1.39 — 1.67 0.1670 446
I 23. I11. — 3. VII. 1.561 — 2.44 0.2211 204
Iv 27. II.—18. III. 1.39 — 1.48 0.15637 308
\'4 23. II1. — 15. IV. 1.61 — 1.67 0.1968 138
} VI 23. IV.— 3. VIL. 1.76 — 2.44 0.2719. 66

meaning. Therefore no use at all was made of the values a, obtained by the
method of least squares for group IV and VI, as can be seen from Table 5.
Since it is evident}rom Fig. 2 that the deviations from the straight-line cannot
be considerable, the method of expansion in a series has been applied, too,
for the case of putting a;, = 0 by definition. The method of the photometrical
exponent has also been applied in two ways. First of all, the absolute magnitude
of the comet H, has been determined in advance by expanding the function H,
in the point log r = 0, which yielded

H, = 3.073 + 15.66 log r — 1.6 (log r)?, (2.31)
+ 0.051 + 0.50 + 1.1

whereupon from H, the physical exponent 7(r,) has been computed according
to (2.30). In the second case, 7(r,) has been put equal to n(r,) by definition,
since #(r,) diffors only very slightly from n(r,). Table 5 gives a summary of the
individual values of the physical parameters determined for the given group 4r
by means of the given method; the individual columns show:

No — the serial number;

S.

-

©

o5 020 025 00 03 040
Fig. 2. The post-perihelion photometrical curve of the Whipple-Fedtke comet.
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method — the applied method:
A1 — method of expansion in a series with the computed coefficient a,;
A2 — method of expansion in a series with the coefficient a; = 0 by definition;
Bl — method of exponent with the quantity #(r,) computed from (2.30)
under application of Hy from (2.31);
B2 — method of exponent with the quantity 5(r,) = n(r,) by deﬁnition;
At — the given Roman numerals correspond with the data of Table 4;
T lgd(r,,) — the ma.gmtude of the comet in the heliocentric distance r, (see
‘able 4);

a,(r,), or n(r;) —in the case of the method of pxpansion in a series, [ 3 gfg‘") )
in the case of the method of exponent, the photometrical exponent in r; - o
ay(ro), or 7(re) — in the case of the method of expansion in a series,
2

4 . .
?2— _dm]r.’ m the case of the method of exponent, the physical exponent

in ry;
[Ed; n(r)l ,or Hy(r,) —in the case of the method of expansion in a series, the

change of the photometrical exponent in 7,, in the event of the method of expo-
nent, the photometrical parameter defined by the relation H, (r,) = Hu(r,) —
— 2.5 n(r,) log ry; .

B — the function of the desorption heat (see above) and its probable er-
TOT i3g;

w(B) — the weight of quantity B;

k — the ratio of the absolute bnghtness of both parts of the coma (see a.bove)
and its probable error u;

w(k) — the weight of the quantity k;

H,— the absolute magnitude of the comet and ite probable error ug,;

w(H,) — the weight of the quantity H,.

Each of these values of the physical pa.ra.meters have then been treated in
Table 6 which shows their weighted values both for the individual method and
summarily.

The columns indicate;

method — the applied method (see above),

B — the resulting value B and its probable error;

(p. p. e.)s — the probable error of the quantity B expressed in per cent;

N3 — the number of the individual quantities B applied from Table 5;

k& — the resulting value k and its probable error;

(p. p. .)r — the probable error of the quantity & expressed in per cent;

Ni — the number of the individual values k£ which have been used;

H, — the resulting value H, and its probable error;

(p. p. e.)s, — the probable error of the quantity H, in per cent;

Nz, — the number of individual values H, applied.

In this Table, H,is in method Bl substituted by the value from formula (2.31),
with, which the computation was made.

From the summary of the individual values of the physical parameters it
can be seen that their dispersion is relatively very low, which surprises parti-
ocularly in the case of quantity k. The material concerning the comet under con-
sideration is very rich indeed, so that it was feasible to eliminate all apparently
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Table 6

Resulting physical parameters of the Whipple — Fedtke comet

’
N [

(p. p. €.)p,

.......

L LN

QDHNOBD
]

(p. p. 0.);,

.......

.......

N3

(p.p.0.) B

-------

Method

erroneous estimates of the brightness without
more pronounced prejudice of jts ampleness. The
error of the exponent is only about 0.5 per cent,
whivh is ten times less than in the case.of the ex-
ponents of other comets, whereat these exponents
are not yet considered as unreliable. This also ex-
plains the small errors in the physical parameters.

After inserting the resulting values of the phy-
sical parameters into formula (2.13) and rearran-
gement of the latter, we obtain, in accordance with
the acoepted assumptions, the following mathema-
tical form of the photometrio curve:

H,(r) = 696 +5logr— ,
40.04 (2:32)

—2.5 log { 1+ 1.78. 100 ' exp [—10.96 VF]}
| +0.18 + 009 J°
while the ratio of the brightness of both parts of

the coma varies with the heliocentric distance as
follows:

P(r) = 5.61.10-7 r-71 exp [10.96 /7). (2.33)
+0.57 +0.09

A comparison of the two methods used indica-
tes the method of the photometrical exponent
leads to somewhat higher values of L, ratio k and
the abseolute brightness. However, these differences
are not considerable and may be explained by
simplifying assumptions made in the beginning
of this section. Generally, the method of expanding
in & series is more suitable when brightness measu-
rements from a relatively wide interval of helio-
centric distances are at our disposal, while the
method of the photometrical exponent in -the
opposite case. . '

Let us now compare the obtained resulting va-
lues of L with those gained by some other authors. -
For T, = 3560° K we get

L = 7280 4 70 cal{mol

from the A-methbd, and

L = 7940 4+ 50 cal/mol

- from the B-method.

On the basis of the assumption of the pure
gaseous model, i. e. for ¥ = 0, VoroNTsOv-

VeLyamiNov (1943) found L' = 7090 4 450
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cal/mol and MarTYNOV (1944a, 1944b) from a more abundant material
L = 6650 4 513 cal/mol. ‘

The former and the latter values do not contradict one another, as L must
increase with increasing k.

CHAPTER THREE

INFLUENCE OF THE DUST ON THE PHOTOMETRICAL
PROPERTIES OF COMETS. SOLUTION OF THE DUST-GAS
: MODEL IN DETAIL

3.1. PROBLEM .

As given in the preceding chapter the existence of the dust in cometary
atmospheres was in outline first introduced into photometrical calculations by
VanysEk (1952). The comet dust-gas model became an important generaliza-
tion of the Levin gas model. Also VANYSEK (1958) dealt with the determination
of the momentary amount of dust in atmospheres of a few comets with intense
continuous spectra. His calculation is based on the following assumptions:

(a) dust and gas constituents take an equal part in the total coma radiation;

(b) dust particles in the atmosphere have a certain frequency distribution;

(c) the intensity of the solar light reflected by the dust particle cloud falls
with the square of heliocentrical distance;

(d) the phase-effect may be replaced by a factor of 0=.5;

(e) the albedo of reflecting material in coma is 0.1. :

The target of the present chapter is to give a.photometrical model of the
dust coma. It is easy to show that the two last assumptions are a matter of
convention, the analysis of the photometrical curve of a comet dust-gas model
is able to abolish assumption (a), and assumption (b) may be replaced by
& simpler one of,the mean dimension of dust particles.

The main problem is assumption (c). The determination of the photometri-
cal exponent of the dust comet head is the question. It may be divided into
two items:

(1) relations between the exponent and the basic physical characteristics of
the dust (or solid) radiation constituent; »

(2) dependence of the exponent on the heliocentric distance.

3.2. FUNDAMENTAL EQUATIONS OF THE MODEL AND DISCUSSION

The basic physical characteristics of the dust radiation constituent describe
the state of the dust (or solid matter) in a cometary head from the photometri- -
cal point of view. They are as follows:

(a) effective radius of the mucleus, i. e. the radius of a monolithic spherical
nucleus;

(b) mean dust particle radius;

(c) equivalent thickness of the layer of photometrically effective dust, i. e.
the thickness of the layer of a theoretically maximum concentration of parti-
cles at the surface of a monolithic nucleus;
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(d) entire number of photometrically effective dust pa.rtloles in & cometary
atmosphere and the corresponding mass; :

(e) other physical properties of dust partmles and the nucleus (such as al-
bedo, phase-effect, mass depsity etc.).

The magnitude of a body reflecting the solar light at a geocentric distance
of 1 A.U. is given by the formula:

hs = o —2.51log Ay.F(¢) —5log B + 5log r, (3.1)

where A, is the albedo of a body, F'(p) the function of the phase angle, i. e. the
intensity ratio between the light reflected in angle ¢ to that reflected in the angle
of 0°, R the radius of a body (in cm) and r the heliocentric distance of a body
(in AU ). Constant o depends on the photometrical system used. The visual
region of the spectrum will be further considered. The Moon as a cahbratlon
objeot then gives

c =388 + 0‘“.05,
while the four brightest minor planets give
o = 38m.34 1 0=.05.

The initial values of brightness, albedo and dimé&nsions were taken from the
papers of KurpER (1954) and WaTsoN (1942).

Let us denote the effective radius of the comet nucleus R and its phase-ef-
fect Fa(p). The reduced nucleus brightness is expressed by the formula:

Hpa(N) = 0 — 2.5 log Ay, Fa(p) — 5log B + 5log r. (3.2)
Let us further denote the radii of individual dust particles in the comet at-
mosphere as g,, g, ..., 0, respectively. The total number of particles is » and

the summary surface exposed to the solar radiation proportional to Z’g" Since

tiny particles are the question (comparable in dimension with the waw,re-length
of the visible radiation) diffraction of light must be taken into account. Owing
to it the effective cross-section of a particle differs from its real cross-section. The
differences are expressed by the Debye function &(g). Moreover, the phase-ef-
fect of the dust particle cloud, Fy(g), is different from that of the comet nucleus.
The reduced magnitude of the dust particle cloud in the cometary atmosphere
may be got by adding (3.1) from 1 to ». As the screening of particles by each
other or by the nucleus is of no consequence we get

Hu(P) = 0 — 2.5log[4,.F(p). Ple)] — 2.5 log zez +5logr. (3.3)

¢  Inside & unit of volume there is on an avera.ge the followmg number of dust
particles (of spherical shape and ra.d:us @) when the maxnnum partlole corcen-
- tration takes pla.ce )

z - _—
| N, = TV;—. o (3.4)
The relation between the eqmvalent thickness of a dust layer, D, and the entire
number of dust particles included in it, " is, aeoordmg to the deﬁmtlon of the
former, given by the formula: '

y = 4nR‘.D.N¢ T . (3.5)
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and the summary exposed surface of particles
3
2o} = nR*D.)2N;. (3.6)
(»)

After inserting (3.6) into (3.3) and adding the brightneés of the nucleus and
that of the dust cloud the expression for the reduced brightness of the dust
constituent of comet radiation results in '

Hjs = o0 — 2.5log Ay, — 5log R — 2.5 log E(r) + 5 log r; (3.7)
here .

Blr) = Folg) + 7D Fyfp). 8(0). |35 (3.8)

is the so-called function of dust. It is a special combination of the basic physical
characteristios of the dust radiation constituent. Comparing (3.8) with (3.4) we
get the equivalent thickness of the dust layer:

_eJ2  E(r) — Falp)
D) = ) Be)

and from (3.5) the entire number of photometrically effective dust particlesin

the coma: :
_(E) . £ — Fulp) '
0 =(3)  Fera (3.10)

The entire mass of the dust cloud is then simply

(3.9)

My(r) = -;— ng*.8.9(r), (3.11)

where 8 is the particle mass density.

In the mentioned relations there are present a series of magnitudes that may
be considered to be constant from the statistical point of view. First of all it is
a question of the mean radius of dust particles. This problem has lately been
studied by VANYSEK (1960a). Ho has photometrically derived a colour excess
of the light reflected by dust particles for a few comets of recent years. It de-
pends on the character of reflecting solid particles in a cometary atmosphere,
namely on their form, size and conductivity. The Mie classic theory has been
used with vax DE HuLsT’s applications (vAN DE HuULsT, 1957) and the most
effective dimension. seemed to be about ¢ ~ 2.10-% cm when assuming the
solar light being scattered by dielectric spherical particles.

VaANYSEK (1961) has also solved the same problem in another way. He derived
the dependence of the polarization degree on the phase angle for a few suitable
combinations of particle dimensions and refractive index, and compared the
theoretical curves with those obtained from measurements. The comparison
was performed for the Arend-Roland comet of 1957, polarization measure-
ments of which had been get by BLara, HRUSKA, SVESTEA and VAN YSEK (1958),
and for the Mrkos comet of the same year on the basis of the observational ma-
terial secured by MARTEL (1960). In the former comet the most effective dust
particle radius resulted in 1.6.10-% cm, in the latter about 1.9.10-% cm. A di-
electric character of particles was again postulated. Otherwise, LILLER (1957)
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drew the conclusion that metal particles may have had a dimension of about
6.10-% cm, i. e. that of the same order as dielectric particles.

In relation (3.3) and next, symbol ¢ has been used for two not quite identical
magnitudes. The “mean size” of dust particles in equation (3.3) means their
mean quadratic radius, ¢, while in equation (3.4) their mean cubic radius,
0®. If J(o) is a frequency distriputiom of the dust particle size, the ratio be-
tween the two magnitudes is : :

2 _[fue d]".[feve @

—/s

o [feva]* e

However, current forms of the distribution function U(g) lead to rather small
differences between o® and o'®, far smaller than the inaccuracy is in the particle
size itself. For instance, let us assume the form

U(e) = const.exp [—h*a — )]

and two distinct, almost extreme values of h, viz A = -el- and A = ﬁ corres-
0 0

————UL()I(EQ)") = 0.45 res-
. 0.
pectively (gyis the “mean linear size’’ of particles). Ratio ¢®/¢® in the former ca-
se is 1.05 and in the latter 1.16. Hence, the differences do not exceed 20 per cent
and both the magnitudes may be put equal to eéach other.

Another quasi-constant quantity is the albedo of reflecting stuff. Assuming
the albedo of dust particles to be the same as that of other bodies without at-
mosphere scattering the solar light the following investigations may serve for
determining its average value: '

(a) albedo data of the main minor planets (WATSON, 1942);

(b) albedo of the Moon (ibid.);

(c) indirect determining albedo of the set of 17 comets (RICHTER, 1948);

(d) monochromatic albedo of 8 stony meteorites experimentally investigated
by RiIcHTER (1959). _ _

As a result we get 0.128 4 0.046, 0.073, 0.086, 0.125 4- 0.023 (14200 A) and
0.142 4 0.024 (15250 A) respectively. All the values are ranged round 0.10 +
+ 0.015. ' .

As to the comet dust particle mass density we may use an analogy between
their physical properties and those of the cosmic bodies met with the Earth.
There exist several direct as well as indirect methods for determining the density
of the latter bodies. However, the existence of at least three quite different
groups of these bodies was proved, as for the mass density. Besides iron meteo-
rites the mean mass density of which was established as 7.72 gm ocm—2 by
Krivov (1947), normal stony meteorites and porous stony meteorites are the
question. The former have according to KriNov (ibid.) the mean mass density
3.54 gm cm~3, while the latter are of much smaller density and so far no meteo-
rite of such properties has been found. There is no doubt the differences are of
high importance. In connection with the Bowen corrélation theory of meteor
streams and rainfalls the problem was dealt with-by Kvfz (1960). He divided.
meteors into two groups: cometary meteors, products of comet disintegration,
and asteroidal meteors, products of collisions of asteroids. The former are, ac-
cording to Harvard Observatory investigations (Jacomia, 1955, McCROSKY,

ponding to relative frequencies %((29‘;) = 0.37 and
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1955, WHIPPLE, 1955a, 1955b), of the mass density of about 0.1 gm cm-3, while
that of the latter is ranged between 3 and 8 gm cm-3. All stream-meteors and
the greater part of bright sporadic meteors belong to the former group, while
meteorites, the minor part of bright sporadic meteors, probably the greater part
of faint sporadic meteors and obviously almost all micrometeorites (ibid.) to
the latter. Other authors, however, consider for porous meteors mass density
about 1 gm cm—® (LEVIN, 1956, CEPLECHA, 1958, VANYSEK, 1958, CEPLECHA,
PapEVET, 1961). Hence, the dust particle mass density has been in a certain
degree a question of convention up to now.

When deriving formulae (3.7) to (3.11) we have introduced functions @(p),
Fo(p), and Fy(p). The first of them is dependent on the particle dimensions only,
so that the accuracy of its determination is given by that of ¢. Numerical va-
lues of @(g) were computed by DEBYE (1908).

The problem of phase-curve form of particles of various dimensions has re-
cently been discussed in detail by RicEHTER. We omit his phase-effect investi-
gation of nuclei of 14 comets (RICETER, 1948) that cannot be considered to be
reliable. RicHTER did not take into account the variable concentration of dust
particles in the nucleus region, but this effect is at least of the same order as
the phase-effect. The mutual comparison of similar statistical methods proves
their unreliability. While RICHTER in the paper in question found an extraordi-
narily quick decrease of the comet-nucleus brightness even at the phase angle
of 10° (about 1™.5), BOBROVNIKOFF (1942) and some other explorers ascertained
in this way no phase effect at all.

The results of two other papers of RICHTER (1956, 1959) are of considerably
higher importance, where laboratory measurements of artificial dust clouds
are summarized. The former of the two papers dealt with the phase curve of
0.01-cm particles of a number of terrestrial materials, among others river sand,
glass, corundum and quartz. The curve form turns out qualitatively the same
in every case; first the cloud brightness decreases with the increasing phase
angle, as a rule rather slightly, so that the minimum is flat and not too deep,
after which a markedly greater increase of the brightness takes place. Between
~ 80° and 170° of phase angle (according to the sort of material) the phase effect is
zero; the next increase occurs owing to diffraction of light. As to the quanti-
tative considerations, the form of the phase curve depends on the sort of mate-
rial as well as on the particle concentration inside the cloud.

In the latter of the two papers the analogous analysis of samples of 14 stony-
and 3 iron meteorites has been carried out. The smoothed-out phase curves are
given for three groups of particles according to the dimensions: 1 to 10 cm
particles, 10-2-cm particles and 10—%-cm particles. In addition, metal particles
have been treated separately from dielectrical particles. The form of the disper-
sion indicatrix depends in a high degree both on the properties of material and
on the particle size and form. Generally, the Lambert photometrical law
(LAMBERT, 1760) is not in any case quite consistent with experiments. Some
phase curves obtained by RICHTER are given in Table 7. For comparison the
Lambert photometric law, and the mean phase curve of the Moon (STEBBINS,
Browy, 1907, King, 1909, RoucIEr, 1933, 1937) are listed.

For our purposes the data about dielectric particles of 10~ em and partly
. those of 10~2 ¢cm are important. It is interesting that the photometrical efficien-
cy of 10~%-cm particles is least in the phase angle of 0°. The increase, however,
is relatively slight and reaches 1™ as far as in angle of 120°, where only few co-
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Table 7
Phase effect

artificial cloud )
dielectric particles metal particles hﬁ‘:ﬂ" Moon

a =10~ omla =10~ om| ;0.% 7 oy [0 =10-¢cmia =10-* om| ;0e% i om

m m m m m m m m
0° 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
10 { —0.06 | +0.01 | 40.03 | —0.30 | +0.01 | 40.10 +0.01 | +0.22

20 | —0.18 | +0.06 | +0.14 | —1.72 | +0.09 | +0.21 +0.05 | +0.46
30 | —0.32 | +0.09 +0.31 —2.20 | +40.19 +0.30 +0.11_} +0.71
40 | —0.456 | +0.12 | 4048 | —2.04 | +0.28 | +0.35 +0.20 | +0.97
50 | —0.67 | +0.15 | +0.67 | —1.63 | +0.40 | +0.39 +0.32 | +1.22
60 | —0.67 | +0.19 | +0.90 | —1.18 | +40.58 | +0.44 +0.47 +1.48
70 | —0.76 | +0.22 | +1.14 | —0.656 | +4+0.77 | +0.51 +0.656 | +1.76
80 | —0.84 | +0.23 | +1.40 | —0.21 +0.94 | +0.59 +0.87 | +42.08
90 | —0,890 | +40.22 | +1.67 —0.06 | +1.09 | +0.67 -| +1.13 | +2.43
100 | —0.96 | +0.20 | +1.95 | —0.23 | +1.22 | +0.78 +1.44 | +42.82
110 | —0.99 | +0.11 +2.24 | —0.48 | +1.32 | +0.91 +1.81 +3.25

120 | —1.00 0.00 | +2.6¢4 | —0.83 | +1.39 | +1.08 +2.26 | 43.76
130 { —1.10 | —0.22 | +2.86 | —1.18 | +1.39 | +1.29 +2.81 | +4.35

140 | —1.25 | —0.566 | +3.18 | —1.81 | +1.23 | +1.54 +3.560 | +6.06
150 | —1.63 | —0.96 | +3.41 —2.04 | +0.90 | +1.84 +4.41 +65.99
160 | —2.39 | —1.60 | +3.37 [ —2.58 | +0.22 | +2.35 +6.70
170 | —4.60 | —2.12 | +2.82 | —3.25 +2.82 +17.95

mets have been observed. Particles of 10-* cm show, on the contrary, only a little
positive phase effect within the range of angles between 0° and 120°, not more
than 0m.25.

The largest metal pa.rtlcles studied by RICHTEB show an agreement with the
Lambert law within 4 0m.5 to about 90°, dielectric partlcles even a bit further
on. The phase curve of the latter lies in the 0° to 130° region between the phase
curve of LAMBERT and that of the Moon.

3.3. PHOTOMETRICAL EXPONENT OF THE SOLID PART OF THE COMET HEAD.
GENERALL CONSIDERATIONS

Applying definition (1.3) to equation (3.7) we get the general expression for
the photometrical exponent of the solid component of the comet head as fol-
lows:

na(r) = 2 ——E—IrT . E_ﬁ"{'_) . (3.13)
or
Ing N
E(r) = E,.exp [ j (2 — ma) dy] (3.14)

E, is the function of dyst in a unit of heliocentric distance. The relation between
the number of particles, »(r), and the photometrical exponent, 74, rgsults from
(3.13) after inserting v(r) from (3.10):
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r

ng(r) = 2 — By 7 X
el B n(®)
) +( 0 ] Fy(9). B(0) (3.15)
dw(r) 1 dF,(p) RY 1 dF.(9)] de¢
"{ D I i Tl W B i ]d—r}

An analogous expression may be derived for the relation between exponent n4
and equivalent thickness .D.

Photometrical exponent 74, of course, is only an auxiliary magnitude, which
makes it possible in our considerations and calculations to apply photometrical
measurements. From the physical point of view relation (3.15) represents a diffe-
rential equation of the sought for dependence » = »(r). Its solution in the form
of (3.15) is very difficult because of unknown analytical expressions of functions
Fy(p) and Fu(gp). In fact they are the functions of three variables, viz. helio-
centrical distance of a comet, 7, geocentrical distance of a comet, 4, and helio-
centrical distance of the Earth, Ry, as

” + A* — R}
| ‘ @ = arccos A . (3.16)
Owing to (3.16), moreover, there is in (3.15)
‘ dp 0dp op d4 op dR;
T “w Tt T, e . G

Functions Fy(p) and F.(p) change from case to case. If the course of the
number of photometrically effective dust particles is studied for a certain comet
and if the course of exponent n4(r) is known, integral relation (3.14) may prefe-
rably be used. If we succeed in determining » in a certain distance, r,, we derive
E(r,) from relation '

B(r) = Falp) + Fo2)-00)- (L] v, (318)

and insert into (3.14) for establishing E,. Especially for “new” comets the first
term on the right side of (3.18) is by several orders lower than the second, and
therefore negligible. Further procedure is nothing but a problem of numerical
quadrature of (3.14) and inserting into (3.10).

If the course of the number of dust particles of a statistical set of comets is
investigated, the average magnitudes must be introduced according to the
rules of the compensation computation.

Before we derive methods for determining ng we are discussing some special
solutions of differential equation (3.15). We shall assume F,(p) = const and
Fo(p) = const in a considered region of investigation. Then the expression
within the square brackets on the right side of (3.15) is zero. If we denote

1 (EBY.__Fulo
) =57 () Ty B | (3.19)

we can write
) C = «(r).»(r) = const.
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Table 8
Percentage change of the number of dust particles in the cometary atmosphere
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" Some of the four following cases may take
place: :

a) The simplest case, ng = 2, which leads
to a constant number of particles » = ,, is
physically unjustified;

b) if ng = const = 2, then, provided that
a(r)— 0, .
Y = 9.0 %,

¥, is the constant of integration;
¢) if ng = const, and if a(r) > 0, then

~ (3.20)

l+ta dr]=
r

(3.21)

v =meexp[2 —m) j
1

= [y, + Cl.r*%—C;
d) if, finally, ng = nq(r),

v =[v, + C].7%.exp [—jL‘y)— dr]‘— C.
| 1 7 (322
Table 8 indicates for the given heliocentri- .
cal distance.r and the given exponent ng the
change of the number of particles within 0.1
AU, |4p|, as part of the already ejected
particles, provided that «(r)— 0 for the given

~ r.In this case the quantity |4,»| will be ob-

tained from the formula ‘
144 = 0.10 (ng — 2). % (3.23)
In addition to this quantity, the table indi-

cates also the change of the number of par-
ticles during 1 day, |4¢|, under the same

-assumption as above, and for the case of

a parabolical orbit of the comet. We have

|4p| = 2.43.107% (ng — 2). "’, - (3.24)

3.4. STATISTICAL METHOD FOR DERIVING
DEPENDENCE nj = ny(r)

For a certain comet, the real form of the
function n; = n4(r) can be derived only from
observations of the brightness in some spect-
ral range unaffected by any emission-band of
molecular radiation. Technically, this is diffi-
oult to achieve. An approximate form of this
ourve may also be derived from the total
radiation, provided that molecular radiation
is negligible in comparison with continuous
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radiation. This requirement can be fulfilled in some of the so-called ‘“new’
comets, however, mostly only within a certain interval of the heliocentrical
distances.

Another possible solution offers itself in the theoretical approach on the basis
of the physical processes in the comet. In this way LEVIN’S formula for the gas
coma has been derived. In the case of the dust coma, however, the problem is
much more complicated. This approach has not yet been used. An attempt of
such character will be sketched in Section 3.7. '

Excluding this, the only possibility consists in a statistical analysis of the
material, which is being carried out in this and two following sections.

_ The basic idea of the statistical method of determining photometrical expo-
nent of the dust cometary atmosphere consists in applying fundamental rela-
tions of the comet dust-gas model, i. e. formulae (2.9), and (2.8) in connection
with (2.7). Provided we know the photometrical and physical exponents of the
coma as a whole, those of its gas constituent and the ratio between contribu-
tions of the two radiation constituents, the mentioned formulae may be consi-
dered as two equations for the photometrical and physical exponent of the
dust coma. The solution makes no difficulty. °

In the fundamental equations of the dust-gas model given at the beginning
of Chapter Two the brightness is corrected for the phase effect. From the ma-
terial, of course, we get values affected by this effect, so that the derived rela-
tions must be modified. Let us denote F(¢) the function of the phase angle for
the coma as a whole and F;(p) that for the dust constituent (for the gas one
Fy(p) = 1), we get the following expression for the total photometrical expo-
nent instead of (2.9):

_ EnaFy.r-1a +n,.r-% k.ri-ng dF; r dF
n(r) = kFg.ra+ r7  kFg.r7a+r7, dr + F dr (3.25)
The corresponding physical exponent is given by
log (1 +k).F
_ kF;.r—"1 4-r-7,
n(r) = Tog . (3.26)

These relations, however, cannot be used for determining n4 and 7;. We must
realize that the phase effect also influences values of the total photometrical
and physical exponents derived from the measured (or estimated) brightnesses
of a comet. Therefore fictional exponents #'(r) and #’(r) follow from the mate-
rial instead of n(r) and #7(r) given by (3.25) and (3.26) respectively. The relations
between the two are as follows

, r dF . log F
mERTTF g TN logr
Just after inserting (3.27) into (3.25) and (3.26), and solving the two last men-
tioned we get the resulting expressions for ngz and 74, applicable to the observa-
tional material: ‘

(3.27)

. r dF, n' —n,
e =m -+ F,  “adr + 1+ k).rm-7—1" (3.28)
kF;
log ;
. (L + k).r1,-n—1
Na =17 + Tog 7 (3.29)
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The treatment of the material and discussion of known magnitudes are si-
multaneously with the results of this method included in the two following sec-
tions, where, for simplicity, we shall write » instead of »' and % instead of 7’

Let us point out here that the selection of the material is discussed very at-+
tentively for getting results as reliable as possible, even at the cost of not having
general validity.

3.5. MATERIAL AND ITS TREATMENT

The statistical method is applied to comets with a period P > 1000 years.
The material has been taken from HrUSkA’s and VANYSEK’s new list of photo-
metrical parameters (HRUSKA, VANYSEK, 1958), which has been submitted to
a further analysis. First of all, all listed exponents, of which there were 144 va-
lues for 84 comets, have been classified according to their size.

Figure 3 shows the distribution of n into the intervals ( k k+1 ) where

2’ 2 ’
k=0,1, ..., 27. Figure 4 gives the corresponding cumulative distribution
function. ' . '

Figures 3 and 4 show clearly that the maximum frequency appearsinn = 3,
so that n = 3.0 is the mode. However, the dispersion = is considerable, so that
this material cannot be directly used in the sense mentioned in the previous
section. Here, evidently several different groups of ‘“new’” comets are con-
cerned. Now the question arises as to how to select a homogeneous working set
from the bulk of material. It is obvious that the exponent » s 10, for instance,
is not characteristic for the group of comets under consideration, so that it

- would misrepresent the results in a high degree. The material may be made
more accurate by the requirement of a-mode to be equal simultaneously to the

Fig. 3. Distribution of the photo- Fig. 4. Cumulative distribution
metrical exponents according to function of the photo-
their size. metrical exponents.
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median as well as to the arithmetical mean. If all positive exponents are taken
into consideration, then the requirement of a median equal to 3.0 makes it ne-
cessary to take all n < 4.8, and the requirement of the arithmetical mean to be
sequal to 3.0 leads to the condition of n << 5.0. The latter value has been chosen
for the upper limit of the individual exponents. This resulted in the division of
the original material into two groups, namely, that with an » < 5, which will be

97 01 05
bgr ——e

97

n>5

o1

o5

analysed in the followmg, and
that with an n > 5.

The distribution of the ex-
ponents according to the helio-
centrical distance is given in
Fig 5, for the whole material as
well as for both ‘groups which
shows that the distribution in
these three cases is rather ana-
logous.

<

Fig 5. Distribution of the photo-
metrical exponents according to
the heliocentrical distance.

After omission of one measurement® in the heliocentrical distance r = 6.5

A.U. and supplementation by the photometrical exponent of the comet 1957d
(Mrkos), computed by the author on the basis of 15 EL1aS observations (VINTER
HANSEN, 1957b), the whole material consisted of 105 values of exponents for
69 comets. A synopsis of this material may be found in Tab. 9. The first column
gives the serial number of the exponent, then follow the comet’s denotation, the
distance of the perihelion g, the orbital period P (for ellipses) or the eccentrici-
ty e of the orbit (in the case of parabolae and hyperbolae), the Briggs logarithm
of the heliocentrical distance log r for which the value of the exponent is valid,
the photometrical exponent n(r), the corresponding mean phase angle ¢ (if the
pre- as well as post-perihelion observations are present, the average of the two
is given), the Briggs logarithm of the respective geocentric distance log 4, and
the position of the comet with regard to the perihelion at the time of observa-
tion (per): A — observations prior to the perihelion passage, B — following the
perihelion passage, AB — the pre- as well as post-perihelion observations are
approximately of the same frequency, 45 — the number of observations prior
to the perihelion is of a higher order than after the perihelion, aB — the same
of a lower order; the last column glves the quantity H,, according to VSEKH-

SVIATSKY (1956).

Owing to itslittle extent, the used ma.terla,l was unsuitable for a sepa.rate study
prior and following the passage of perihelion. Therefore, at least, the following
system of classification for the position of the measurement with regard to the

perihelion has been introduced:
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Table 9
Synopsis of the photometrical exponents < 5.0 of comets with an orbital period

> 1000 years

No Comet q Pge log r n(r) @ log 4 per Hio
1 1947 XIT | 0.110( €1.000032 | 9.791 | 2.0 63° | 0.04¢ B 6.0
2 1941 I 0.368] el. 9.792 | 1.1 93 9.876 A 6.3
3 1948 XI | 0.135( 171000 9.836 |. 2.0 101 9.785 B 5.6
4 1858 VI 0.578 1950 9.840 | 3.47 | 63 0.041 A 3.3
b 1858 VI 0.578 1950 9.844 | 3.76 | 76 9.950 AB | 3.3
6 1858 V1 0.578 1950 9.844 | 4.50 | 90 9.851 B 3.3
7 1903 IV 0.330| el. 9.874 | 2.38 | 100 9.740 A 6.3

. 8 1939 III | 0.528 7889 9.888 | 3.08 | 63 0.030 B 7.1
9 188631 0.642| ¢1.00045 9.8 0.72 | 49 0.120 A 5.2
10 1930 IT 0.672| - 18180 9.89 4.27 | 68 9.987 Ab 8.4
11 189331 0.6756 44410 9.910 | 2.24 | 66 9.999 B 6.6
12 1874:I11 | 0.676 13708 9.916 | 4.78 | 65 0.003 Ab 5.7
13 1874 III | 0.676 13708 9.924 | 3.8 64 0.010 A 5.7
14 19101 0.129{ 3906000 9.932 3.8 29 0.221 B 5.0
15 1911V 0.489 2126 9.935 | 2.9 88 9.733 A 5.1
16 1898 X 0.756| 158700 9.936 | 2.8 78 9.856 Ab 9.2
17 1886 IX | 0.663| ¢1.00038 9.938 | 2.63 | 68 0.058 Ab 4.9
18 1896 III | 0.566| 1.00048 9.950 | 4.8 .| 70 9.930 B 10.3
19 1955 IITI | 0.537| el. 9.951 3.21 | 66 0.073 B 7.0
20 1911V 0.489 2126 9.954 | 3.2 45 0.146 B 5.1
21 1911 IT 0.684 1898 9.958 | 4.34 | 76 9.839 B 7.4
22 1937V 0.863| 160600 9.959 | 0.56 | 77 9.820 B 6.1
23 1957d 0.355| el. 9.963 | 3.40 | 47 0.137 B 4.5
24 1886 IX | 0.663| ¢1.00038 9.968 | 2.8 52 0.099 A 4.9
26 1886 11 0.479| ¢1.00023 9.970 | 2.06 | 37 0.199 A 6.6
26 1899 I 0.327| €1.00034 9.979 | 2.73 | 70 9.887 AB | 5.4
27 1895 IV 0.192| el. 9.982 | 3.4 29 0.233 AB | 5.2
28 1911V *0.489 2126 9.984 | 3.43 | 61 9.940 AB | 6.1
29 1911 V1 0.788 9246 9.988 | 3.565 |- 58 0.038 A 6.5
30 1937V 0.863| 160600 9.988 | 1.62 | 57 0.032 AB | 6.1
31 1906 I 0.215( el. 9.991 4.2 52 0.094 A 8.3
32 1937V 0.863| 160600 9.996 | 0.72 | 54 0.058 AB | 6.1
33 1941 IV 0.790 18110 9.999 | 2 50 0.108 B 5.9
34 1937 11 0.621] el. 0.000 | 3.74 | 73 9.766 B 10.4
35 1937 V 0.863| 160600 0.000 | 0.8 60 0.000 A 6.1
36 1941 1 0.368] el. ) 0.000 1.99 | 59 0.008 A 6.3
37 1902 IIT | 0.401| 1403000 0.002 | 2.63 | 74 9.752 A 6.0
38 1948 I 0.748| el. 0.004 | 4.4 62 9.967 B 6.5
39 1937 11 0.621| el. . 0.013 | 4.47 | 70 9.772 B 10.4
- 40 18797 I1 0.950 19765 0.021 | 3.8 54 0.067 AB | 5.7
41 1947 XII | 0.110| €1.000032 0.021 1.8 34 0.225 B 6.0
42 1947 III | 0.962 el. 0.024 | 2.33( 65 9.876 A 11.2
43 1899 I 0.327| €1.00034 0.025 | 2.3 | .67 9.802 B 5.4
44 1882 I 0.061| 1174000 0.033 | 2.8 59 9.975 A 4.1
45 1948 I 0.748{ el. 0.045 | 4.4 61 9.894 B 6.5
46 1899 I 0.327| €1.00034 0.054 | 3.77| 6¥ 9.829 AB | 5.4
47 1952 1 0.740| 262700 0.059 | 4.33 | . 51 0.072 B 9.4
48 1946 II 1.018] el. 0.060 | 2.62 | 60 9.645 B 9.5
49 1933 1 1.001| el. 0.068 | 3.39 | 58 9.896 B 10.2
80 1951 IT 0.719| €1.003119 | 0.077 | 3.47 | 52 0.037 B 9.8
51 1908 III | 0.945| ¢1.00069 0.083 | 3.14 | 46 0.120 A 4.2
52 1912 IT 0.716 56660 0.083 | 3.21 | 46 0.121 ‘| aB 6.2
53 1936 I1 1.100 1642 | 0.083 | 4.62 | 37 9.738 AB | 6.9

(continued)

67



Table 9 (continued)

No Comet q ‘ P;e log r n(r) [ log 4 per Hio
54 1941 I 0.368| el. 0.083 1.9 50 0.057 A 6.3
55 1941 VIII| 0.875| ¢1.000968 | 0.093 3.0 53 9.930 A 7.1
56 1881 III | 0.734 2429 0.114 | 2.40 | 47 0.073 aB | 4.1
57 1914 11 1.198| el. 0.116 0.10 46 9.775 AB 9.4
58 1948 1 0.748| el. 0.118 4.8 49 9.932 B 6.5
59 1948 X1 0.135| 171000 0.126 3.66 46 9.810 B 5.5
60 1914 V 1.104| ¢1.00016 0.127 1.6 34 0.246 A 1.1
61 1941 VIII| 0.875| ¢1.000968 0.128 3.62 47 9.937 AB 7.1
62 1908 I11 0.945! ¢1.00069 0.134 5.00 46 0.051 A 4.2
63 1886 I 0.642| €1.00045 0.146 4.9 35 0.240 B 5.2.
64 1860 IIT | 0.293| el. 0.152 | 2.8 41 9.855 B 5.8
65 1948 1 0.748| el. 0.154 2.97 44 9.979 B 6.5
66 1860 ITT | 0.293| el. 0.155 3.0 41 9.856 B 5.8
67 1925 1 1.110| ¢1.000629 0.1569 | 3.28 | 37 0.220 B 5.4
68 1853 III | 0.307| €1.00025 ' |- 0.164 | 4.2 34 0.231 AB | 4.8
69 1913 I1 1.457 5419 0.173 | 4271 37 9.878 aB 7.7
70 - 1915 II 1.005| €1.00024 0.210 | 3.84 | 36 0.022 AB | 8.7
71 1943 I 1.354 2274 0.232 2.93 | 20 9.906 AB | 4.6
72 1917 111 1.686| 193100 0.235 2.8 34 0.059. B 6.1
73 1865 1 0.025| el. 0.250 3.8 28 0.330 B 3.8
74 1948 I 0.748| el. 0.254 3.6 33 0.118 A 6.5
75 1914 V 1.104| e1.00016 0.258 | 3.1 24 0.367 B 1.1
76 1915 1T 1.005| €1.00024 0.2656 1.66 32 0.117 A 3.7
77 1941 VIII| 0.875| €1.000968 0.267 2.5 20 9.983 B 7.1
78 1937 IV 1.734| ¢1.000160 0.274 | 3.3 32 0.170 B 6.0
79 19156 II 1.005| 1.00024 0.285 | 2.99 | 26 0.078 B 3.7
80 1937 IV 1.734| €1.000160 | -0.288 | 3.88| 30 0.165 AB 6.0
81 1917 III 1.686| 193100 0.290 1.97 18 0.025 aB 6.1
82 1946 I 1.724| 1.001201 0.294 | 3.8 25 0.169 AB 6.1
83 1937 IV 1.734| €1.000160 0.303 | 3.25 | 28 0.186 AB| 6.0
84 1914V 1.104| e1.00016 0.307 3.50 20 0.408 AB 1.1
85 1892 1 1.027 24480 0.320 3.9 28 0.255 B 3.2
86 1946 VI 1.136| el. 0.328 3.81 19 0.435 AB 4.8
87 1925 VII | 1.5666| e1.000428 0.365 1.5 14 0.150 B 5.6
88 1925 VII | 1.566| e1.000428 0.365 | 2.5 14 0.150 B 5.6
89 1890 II 1.908| e1.00041 0.400 | 2.5656 | 16 0.493 aB 3.3
90 1930 IV 2.079| el1.000379 0.411 | 0.5 18 0.489 B 6.8
91 1914 V 1.104| 1.00016 0.449 | 3.7 11 0.555 A 1.1
92 1948 V 2.107| el. 0.454 | 4.44 | 20 0.454 AB 5.3
93 1907 I 2.052| €1.00102 0.471 2.5 19 0.432 AB 6.5
94 1898 VIII| 2.285| 210800 0.472 | 4.8 11 0.319 B 5.6
95 1922 I1 2.259| e1.00086 0.472 | 0.6 12 0.565 AB 5.3
96 19511 2.572| e1.000855 0.473 2.1 18 0.494 AB 4.0
97 1951 1 2.572| el.000855 0.473 1.64 18 0.504 A 4.0
98 1950 I 2.553| €1.000671 0.480 0.4 18 0.512 AB 6.8
99 1932 VI 2.314| 1.001376 0.487 | 4.03 | 13 0.35¢ B 3.5
100 1932 VI 2.314| e1.001376 0.488 2.46 13 0.358 B 3.5
101 1949 I 2.518| el. . 0.498 5.0 16 0.5640 A 6.2
102 1904 I 2.708| €1.00136 0.516 | 3.45 | 12 0.5697 B 2.8
103 1898 VII | 1.702| €1.00103 0.521 2.7 12 0.599 AB 5.0
104 1889 I 1.815| €1,00126 0.590 1.6 14 0.617 AB 3.6
105 1905 IV 3.339| €1.00105 0.659 | 2.2 12 0.635 B 3.7
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This system has been adhered to in the further tables in the column per, where
the mean value for the given group of exponents is indicated.

In Tab. 9 the material is already arranged according to the heliocentrical
distances. The treatment has been carried out by intervals in log r, as shown in
Tab. 10. The first column gives the interval in log r, the second the mean value
of log r, followed by the mean value of n; the next columns give the mean phase
angle, the mean geocentric distance, the mean value of the position of measure-
ment with regard to the perihelion, and the number of the measured values, N.

Table 10
Dependence of the values n under observation on log r
int log r logr n(r) @ log 4 per N
° '

9.701 — 9.800 9.792 1.86 78.0 9.962 0.00 2
9.801 — 9.900 9.864 3.02 76.3 9.938 0.06 8
9.901 — 0.000 9.964 2.90 58.9 0.011 | —0.02 26
0.001 — 0.100 0.049 3.28 55.8 9.935 | —0.18 19
0.101 — 0.200 0.140 3.32 41,8 0.006 | —O0.43 14
0.201 — 0.300 0.262 3.09 27.5 0.116 | —0.35 13
0.301 — 0.400 0.341 3.00 20.0 0.297 | —0.50 7
0.401 — 0.500 0.469 2.66 15.7 0.465 | —0.08 12
0.501 — 0.600 0.542 2.58 12.7 0.604 | —0.33 3
0.601 — 0.700 0.659 2.20 12.0 0.635 | —1.00 1

The statistical smooth-out of these values is given in Table 11. The columns
of this table indicate: the interval in log r, the mean value of log r, the mean
value and probable error of the exponent, #, of the phase angle ¢, of the geo-
centric distance 4 and of the position of measurement as referred to the peri-
helion; the last column shows the number of the measured values, N. The last
line gives the values of these quantities for the whole extent of the heliocentri-
cal distances.

Table 11
Dependence of the sffa.tistically smoothed-out values » on log r

int log r log r n(r) @ ‘ log 4 1;6' N

o o
9.601 — 9.900 | 9.850 2.73 + 0.28 | 76.6 + 3.9 | 9.943 L 0.027( +0.05 10
9.701 — 0.000 | 9.932 2.84 4+ 0.13 | 63.8 + 1.9 |9.992 4 0.015| - 0.00 36
9.801 — 0.100| 9.979 3.05 + 0.10 | 60.4 4+ 1.4 | 9.973 4 0.013| —0.07 53
9.901 — 0.200| 0.033 3.12 4 0.10 | 63.8 + 1.2 | 9.985 + 0.013 | —0.17 59
0.001 — 0.300| 0.138 3.24 4 0.10 | 43.6 - 1.4 | 0.008 + 0.017| —0.30 46
0.101 — 0.400| 0.228 3.17 4- 0.12 | 31.9.4 1.2 | 0.108 4 0.021 | —0.41 34
0.201 — 0.500 | 0.357 2.91 4 0.15 | 21.4 4 0.9 | 0.286 + 0.023 | —0.28 32
0.301 — 0.600 | 0.438 2.76 + 0.20 | 16.6 + 0.7 | 0.430 4+ 0.021 | —0.25 22
0.401 — 0.700 | 0.495 2.62 4+ 0.25. | 14.9 4 0.5 | 0.502 + 0.016| —0.19 16
0.501 — 0.800 ( 0.596 2.49 4 0.26 | 12.56 & 0.3 | 0.612 4 0.006| —O0.50 4

: . : o °
9.601 — 0.800| 0.135 3.00 4+ 0.08 | 44.6 4+ 1.5 | 0.097 + 0.016 | —0.20 | 105
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The dependence n = n(r) is shown in Fig. 6. The vertical abscissae in the
mean values » indicate their probable errors.

There still remains the unsolved problem, whether this material gives us the
real picture of the statistical validity of the dependence n = n(r), or whether
that material is influenced by a certain selection-effect, owing to which certain
values n for a certain r are for various reasons unaccessible to our observation.

In principle, the problem

turns round the question,

whether the continuous

- decrease of n from a cert-

ain r with increasing he-
] liocentrical distance is
1 ) real or not. If we assume,
' for instance, that the

. average absolute magni-

25, : tude of the comets of our
group (with P > 1000
years) is about H,—— 6.0,
then we obtain for r =5

30_

LAJ..;AAA.A.. éLlALAA 5 A “AAILIA‘_‘I‘ A.U‘, and 'n(f) =5the
re— apparent magnitude of

Fig. 6. Relation n = n(r) for the comets of the first about 16m.5, which is a
group with P > 1000 years. value lying under the li-

miting magnitude at the
discovery of the comet. However, on the other hand, many comets may be
followed much farther while receding from the Sun. Consequently the follo-
wing effect ought to produce itself: the mean photometrical expenent should
for a greater r be — in the case of the presence of selection — smaller prior
to than following the perihelion. Consequently, the total photometrical ex-
ponent n(r) should be smaller than the photometrical exponent after the peri-
helion (for the given r). The insufficiency of the material, however, makes
a thorough investigation of this phenomenon impossible. There may be ob-
tained only certain orientation-values, which are given in Table 12, and
which attain only » = 3 A. U. For the given r, the table contains the mean
photometrical exponent n (total exponent) and the mean post-perihelion ex-
ponent 7, both with probable errors. In the mentioned table a certain trace
of the above analyzed effect can be seen which, however, is rather uncovin-
cing. It may be said that if there exists a selection-effect of the size of the
photometrical exponent, then it will have no essential influence on the course
of dependence n = n(r), at least up to r = 3 A.U. On the other hand, the theory
requires a continuous decrease of » with r from a certain r on.

Table 12
Difference between the total and post-perihelion values of the photometrical exponents
r n ﬂb 7
1.49 3.22 + 0.11 4 3.14 +0.13
2.06 3.03 + 0.14 [-* 2,93 4 0.15
2.80 2.73 + 0.20 2.79 + 0.27
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From Table 9 can be seen, moreover, that in the comets under observation
“‘the mean absolute brightness” increases with an increasing heliocentrical di-
_ stance, as follows from the trend of quantity H,,. This effect cannot be explained
physically. On its existence partake partly the form of the definition of the
quantity H,,, partly a certain selection-effect. From the definition of H,, it
follows that forr > 1 A.U. Hyis in the case of  <4systematically smaller than
H,, where H, is the real absolute magnitude. This may be considered as an
explanation of a certain part of the mentioned phenomenon. For the sake of
simplicity, let us furthermore assume that any comet may be discovered only
when it has attained the limiting apparent magnitude M. Then, if we put appro-
ximately 4 = r, the absolute (real) magnitude is equal to

H =M—5 (1 + % n).log ', (3.30)

so that the “limiting”’ absolute brightness increases with increasing heliocentri
cal distance for the given 7. Even if in reality M changes from case to case,

similarly as #, this does not affect the statistical validity (3.30). Thus, with an

increasing distance from the Sun we see a lower percentage of comets which, of

course, has nothing in common with the problem of the selection-effect in the

photometrical exponents in so far as the mentioned dependence is not selective

with regard to n.

The dependence of the phase angle on the heliocentric distance for the in-
vestigated set of comets is given in Fig. 7, where individual points represent
data arising from the material. The dash-dot line indicates the maximum phase
angle possible, which may be expressed as:

1

Y ‘
COS Pmar = [l — -;’—) " (3.31a)

forr > 1A.U. and
(3.31b)

Fig. 7. Phase aﬂgle as related to the heliocentric distance.
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for r <1 A.U. The full line corresponds to the phase angle of heliocentric and
geocentric distances being equal,
1
COS @equ = 1 —5a" (3.32)
Full circles give the average course of the relation, as follows from the studied
material. Abseissae represent the mean errors. Mathematically the relation may
_ be expressed in a generalized form of (3. 32)

08 Poomp = 1 — 22 1 + pa(n)], (3.33)
where u,(r) is an empirical function of the form

sm—gn[5Vr—-4]— 1
pa(r) = 0.32 — - . (3.34)
Vr
When 7 — oo formulae (3.31a), (3.32) as well as (3.33) converge to 1 — 2;

For a number of heliocentrical distances Table 13 includes the mean phase
angle observed, @, that for 4 = 7, @equ, maximum angle @u.. and mean
angle computed from (3.33), @eomp; further, the differences between the respecti-
ve magnitudes, the mean error of the result and the root-mean-square devia-
tion are given.

Table 13
Phase angle as related to the heliocentric distance
' m. e.
r Pobe %equ Pmax Pcomp o-e o-m o-¢ of o1 4%:be
o ] o o o o o o o
0.708 76.6 89.9 | 180.0 72.6 | —13.3 | —103.4| +4.0 | +58 | 173
0.855 63.8 71.6 | 180.0 65,8 | — 7.8 | —116.2 | —2.0 | +2.9 17.0
0.953 60.4 63.3 | 180.0 609 | — 2.9 | —119.6| —0.56 | +2.1 15.1
1.079 53.8 556.2 68.0 647 | — 14 | — 142 | —0.9 | +1.7 | 133
1.374 43.6 42.7 48.7 42.3 + 09 (— 31| +1.3 | +2.1 13.9
1.690 | 31.9 34.4 36.3 322 | — 26 | — 44| —03 | £+£1.8| 103
2.275 21.4 25.4 26.1 208 | — 40 | — 47| 4+0.6 | +1.3 7.3
2.742 16.6 21.0 21.4 166 | — 44 | — 48| +0.1 | +1.1 4.9
3.126 14.9 18.4 18.7 148 | — 356 |— 38| +01 | +0.8 3.1
3.945 12.56 14.5 14.7 13.2 | — 2.0 | — 22| —0.7 | +0.56 0.9

In the same way the de-
pendence of the phase angle
on the geocentric distance
was studied. The result is
in Fig. 8. The same com-
ments are valid as before.
The relation may be again
expressed in the form of

Fig. 8. Phase angle as related
to the geocentric distance.
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1 v
where we must put :

() = 0.18 sin 27 (J/4 — 0.85) — 0.34

1z

The comparison of the material with the computations is given in Table 14.

(3.36)

‘Table 14
Phase angle as related to the geocentric distance
B m. e.
4 Pobe Pequ Pmax Poomp o-e o-m o-c of 9 pq 3%0e
o o o L] -] ' o ° o o
0.556 72.1 |128.2 | 180.0 69.1 —56.1 | —107.9 | +3.0 | +7.4 | 20.9
0.652 67.1 |100.2 | 180.0 67.1 —33.1 | —112.9 0.0 | +3.9 | 18.8
0.746 62.3 84.1 | 180.0 640 | —21.8 | —117.7| —1.7 | +3.2 | 193
0.931 556.7 65.0 | 180.0 563 | — 9.3 | —1243 | —0.6 | +2.2 | 15.6
1.127 47.3 52.7 62.5 48.1 — 54 | — 152 —0:8 | +2.2 | 154
1.204 | 42.7 45.5 50.6 419 | — 28 | — 79| +0.8 | +2.0 | 13.2
1.607 31.3 36.3 38.56 324 | — 50 | — 72| —L1| +1.9 9.8
2.188 24.0 26.4 27.2 21.8 — 24 | — 32| 422 | +1.1 5.0
2.904 18.7 19.8 20.1 18 { — 31 |— 34| —0.1 | +1.1 4.5
3.319 16.0 17.6 17.3 166 { — 13 |— 16| +0.6 | +0.8 3.0
3.707 13.9 15.6 15.7 144 | — 16 | — 18| —0.56 | +0.8 2.6

3.6. THE FORM OF DEPENDENCE n; = n4(r) FOR THE LONG-PERIOD AND
NON-PERIOD COMETS DERIVED BY A STATISTICAL METHOD

Here are three questions that must be solved before we come to the calcula-
tions themselves: )

1) course of the total photometrical and physical exponents;

2) form of the Fscurve as given in equations (3.28) and (3.29);

3) typical values of physical parameters k, B and « of the comet dust-gas
model.

As a matter of fact the first question has been solved already. The course of
the photometrical exponent is given in Fig. 6 or Table 11, and the physical ex-
ponent may be obtained its numerical or graphical quadrature, modifying
(2.8) we find

r

n(r) = Fl;- f —73,(—‘1)— dr.’ (3.37)

1

The phase effect will be éstablished from RICHTER’s investigations discussed
in Section 3.2. Since long-period and non-period comets are the question,
in which the dust takes a substantial part in the total radiation, the nucleus-
effect is quite negligible and hence F3(p) = Fy(p) may be put according to the
.denotation introduced in Section 3.2. Regarding what is known about the di-
mensions and character of photometrically effective particles the values given
in the second and third columns of Table 7 may be considered to be represen-
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tative. If the phase effect is expressed in a magnitude scale as difference H(p),
the function of the phase angle is

Fi(p) = 10—048&), ) (3.38)
This is just the quantity appearing in relation (3.29). If we realize that

1 4F

F; dH
and neglect the last term on the right side of (3.17) which is practically zero, the
second term of relation (3.28) results in

= — 0.921

r dF, drg a‘P aq’
T @ 528’[ ar T dr d¢p (3.39)
Partial derivates g——and g—Acannot evidently be computed from (3.33)

and (3.35) respectively. Equation (3.16) must be used for this purpose from
which the following expression may be derived when the general form of func-
tion 4 = A(r) is assumed:
T 4
F 3é dr

. r d4 r dH
= 52.8 sin—lp. [1 +-£T-—a;—]~[—z——cos ¢p] P - (3.40)

The result is in a high degree dependent on ratio 4/r and derivative g‘—; . The

statistical dependence between both the distances is represented in Fig. 9 and
I of the smoothed

curve are ranged in a wide interval from + 0.14 to 4+ 1.53; they are probably
quite fictional. It is obvious that the analytical relation established from the
statistical dependence must be of a rather low weight. It is likely that we will
be closer to facts when weput 4 =17.
Let us compute correlation ratio,
7* (log 4, log r), for both the relation
of Fig. 9 and that of 4 = r. We get
72 = 0.617 4 0.062 and 53 =0. 529:};
=+ 0.070 respectively. The difference
between both the values can serve
as a criterion of reliability of the
4 = r approximation; it is 0.088 +
4 0.094 and linear regression is pro-
ved. If we put 4 = rin (3.40) we get

[L dFa) -
Fa. dr AEf_
= 105.54 - dH (472 — 1)~*h. (3.41)

indicates an extraordinarily high dispersion. Values of

This is the sought for expression.

Fig. 9. Geocentric distance as related
to the heliocentric distance.
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Physical parameter Bmay be determined on the basis of the results of sta- -
tistical investigations performed so far. OorT and ScEMIDT (1951) secure a list
of 53 new, fairly new and old comets. A pure gaseous model was applied, so that
the resulting mean parameter, B = 5.8 is _probably somewhat underestimated.
An analysis of 15 comets with intense continuous spectra and n < 5.(see Chapter
Four) gives B = 6.7. In both the cases an assumption of 7' being proportional
r—*h was accepted. So far no ma&fml exists for determining the average value of

B corresponding to another
a. In the only synopsis of
comets, where a general form
of relation T' = 7T'(r) is used
(MaRKOVICH, 1959), there is
only one comet, 1881 III,
with a sufficiently high & to
be held as belonging to the
group of comets under con-
sideration. Its parameters
are B = 16.0 and a = 0.2.
Assuming for a = } tempe-
rature T, equal to 330° K
the respective values of the
heat of evaporation are in-
cluded in Table 15.

Ratio khas a considerable
dispersion. It ‘is likely that
it is not lower than 1on the
average. The ns-curves have

been computed for the three

given combinations of para-
meters B and «, and in each
case for £k = 1,2 and 3. The

results are included in Table

16. The individual columns’
give the heliocentrical di-
‘stance, total photometrical
and physical exponent, func-
tion of the phase angle,phase

‘effect —- Fa &

ing values of the photome-
trical exponent of the dust
coma. The dependence of
the resulting form of 43 on
B, « and k accepted is con-
spicuously expressed.

The dependence of 74 on
the heliocentrical distance is
shown in Fig. 10, 11, 12.
The numbers in the indivi-

5 Mathematica

—-% and result- ’

’ Table 15
Probable combinations of mean physical parameters
Comb, B P L 'K
. cal/mol J
I 5.8 0.5 3800 330
I " 6.7 0.5 4400 330
3800 120
I 16.0 0.2
4400 140

Fig. 10. De ?end

2- 3 4 )

-

ence of ng ontheheliocentric distance
= 5.8, « = 0.5 (Case I).

Fig. 11.Dependence of ngon the heliocentric distance

for B = 6.7, a = 0.5 (Case II).
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Table 16
Dependence of n4(r) on the heliocentric distance
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dual curves indicate the value k. Each
curve consists, in principle, of three
parts. For great r the course of n; is
almost constant. Any attempt to find
a certain correlation is futile, since the
values ng are rather uncertain in this
domain od r. It may be said that this
is a domain where the physical proper-
ties of.the dust coma are stable, where
the total number of dust particles in it
changes only very slowly. The second
part of the curve, which occupies the
domain from about r, &~ 1.5 A.U. to
r, &~ 4 AU, shows a clear trend of ny4
with the heliocentrical distance. Mat-
i1'1ema.1;ica.lly it can be expressed in the
orm

ng =2+ a.r-, (3.42)

where a, ¢ are coefficients depending
on accepted B, « and k. In this period
the dust coma begins rapidly to grow.
As soon as a certain rate of growth of
the number of dust particles is attained,
the smoothing out of the exponent ng4,
and finally its decrease as well, set in.
This, however, is already the third part
of the curve. But the decrease of n; does
in no way mean a reversal in the extent
of the dust coma. In this domain the
increase of the number of dust particles
in the coma is approximately constant
(provided that «(r) — 0):

In the interval of r, where the for-
mula (3.42) is valid, the number of par-
ticles in the coma may be expressed by
the relation:

A (el )

As for the numerical values of the
coefficients @, ¢ from equations (3.42)
and (3.43), they are for the given B, a
and k shown in Table 17 together with
the limits of their validity, r; and r,.

From the study of the photometrical
exponents of long-period and non-pe-
riod comets we thus arrive at the con-
clusion that there exists a statistical



.. Table 17
Coefficients of empirical dependence 73 = ny(r)

I II II1
k=1 k=2 k=3 k=1 k=2 k=3 k=1 k=2 k=3

a 1.05 1.39 6.92 2.49 2.48

W
(=X
(=21

2.6 1.69 | 1.7 0.6
[ 3.4 1.60 14 0.6 0.92 1.08 3.84 1.91 1.70
s 1.6 1.5 L7 1.3 1.6 1.6 1.9 1.8 1.8
n 2.6 3.1 3.4 2.8 5.0 5.0 3.6 5.0 5.0

dependence of the photometrical exponent of the dust coma 74 on the helio-
centrical distance in the followmg sense:
a) for r > r,, there is ng = const, 2 < mg < n,, n, depends in & certain de-
gree on B, a and k. Approximately we can put n, = 2.2 4+ 0.1;
"

20. 1

Fig. 12. Dependence of ny on the heliocentric distance
for B = 18, a = 0.2 (Case III).

b) for r, <r < r, we have approxmately the relation (3.42), in which. case
the coefficients a, ¢ depend on B, « and k according to Table 17;

¢) for r < r,exponent ng cha.nges consldera.bly, attains its maximum and lies
within the interval 2 < ng < n,, ny depends again on B « and k. Approxima-
tely ny = 2.7 + 0.3.

3.7. AN ATTEMPT TO SKETCH THE PHYSICAL DERIVATION OF RELATION ng = ng(r)

The introduction of the dust as a photometrical agent into quantitative con-
siderations slightly complicated the calculations (if compared with the pure
gaseous model). Mathematical controlling of the process of release of thedust in
any detail is very difficult. The following procedure must be considered as an
outline of a semi-analytical solution of the problem because of & nomber of
simplifying assumptions and approximations.

Let us point out that the dependence of n4 on the hehoeantnc ﬁiatmoe is
important when the dust contributes to the total comet rsdmhon in a high
degree, i. e. in comets with intense continuous spectra.

Let us consider such a comet. Statistical studies indicate (e. g Oom'
ScEMIDT, 1951) that an intense contmnous spectrum is a feature of the so—oa.lled
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“new” comets with a semi-major axis -i— < 0.002. In Chapter Four we will see
that
2
(—R;-] A 1031y
e

2
may be written in such comets, so that the (—l—:—) -terms are negligible when
compared with those of ». In such a way we get

o P [dr) . W) dFig) dp
malr) = 2— v(r)-[ & T Ty dp 2 ICED

and after correcting for the phase effect:

r dy(r) -
Wr) " dr

Let us assume in accordance with a number of explorers (WHIPPLE, 1950,
VANYSEK, 1952, DOBROVOLSKY, 1953¢c, MARKOVICH, 1958) the disperse surface
layer of the conglomerate forming the comet nucleus represents the source of
dust. The next considerations of this section will concern the pre-perihelion
period.

The main mechanism, which gets the dust into a cometary atmosphere, is
gonnected with the process of evaporation of frozen gas masses from surface
layers of the nucleus, for the dust is released with the gas. We assume the
amount of the released dust depends on the impulse magnitude of the gas. As
the initial molecule velocity changes with the heliocentrical distance quite
slightly, a direct proportionality between the increase in the number of dust

na(r) =2 — (3.45)

particles in the cometary atmosphere per unit of time, —3; , and the number of

evaporated molecules during the same time must be valid. Besides it, the vo-
lume of the disperse layer also affects the increment of photometrically effect-
ive dust particles in the cometary atmosphere.

Collisions with cosmic velocities of a comet with micrometeorites in inter-

planetary space contribute to pulverization of the nucleus surface and release
of dust particles from it. The number of particles expelled per unit of time is
roughly proportional to the collision frequency (see Chapter Five).
. In addition, it is necessary to take into account the fact that, owing to chaotic
motions of dust particlesin the atmosphere, a certain number of them come into
collisions with the nucleus again soon after ejection. In this way an additional
fragmentation of the nucleus surface occurs and a further increase of the num-
ber of dust particles takes place in the cometary atmosphere. Hence, incre-
ment dv is proportional to the momentary number of photometrically effective
dust particles in the comet head.

Finally, the observed variation of the number of dust particles is also pro-
portional to the interval of time, during which particles remain inside the co-
met atmosphere region, i. e. to their effective “life-time”.

If we denote the number of gas molecules evaporated from the nucleus sur-
face per unit of time as n,, the number of photometrically effective dust parti-
cles in the atmosphere at a given moment as», the frequency of collisions with
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micrometeorites as fy, the number of dust particles included in a dust layer
near the nucleus surface at the same moment as N, and the “life-time” of dust
particles as 7, we get the following expression for increment dv:

dv = const.ny.v.fu.N.7.dt. i ‘ (3.46)

In the case of molecular flow taking place in comets, ny may be written in
the form (DoBROVOLSKY, 1953c, MARKOVICH, 1959):

SN A
V2mm k. T °

P isthe pressure of saturated vapour above the gas-ice, T' the surface temperature
of the nucleus, m the mass of a molecule and k, BOLTZMANN’s constant. If all
heat is spent for evaporation of the ice, DoBROVOLSKY (1953c) applied an ap-
proximate relation between pressure P and temperature 7' as follows:

P =A.T¢,

where 4 and § are constants cha.ra,ctenzmg a gas. With regard to (2.3) relation
(3.47) has the form:

Ny ~ TE="1s ~ yatth—p), - (3.48)

The frequency of collisions of a comet with micrometeorites may be easily
expressed if we know the cross-section of the comet nucleus, 8, micrometeorite.
space concentration, cy, and collision velocity, V:

fx S. Cx. V. . ) ’ (3 49)

In Chapter Five we will find that cy ~ r~7, y — O+, especially for comets with
extended orbits, the dominant component of the average collision velocity is
very close to the radial orbital velocity of the comet, so that

dr
ds
If the interaction between a dust particle and surrounding gas is weak the

particle life-time may be expressed as a function of its initial velocity, v, and
effective acceleration on it, g:

(3.50)

fy ~ rr,

1))
T R —. 3.51
=5} 7 ( )

Dynamical effects of gas on the motion of a dust particle in the cometary atmos-
phere is characterized by the time of relaxation (HRUSKA, 1959):

T = —;1:_ oxp [(vi.(]:]_F 2] ,' | (3.52)
4:;9:;;0".“20[_3;) .m ,

where v, is the most probable ‘“thermal’’ velocity of molecules, n, their concen-
tration, m the mass of a molecule, j the velocity of a dust particle relative to the
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gas, M and g its mass and radius. Using the most probable values, v, = 10° cm.
.87%, my = 3.104 cm—® (DOBROVOLSKY, 1953b), m = 4.10-2 gm, § = 10 cm.s™},
M =108gm, ¢ = 2.10-% cm (VANYSEK, 1960a), we get the time of relaxation

Ty = 6 years,

i. e. by three orders higher than the life-time of a dust particle; the form of
equation (3.51) is therefore quite satisfying. As (see Chapter Five)

v~ 1o,

g ~r
the life-time of a dust particle is proportional to

Ter 4, (3.53)

Let us study now the drop of gas supplies, N, in the surface layer of the
comet nucleus:

$
Naft) = N— const j' T8-*hds. (3.54)

te ——P

Here N&' is the number of molecules initially (i. e. in aphelium) included in the
surface layer, f, is the time of perihelion passage of a comet, P the orbital pe-
riod. On DOBROVOLSKY’S assumptions MARKOVICH (1958) found that exponent
a of equation (2.3) is connected with exponent by the relation

4
26 —1°

Assuming the heliocentrical distances under consideration are small relative to
the semi-major axis, the integral on the nght side of (3.54) may be replaced
by expression

a = (3.55)

4

fr(-97. rma—tora

¢ is the perihelion distance; with respect to (3.55) we get
/s
Na(r) = N‘o’[l — — arcsin [ Z ) ],

v;here, moreover, the boundary condition N,(q) = 0 is introduced.

The solution of the equation of heat conduction, performed by MArRKOVICH
(1959), leads always to exponents « higher than those of relation (3.55). The
same effect follows from observations. Physical reasons for it are quite obvious:
only a part of the incident solar heat is spent for evaporation of frozen gases,
the other part increases the temperature of the nucleus directly; the entire
increase of the temperature is therefore faster than that given by (3.55). The

most probable value is close to 4 = 3 (« = 0.2, # = 18) instead of u =% and
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the variation of the number of gas molecules may be expressed in the farm

o 32 [1=s 1= (=" (4 34}

Constant & will be determined from the boundary condition Nyn(g) = 0 and

then .
Na(r) = NO. (1 — %)"'. (1 + —;— : %] . (3.56)

In large heliocentrical distances mostly the gas as the volatile component of
the mixture escapes from the surface layer. The dust, on the contrary, is expel-
led together with the gas only in smaller distances from the Sun; we may assu-
me that here the dust ejection runs with a higher power of the gas-concentra-
tion drop. Dust supplies in surface layers are not, as a rule, renewed in a suffi-
cient degree, 8o that their gradual exhaustion occurs. Inevitability of a rapid dis-
integration of the dust layer in a comet was pointed out by VANYSEK (1952).
He asserts that such a layer may exist for not more than a few revolutions
round the Sun. This fact is experimentally corroborated by the absence of a con-
tinuous spectrum in the majority of short-period comets.

According to what has just been said, in heliocentrical distances r > 1.6 ¢
the drop of the dust concentration may be approximately expressed

N 2 '
In —rar ~ _(%] ’ (3.57)

where N© is the initial dust-particle concentration in the layer. With an in-
creasing heliocentric distance ratio N/N® — 1 rapidly and is of no importance
in distances larger than 2 A.U. In small heliocentric distances, on the contrary,
function N = N(r) prevails over that of n, = nx(r) in relation (3.46).

An approximate validity of (3.57) may be proved still in another way; from
the considerations of this section the following relation holds good in large he-
liocentrical distances

dN ~ —dv

or, with respect to (3.46) a.n-d (3.45) or (3.22)

L 4 1 4
: 1
In —ll‘a:)) = const j‘vr’—"“' K} “—'.exp[—j' ”",(") dr] dr.

. b ‘ . 1
After integrating it we get an approximate relation

N

Tv((:—)) ~ exp [— const.r’] ‘
with the exponent

' 1 1
8r) =4—af +fa—y—— j‘__nd'('r) dr; (3.68)

1.

the last term on the right side changes only quite slightly with r, the others are
constants. '
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If in the expansion of function (3.56) higher-order terms are taken into
account than those of the second order, exponent s(r) is given by the formula
sufficiently accurate for every r > 1.3 ¢:

8(r) =—{2 +

[r),+- T3 (3.59)
q 3¢ 8
According to our consideration both the expressions, (3.58) as well as (3.59),
should converge to the resulting common g, in large heliocentrical distances:

8, = lim s(r).

) r—>wo
In small distances from the Sun (3.58) and (3.59) may differ from each
other rather more. A comparison is performed in Table 18. The statistical

method of Section 3.6. has been applied to relation (3.58) and ratios [-;—) from

Table 18
Comparison of the course of exponent 8(r) derived in different ways
s(r)
- .
r (‘q_] from (3. 58); Case III
from (3. 59) .

k=1 k=3
0.71 1.57 —2.38 —1.91 —2.12
0.86 1.66 —2.38 —2.09 —2.26
0.96 1.64 —2.36 —2.18 —2.34
1.10 1.73 —2.34 —2.25 —2.38
1.40 1.96 —2.29 —2.31 —2.48
1.71 2.22 —2.25 —2.30 —2.46
2.35 2.49 —2.21 —2.19 ) —2.39
2.78 2.85 —2.18 —2.12 —2.34
3.15 3.15 —2.16 . —2.07 —2.29
3.76 3.76 —2.13 —2.02 —2.23

Table 9 to that of (3.59). The results of Table 18 corroborate our statement:
exponents 8(r) derived in different ways converge to the value of —2. The
dispersion of s(r) in smaller heliocentrical distances is consistent with our con-
siderations, too. ’

By inserting (3.48), (3.50), 3.53) and (3.57) into the balance equation (3.46)
we find

1
dv = — const.y.r' "+ T 77 exp [—— %] dr, (3.60)

where ¢ is a positive constant, and, finally, after inserting (3.60) into (3.45):
ny(r) =2 + a.exp [—— -%] .re, (3.61)

where coefficients a, b, ¢ vary from case to case; the numerical value a de-
pends on the initial volume of the dust layer, heat conductivity, specific heat,
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density, micro- and macroscopic structure of the meteoric material and a series
of other physical magnitudes, while the other two coefficients are given by

b=e>0

) , 3.62
|c=aﬂ+y-—t-—l—a—2. (3.62)

From the physical point of view formula (3.61) is nothmg but ‘a hypothesis.
However, let us pay attention to the following fact: for rather large r (and rela-
tively low b) term exp [— -g; is close to a unit and formula (3.61) is then iden-
tical with formula (3.42) found empirically. The drop of ng in small heliocentric
distances following from (3.61) is also well expressed in empirical curves (Fig.
10, 11, 12).

Let us study in what degree formula (3 61)is consistent with the statistical
ng-curves in detail. When applying the method of least squares we find coef-
ficients a, b, ¢ from the system of normal equations:

Ina.N —b. [—:T] — ¢.[In ¥] — [In(ng — 2)] = 0,

o [] =1 [A] e[|~ [ m ] - oo
lna[lnr]—b[—lnr]—c[(lnr)’]—[lnr1n(n.;-—2)]—0

where N is the number of measurements and square brackets denote the sum-
mation.

In such a way, formula (3.61) has been compared with all the curves from
Fig. 10, 11, 12 and the results are included in T_a.ble 19; the coefficients are given
with their probable errors. Moreover, the maximum nsexponent, 7gms., a8
well as the corresponding heliocentrical distance, max, are md;oated asccomputed

from
- o2 2b /s
‘ndmax=2+a-[2_ge'] s . Tmax = [c]

Finally, the mean residual, ¢, is given between the empirical curve and that
computed from (3.61).

The conclusions can be drawn as follows:

1) the formula satisfies best of all Case III (mean residual + 0 018), ‘worst
Case I; .

2) the formula satisfies better curves with higher k;

3) maxima of curves are ranged close to 1.3 A.U. within + 0.26 A.U. and
there may be hardly found any correlation with accepted B, a and k;

4) the highest maximum is in Case III, the lowest in Case II; its value always
increases with i increasing k;

5) a comparison of ¢ from Tables 17 and 19 indicates good agreement in fact:
the former gives ¢ = 1.84, the latter ¢ = 1.94. Fora = 0.2, =18.0andy = 0
we get from (3.62) ¢ = 1.55; A
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Table 19
Coefficients of semi-empirical dependence ng = n4(r)

4

Case III

Case II

Case I

6) values of all the three coefficients with in- -
creasing k increase in Case II, conspicuously de-

crease in Case III and no trend is apparent in
Case I.

In all the studied cases the residuals are less
than proper errors of observed photometrical ex-
ponent. In this sense the general form of (3.61)
may be considered sufficient for mathematically
expressing the photometrical exponent n; for non-
period and long-period comets. Formula (3.61)
itself may be found semiempirical as to its cha-
racter. Since the form of function ng = n4(r) is of
little importance for short-period comets and other
comets in which the gas has a dominant influence
on photometrical parameters, formula (3.61) will
be further applied as a general approximate ex-
pression for the photometrical exponent n,.

3.8. NUMERICAL ANALYSIS OF THE PHOTOMETRICAL
EXPONENT CURVE OF THE COMET DUST-GAS
MODEL. COMET 1957 III

In the last chapter we dealt with the solution
of the comet dust-gas model based on two physi-
cal parameters (besides the absolute magnitude),
viz. the heat of evaporation of molecules and the
ratio of brightness of the two physical components.

Now, on theé basis of the discussion of the form
of the ng-curve, the opportunity arises of an im-

. portant generalization of the methods derived in

the last chapter.

We shall assume that we have a series of nu-
merous estimates (or measurements) of comet
brightness at our disposal sufficient for establish-
ing the course of the total photometrical exponent.
The obtained values of the exponent satisfy the
basic relation of the dust-gas model:

n(r) =
r r
ngk .exp [— j —gd—dr + my.exp [—j ﬁrL dr]
_ 1 1
k.exp [—— j —"—:d— dr| + exp [—- j 1:-'9— dr]
1 1

(3.64)

where the partial photometrical exponents are



ny(r) = 5 + «Bre,
(3.65)

na(r) =2 + d.exp [— —g;] 70

In such a case relation (3.64) includes six unknown parameters — %, B, «, a, b, c.
The problem is to find their numerical values. There exists no exact analytical
solution of equation (3.64) and approximate methods must be applied. Ratio &
turns out the magnitude of the greatest importance when deriving them. Since
exponent n4(r) given by the second equation (3.65) has riot its integral in a close
form, function 74(r) must be expressed as a function of # and #, according to
(2.8).

For “new’’ comets, which are characterized by a high %, it is acceptable to
transcribe relation (3.64) into the form

n =mng + —]T;:l .f"—”v “ (3.66)

and expand functions ng = n4(r), ny = n,(r) and 5, = n,(r) in a series at.the
point r = 1 A.U. The course of exponent » is known from the material and that
of function 5 = 7(r) may be simply determined by means of graphical integra-
tion of n. We get the series of the form

n(r) = Z Ag (In 7)f + Z Ag sy (In 7Y, (3.67)

i=0 .
4y =2+ a.07
A = (1 + k). [a [% + B)—-Ao],
A4, = aeb.[2b —¢],

where

As = (1 + k). [a3B — 4,] — a4, (% + B] :  (3.68)

4, = a.e‘b_[2b (b — 1) — 2bc +1—;—c’],

Ay = 3 4:03B + (1 + B)1. [«A,[% + B}—-A.-——a’B’]. |

The proper computation must start from the form of dependence n = n(r) in
the neighbourhood of r = 1 A.U. For the series to converge it is necessary to
compute with m > 2. The six parameters of relation (3.64), of course, will be
derived from coefficients A,,. . ., 45 only.

For short-period comets which low values of ratio k are typical for, ba.sw re-
lation (3.64) must be transcribed into another form:

n—2 =ny(l + k)L.01—. [1 + {(1 + k) (ma— 2) . 14— 1— ng }]
’ -  (3.69)

(i}



By expanding functions ng = n4(r), n, = n,(r) and 5, = 7,(r) in a series at the
point # = 1 A.U. again we find expression (3.69) in the form:

m m
In [n(r) — 2] — n(r).Inr = Z Ay (In 7)f + 7 Z Abivr (In 7, (3.70)
=0 i=0
where it is now

r_ _ 1 2y e
A, —InaB —In(l + &) 1 B[2 aJ o,

4] = ! a_g k .ae-?,
« a

A, = aB +—;—+—IB*(2-—‘“2~]—;'B— (26 —c—a)e?,

o 1 +k -b [ 4
A3 ——a—"B— a.e (aB + 2b‘—0'——'——2-],
e
, _14+E 1 o 1 « }?
Ay = 5% -{aB(-z—aB+2b——c]—2b[1—b+c+—2-]—i—?[c+—2—) },

The length of the interval of heliocentric distances and the size of index m must
be approximately the same as before.

The present state in methods of determining comet brightness makes it pos-
sible to derive nothing more but the average photometrical exponent for most
comets. Comet Arend-Roland is, however, one of a few comets for which —
owing to the numerous and homogeneous observational material — it is possible
to watch the photometrical-exponent variations with the heliocentrical distance
and construct the photometrical-exponent curve within a wide range of helio-
centric distances.

The photometrical curve of comet Arend-Roland has been constructed on
the basis of BEYER’s 51 visual observations (BEYER, 1959) and it is represented
in Fig. 13. There is no difference between the pre-perihelion and post-perihe-
lion form of the curve, which was independently pointed out by Bou$ra
(VINTER HANSEN, 1957a). First, let us find, whether the departures from the
straight-line (giving the course of the photometrical curve) are real or represent
observational errors. BEYER (1952) states that the accuracy of his method is
about 4+ 0m.30. If the constant photometrical exponent is acceptable for ex-
Ppressing relation

I =1I,.r,
the maximum departure from the straight-line must be less than the proper er-
rors of the method. The maximum departure is defined by the normal law of
errors as a departure the probability of which is equal to 1/, where N is the
number of observations. If the ¢-th departure is denoted as ¢; then the constant
photometrical exponent is acceptable when the following condition is fulfilled:
N

3
¢
i=1 -
N1 <0=3. (3.72)
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Here y is the numerical factor between the maximum departure, e..,‘ and the
mean departure, &, - .

€m = Y&,
y fulfils the relation

. |
2 1
—_— le¥dt =1 ——-. '
V= J A
. 1]

The maximum departuré of the observational rial used is 4 0m.73 and con-
siderably exceeds the limit permitted by (3.7 2%10 reality of curvature of the
observed photometncal curve is, hence, proved beyond any doubt.

2.

-03 -02 -0f 00 +01 +02 +03 +04 +05 406
bgr

« Fig. 13. Photometrical curve of the Arend-Roland comet.

Then the curve was divided into a series of intervals and within each of them
the mean photometrical exponent was computed by means of the method of
east squares. The results are included in Table 20, where the individual columns
contain: the serial number of the interval of heliocentric distances, its range,

Table 20
Empirical dependence n = n(r) of the Arend-Roland comet
No int. r , N r n : o
1 0.51 — 0.71 6 0.568 2.77 4+ 0.29 +0.16
2 0.63 — 0.79 8 0.66 2.87 4+ 0.20 +0.21
3 0.563 — 0.98 14 0.75 3.156 + 0.11 +40.24
4 0.78 — 1.06 12 0.92 3.61 + 0.18 +0.17
5 - 0.97 — 1.06 5 1.02 3.93 + 0.41 +0.07
[ 1.11 —1.35 ] 1.25 4.17 £ 0.18 +0.17
7 0.99 — 1.81 23 1.37 4.37 £ 0.13° +0.17
8 1.48 —1.81 10 1.63 4.25 + 0.28 +0.14
9 1.48 — 2.08 16 1.74 4.19 + 0.12 +0.16
10 1.78 — 2.57 13 © 212 3.90 + 0.11 +0.12
11 1.88 — 2.67 11 2.26 3.72 4 0.12 +0.29
12 1.88 — 3.17 13 2.38 3.64 + 0.10 +0.11
13 2.43 — 3.17 8 2.67 3.46 + 0.19 +0.16
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the number of measurements, the mean heliocentrical distance and the entire
photometrical exponent within the interval. The linearity of the photometrical
curve within individual intervals is maintained. It is proved by the maximum
departures, &,, computed separately for each interval, as seen from the last
column of Table 20.

The dependence of the photometrical exponent on the heliocentric distance
is represented in Fig. 14, where also function 7 = #(r), obtained by means of

05 10 15 20 25 r

Fig. 14. Photometrical-exponent curve of the Arend-Roland comet.

graphical integration of n(r), is plotted in a dashed curve. At r = 1.4 A.U.
curve n = n(r) has a maximum, which is characteristic for the comet dust-gas
model and its existence follows directly from the basic equation of the model :
(VanYsSER, HREBIK, 1954). A series of other comets recently investigated by
BeYER (1958, 1959) also have the point of inflexion on their photometrical
curve, e. g. comet 1956a at r = 2.2 A.U., comet 1957d at r = 1.2 A.U. ete.,
and from comets observed earlier comet 1942g appeared the same effect at
r=1.6 A.U. as follows from the material collected by GADOMSKI (1947).

A lot of spectral and polarization measurements of comet Arend-Roland in-
dicate a considerable amount of dust in the atmosphere. Therefore the series of
form (3.67) must be used for the numerical analysis of the photometrical expo-
nent. By means of the method of least squares we get the following coefficients
A,,. .., Ag from the interval of heliocentric distances between 0.67 and 1.49
AU. (form = 4):

Ay = + 3.62 4 0.04,

A, = + 0.19 4 0.02,

Ay = + 3.25 4+ 0.05,

Ay = — 0.54 4 0.07,

A, = —3.12 4+ 0.07, /
Ay = + 4.00 4 0.09.

| (3.73)

From the first, third and fifth equations of (3.68) we get immediately the ex-
pressions for the parameters of the dust part of the cometary atmosphere:
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1 .
b=2(2_Ao)[A.+2 2_110] (3.74)
¢ = Tﬁ“}r + 25, (3.75)

= (4o — 2).¢". (3.76)

Eliminating 1 + k from the second and fourth equations we obtain the ex-
- pression for B as a function of a:

4,5+ aBlad(a—1— o) + 4]+ 5 a*A,[ o— A.,]+ ally+ A dy—AoAy=0

(3.77)
and for ratio k:

k =_111—1[4[%+B)—A,]—1.‘ © (378)

The computing procedure: we choose « and determine corresponding B and
k; insert these values into the last equation of (3.68) and cha.nge as long as we
find the agreement between it and (3.73). The approximations converge ra-
pidly.

The resulting values of the six pa.ra.meters of photometrical curve (3.64)
found in this way are included in Table 21.

. Table 21
Resulting parameters of the photometrical curve of the Arend-Roland comet
. ¥
k \ 581 + 0.78
o 0.28 4+ 0.01
B 17.02 + 0.51
a 11.61 + 0.86
b 1.96 + 0.07
c 1.92 + 0,14
! .
Table 22
Residuals between the empirical and theoretical curve of n = n(r)
* No oc No 00

1 —0.01 8 —0.04

2 —0.03 9 | —0.02

3 +0.11 10 +0.01

4 —0.05 11 —0.03

8 +0.08 12 —0.01

6 —0.09 13 +0.04

7 +0.04
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Residuals O - C between photometrical exponents obtained from BEYER’s
material and those computed from (3.64) are given in Table 22. As seen, the
agreement is very good even at r > 2 A.U.

The results of Table 21 are interesting in many directions. Intensity ratio &
has an extraordinarily high value, which is consistent with a number of spectral
measurements. A strong continuum in the head-spectrum of this comet was
reported by PoRTER (1957), FEERENBACH, HASER, SWINGS and Woszczyk (1957),
Lnier (1958), DoLipzE and ARKHIPOVA (1957). Some authors even estimated

o ny

N 23
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: i)
3- :
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1 2 r

Fig. 15. Dependence of both the partial photometrical exponents of the Arend-Roland
comet on the heliocentrical distance. Change of the intensity ratio with the helio-
centrical distance.

from the spectrograms an approximate value of intensity ratio ¥ of both the
physical components, e. g. RaJcHL (1958) found ¥ ~ 2 at r = 0.75 A.U,,
Bou$ka and HERMANN-OTAVSKY (1958) estimated ¥ ~ 3 at r = 0.66 A.U.
These values are within errors consistent with ratio ¥ computed from para-
meters of Table 21 according to the formula

r

P(r) = Ladlr) = k.exp[ I —n"—jﬂ dr]- (3.79)
1

L 4o(r)

The computed course of ¥ with the heliocentric distance as well as that of
n, = n,y(r) and ng = ny(r) are in Fig. 15.

The correctness of the high value of ratio % is also fully supported by
-a number of polarization measurements. Polarization degree of the comet-
head light reached extraordinarily high value. Thus, for instance, RICHTER
(1958) reported the polarization being nearly 40 per cent, according to
Brama, HruSgA, SvestRA and VANYSEK (1958) it was almost 30 per cent,
BARBIER (1958) gave 41 + 5 per cent, and even the lowest value, 26 per cent,
published by HopMANN, WIDORN and PURGATHOFER (1958) is still high enough.

The resulting value of exponent « agrees, on the whole, with both the investi-
gation of MARKROVICH (1959) and earlier considerations of MINNAERT (1947). If
' we consider the nucleus surface temperature of the comet to be equal to about
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T, a 160° K —as follows from some theoretical considerations (DOBROVOLSKY,

1953c, MARKOVICH, 1959) — we get the heat of evaporation L = 5400 + 160

cal/mol, while the tersperature determined from the 3883 A CN-band by

?all.momvsxt (1959) leads to another result: 7, = 273°K and L ='9200 3+ 280
/mol

The dust coma parameters indicate two characteristic features:

a) high exponent n4, equal to 4 in ma.xlmum, gives evxdenoe of a very violent
development of the dust coma;. o
I b) high coefficient b indicates a rapid drop of dust suppl:es within the surfaoe
yer.
In addition to this, coefficient B of gas may be. denved from (3.62); a.ssummg '
= 0 and inserting « and ¢ from Table 21 we get § = 14.3. This value is consis-
tent with the results of the laboratory experiments. The latter lie within the
interval between 13.1 for CH, and 19.1 for C,N, (DaBROVOLSKY, 1953c).

Thus we arrive at the conclusions as follows:

1) the comet dust-gas model quite complies with the empiricalsdependence
of the photometrical exponent of the Arend-Roland comet on the heliocentrio
distance. The general form of this model — with six independent parameters
— makesit possible to analyze both the physical components of the comet atmos-
phere, unless the inaccurate observational material prevent us from doing so.

2) Numerical results indicate that photometrically the dust oonslderablg
prevailed over the gas in the atmosphere of the Arend-Roland comet. The high
photometrical exponent ny disproves the assumption of the constant s
surface of dust particles, especially in comets. with a substantial effect of the
dust on the comet photometrical properties.

3) As to the gas coma parameters, the ascertained dependence of the nucleus
surface temperature on the heliocentrical distance differs from that of tiny
particles under conditions of thermal equilibrium, but is consistent with the
mentioned considerations of MARKOVIOH. Parameter B is close to the above
value held as the “typical’ one for comets with continuous spectra.

CHAP‘TER_ FOUR

SOME APPLICATIONS OF A COMET DUST-GAS MODEL. COMETS
WITH STRONG CONTINUOUS SPECTRA ’

4.1. FUNCTION OF GAS

In Section 3.3 we dealt with general oonsﬂer&tlons concerning the photo-
metrical efficiency of the dust in cometary atmospheres, especially the corre-
lation between the number of dust particles, », and the corresponding photo-
metrical exponent n;. The latter determines the changes in the dust amount in
the atmosphere, but in any way does not contribute to solving the problem of

zero-point._ The difficulty consists in the fact, that equation (3.7) contains two
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unknowns, namely effective radius of the nucleus, R, and the functlon of dust,
" B. The second equation has to be found.

In Section 2.1. the gas-part brightness of the cometary a.tmosphere is shown
to be assumed proportional to the number of ejected molecules from a unit
surface per unit of time, n,, given by formula (2.1). Thus we can write

IA,%A 4nR .my, . (4.1)

where the photometnca.l efﬁclency of a radiating molecule, the ratio
between the number of radiating and evaporated molecules, the ‘mean life-time
. of the former, and the energy density of solar radiation are included in coeffi-
cient A. After inserting from (2.1) and modifying we obtain

Hiy=—25log@—5log R + 5 alogr + -g— mod.B (" — 1), (4.2)

where the following magnitude is introduced:

s
Szr T°] o2, (4.3)

G=AN.,.( ik

It represents a certain combination of gas characteristics. We shall therefore
call it the function of gas and investigate some of its properties.

First, the gas-component brightness may be generally expressed in the
form

Hy = H, + 2.51og (1 + k) + 2.57,(r) log r. (4.4)

Analogously the dust-component brightness is described by the formula
. :
Haa= H,y + 2.6 log (l + —k—]—f- 2.5 n4(r) log r. : (4.5)

If we introduce (2.12) into (4.4), compare (4.4) with (4.2), and (4.5) with (3.7),
we get the relation between the function of dust and the function of gas:

E k

—— =1Q04¢c

G ‘4,

g, S (4.8)

In addition to this, the comparison of (4.4) with (4.2) gives the relation between
the effective radius.of the comet nucleus of the funetion of gas:

— @ + brhep[—gaer ] (47)
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If the basic physical parameters of the comet photometrical curve as well as
the effective radius of the nucleus are known, the function of gas can be com-
puted from (4.7). The function of gas is indicated to depend mainly on the heat
of evaporation of molecules, as seen from (4.3). If we succeed in determining
R, k, B and H, for a number of comety, the calibration curve G = G(B) may
be established. : , :

The problem of determining physical parameters of the photometrical curve
was solved in the two preceding chapters, the problem of the comet nucleus
model will be discussed in the following section.

{
4.2. THE STRUCTURE OF THE COMET NUCLEUS

There exist divergences-in opinions on both the size and structure of the c"o-
meét nucleus and its function in the comet life. With respect to these problems,
comet models may be, in the main, divided into three groups:.

a) comets without nucleus;
b) comets with compound nucleus;
¢) comets with monolithic nucleus.

The first and third types are hypothetical extremes, in fact non-existing.
The comet model without nucleus, suggested.by LYTTLETON (1948), has been
most objected to till now. A comet without any nucleus should have no interior
stability and be destroyed under effects of differential gravitation. It could held
neither its roughly spherical form of the coma at all nor relatively small di-
mensions as observed. The assuniption on the mechanism of producing gas
radiation cannot be accepted either (evaporation of particles due to their col-
lisions). : T _

The most extended hypotheses are those concerning the compound comet;
nucleus. This intermediate group of views, however, is rather non-homoge-
neous and is represented by a string of conceptions from those of a low-con-
oenfira.tion cluster of particles of various size to those of almost monolithio
nucleus. '

Among the former conceptions there belong DuBIAGO’s considerations
(DuB1AGO, 1942) concerning the stability of the cometary nucleus formed by
a meteoric-particle shower. He proved the period of semi-desintegration of
such a comet with the nucleus diameter of about 9000 kilometres and inner
space density of 5.10-° gm.cm—2 is roughly 100 years, if¢ = 2.4 AU.and P =
= 5.2 years being considered, i. e. it is quite short. This model cannot be
disproved dynamically, but it contradiets the spectroscopic and photometrical
data. The summary surface of the particles should be so great that every comet
would appear an intense continuous spectrum. The accepted diameter itself is
too large. For instance, the apparent nuclei of two huge comets, 1858 VI and
1910 II, were in some periods of observation estimated to be not more than
about 500 kilometres in diameter (CurTIS, 1910, BREDIRKHIN, 1934). Moreover,
as shown by OrLoOV (1945), the measured apparent diameter of the nucleus is
in close connection with the geocentrio distance. It is evident'that an observa-
tional effect takes place here. It is well-known that some unstable molecules,
as CH, CH, or NH,, have too short a life-time and are dissociated or ionized in
a close vicinity of the comet nucleus (i. e. real nucleus) (Swixas, 1943). The.
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intensity discontinuity in the comet head, produced by the disintegration of
such molecules, is probably often held as the nucleus boundary. ~

Another conception of the compound nucleus was suggested by VoroNTsov-
VELYAMINOV (1945). In his study concerning the nucleus of the Halley comet
he drew the conclusion that it consistedof about 107 blocks of dimensions about
100 metres, which were included inside the sphere of 60 kilometres in diameter.
As the volume of the nucleus is filled up by the blocks to 15 per cgat approxi-
mately, mutual collisions certainly occur, which lead to the fragmentation of
the nucleus and in such a way to the loss of stability. DuBiaco (1950) therefore
believes the nucleus must be of considerably larger dimensions, about 500 kilo-
metres in diameter and the number of blocks less to decrease the danger of
disintegration by the process of fragmentation. On the other hand, RicHTER
(1954a) finds a considerable dispersion in the nucleus dimensions, extended over
three orders, from 10° to 103 kilometres. The differences in the size of individual
comets are unlikely to be so conspicuous. A

All the given data about the dimensions of nuclei were obtained by either
photometrical methods (VoRONTSOV-VELYAMINOV, RICHTER) or those of ce-
lestial mechanics (DUBIAGO). _

An idea of the compound comet nucleus very close to the monolith (or even
almost identical with it) has been held by BALDET (1931) on the basis of photo-
metrical measurements, WHIPPLE (1950) by means of physical donsiderations
and OrLov (1960) by connecting the methods of celestial mechanics with pho-
tometrical relations. The three authors’ results are consistent with each other
within an order. ,

The determination of the comet-nucleus dimensions is most fully described
by Orrov. He proceeded from his theory of the cometary head (OrLOV, 1945)
where he had studied parabolical envelopes of a few comets. He found there
may have been up to four envelopes in a comet at the same time, and established
that the ratios between top-distances of individual envelopes (in stationary
state) from the nucleus were always the same.

ORLOV assumed the motion of any particle was controlled by three forces as
follows:

( a) attractive force of the Sun;
b) repulsive force of the Sun, i. e. radiation pressure; ‘

c) repulsive force of the cometary nucleus, i. e. reflected solar radiation pres-
sure.

* The resulting motion arises under the effect of the vector sum of the three
agents. If the motion is studied of a particle expelled in the very direction of
the radius-vector to the Sun, the following differential equation holds good:
i

a B A+p By,
am (r—&p 23

where £ is the distance of a particle from the nucleus, 2 the universal constant
of gravitation, u, the effective acceleration on a particle from the comet nuc-
leus and 1 + u the repulsive acceleration from the Sun. The following expres-
sion is reached for the distance of the cometary-head top from the nucleus:

+ (4.8)
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b = e (] (49)

This formula is valid, in fact, for both parabolical envelopes as proved by
Orrov (1945), and cometary- -head diameters (Chapter Six).

OrLovV justifiably assumes the repulsive forees due to the Sun and the comet
nucleus are proportional to the 1llummat10ns from both bodies, respectively.
Thus we can write: | .
‘ 1004 H,, . (233
10980 ~ 1+ pu’

where Hp and H, are the absolute brightness of the Sun and the comet nucleus,

respectively. Formula (4.9), being written at r = 1 A.U., characterizes the
first envelope:

(4.10)

[

: (4.11)

V_ T
Comparing (4.10) with (4. ll) we obta.m \
= 4 100EoE, 12

According to (3.2) we ﬁnd

Hyy =0 — 2.5log Ag— 5 log R, [Fulp = 0) = 1], (4.13)
80 that the radius of the real cometary nucleus yields in

R = & e [ﬂ—(a—ﬂ)]- ' a (4.14)
' gVZofo mod “°. S ’

Numerical values: from Section 3.2. wé take o= 38=., 8, Ay = 0.1 and according
to STEBBINS and KroN (1957) Ho = —26.73. If {y is expressed in A.U., the
nucleus radius (in kilometres) is

log B = 8.305 + 2 log &. ‘ (4.15)

As a monolithic nucleus was considered in the computation, value R of (4.15)
may be put equal to the so-called effective radius of the comet as introduced in -
, Section 3.2. and applied in Section 4.1. Hence, ORLOV’s conception of the real
oonc:let nucleus is quite close to that pronounced in the preoedmg sections of this
study. : » :

4.3. PROPERTIES OF THE FUNCTION OF GAS
Comparing (4.14) with (4.7) the function ofgu ma )1/0 in depen-

dence on the physical parameters of the comet dust-gu model and distance &
of the first envelope from the nucleus:

04
_mfexp[ od(He H.,—a)] ALY
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The writer succeeded in gathering both the photometrical data and the
envelope-distance measurements for six comets of the 19th and 20th centuries,
for which the numerical value of the function of gas may be computed directly
from (4.16).

The re-treatment of ORLOV’s, data concerning the envelope distances gave
the results included in Table 23.

A Tablp 23
Envelope distances and nucleus diameters of calibration comets

Comet AT " SRxm
18111 0.000365 -4 0.0000135 53.7 4+ 4.0
1858 VI 0.000115 + 0.0000021 5.33 + 0.19
1882 I1 0.00020 4 0.000019 16.1 + 3.1
1908 III : 0.000106 + 0.0000048 4.53 + 0.41
19101 - 0.000098 -+ 0.0000031 3.87 4+ 0.24
1910 IT 0.000099 4+ 0.0000014 3.95 + 0.11
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Fig. 16. Function of gas of calibration comets as related to their evaporation heat.
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Table 24
Observational data of calibration comets

" Reference

Kritzinger (1914)
Holetschek (1916),

Holetschek (1918)

Vsekhsviatsky (1958)

Bobrovnikoff (1942)

Bobrovnikoff (1043)
ge
viatsky
Holetachek (1918)

Kritzin

| Vsekhsviatsky (1958)
Holetachek (1916)
Holetschek (1916)

2.13| Holetschek (1916)
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Comet.

17591 (Halley)

1811 1
1835 III (Halley)

1858 VI (Donati)

1607 (Halley)

1908 IIT (Morehouse).
1910 II (Halley)
1910 II (Halley)

No

Lol L} ]

Radius R of a vast ma.]orlty of comets
decreases slightly with time, according
to HruSka (1957b), for instance, it

. amounts to about 50 cm per year for .

short-penod comets. Since distance & is
of the same character as R, in relation
(4.16) there are only two parameters,
k and H,, pre- and post-perihelion va:
lues of which may differ from each
other, and in such a way can produce the

-variability of G. Moreover, a contingent
-dependence of @ on the heat of evapo-
rwhon,l):naylxaexpmﬁed

A method of e in a series
has been applied for oompntmg the basic

ysical parameters of the six comets.
The results of treatment of observatio-
nalnumenalanaunﬂudedlnfhuﬂe24
The individual columns give: the comet
denotation and name, its position rela-
tive to the perihelion (symbols of Sec-

.tion 3.5. are used), the range of helio-
oentri¢ ' distances, geometric mean of
distanoes, ooefficients ay of series (2.14)
and the reference to the observational
material.

From a given in Table 24 the phy-
sical parameters k, B and H, have been
computed for ng = 2.8, 2.4 and 2.0.
Ihnnmnmm.Bandlﬁ,hswsaholnen
determined for a pure gaseous model
(k = 0). The regulting values of @ for
each of the mentioned omses are pre-
sented in Table 26. '

The. dependence of G on B is repre-
sented in Fig. 16. Full lines indicate
mean values.. They are also given in
Table 26, where w(B, @) are the corre-
lation coefficients between the heat of
evaporation and the function of gas.

/  Besides it the dependences of G on
both the heliocentric distance and time
have been studied in passing. Fig. 17
includes the function of gas as related
to the heliocentric distance for the vast
_conmﬁei#Sﬁi(aﬂzfﬁw]nmdwh?npa&
sage) and the Halley comet (before its
-perihelion passage). The data of the
latter are corrected for the secular
changes and concern. the passage of
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. Table 25

Values of function of gas
No Comet log &

E>0,ng =28 |k>0n; =24 |k>0,n; =320 | k=0
1 1607 —12.66 + 0.90|—12.36 + 0.46|—12.45 + 0.55|—12.74 4 O.
2 1759 1 —12.21 ‘4 0.32|—12.08 + 0.35—12.03 + 0.35—11.91 4 O.
3 18111 —13.156 + 0.27|—13.14 + 0.28/—13.09. 4 0.27|—13.12 + 0.
4 1835 I1I —12.64 + 0.67|—12.65 + 0.43|—12.65 + 0.63|—12.65 + 0.
b 1858 V1 —12.561 4+ 0.74—12.62 + 0.62|—12.53 + 0.89|—12.61 + O.
6 1882 II —12.64 4 0.13|—13.18 + 0.14/—12.80 + 0.09/—12.21 + 0.
7 1882 I1 —12.48 + 0.17—12.94 + 0.33|—12.40 + 0.25/—12.08 + 0.
8 1882 11 —12.65 + 0.28/—12.66 4 0.31—12.35 + 0.33(—12.21 + 0.
9 1908 II1 —12.49 4 0.38/—12.51 + 0.30/—12.68 + 0.29|—12.44 + O.
10 1910 I —12.82 + 0.13|—12.79 + 0.11{—12.77 + 0.11|—12.74 + O.
11 1910 IT —12.80 + 0.37|—12.78 + 0.37|—12.79 + 0.36|—12.84 + 0.
12 1910 IT —12.42 4 0.14(—12.42 4 0.12|—12.43 + 0.12(—12.48 4 0.
13 1910 IT —12.98 + 0.21/—12.63 + 0.17|—12.48 4+ 0.16/—12.33 + 0.
14 1910 IT —12.42 + 0.25—12.41 + 0.13(—12.42 + 0.22(—12.44 + 0.

Table 26
~  Resulting mean values of @
' Case log @ ¥(B, @)
)

k> 0. ng = 2.8 —12.625 + 0.026 +0.329 + 0.238

k>0, ng = 2.4 —12.640 4 0.061 +0.037 4+ 0.267

k>0, ng = 2.0 —12.553 4+ 0.046 +0.293 + 0.244

k>0 —12.606 + 0.027 +0.209 4 0.148

k=20 —12.486 + 0.063 —0.228 + 0.253

z —12.576 & 0.025 +0.089 + 0,133

1910. Fig. 18, on the other hand, shows the secular drop of G for the Halley
comet. The values are reduced to a unit of heliocentric distance. Full circles -
indicate the pre-perihelion data, open circles those after the perihelion passage.
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Fig. 17. Concentration drop in the co-
mets 1882 IT and Halley near the peri-
helion passage.
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Analyzing the empirical dependences concerning the function’of gas, we
arrive at the following eonclusions as to its properties:

1) The magnitude of the function of gas changes from case to case, but all
the individual values of @, included in Table 25, lie within the order, from
—12.0 to —13.0.

2) The obtained results show no » marked trend of G with the heat of evapo-
ration. Coefficients y(B, G) in Table 26 are too low to indicate any real corre-
lation. No effect is seen in Fig. 186, either.

3) On the other hand, Fig. 17 shows a trend of inereasing the fiunction of gas
with the comet’s reeedmg from the Sun and vioce versa, for two eomets. This
effect can be explained as a drop of the concentration of molecules in the sur-
face layer of the comet nucleus, as seen from (4.3). The change is given by a fac-
tor of about 1.5 per unit of heliocentric distance. It is likely that the drop is

ter in the vicinity of the Sun and less in large heliocentric distances.

4) Another effect appears in the course of G with time. A well-expreesed se-
cular drop in the.concentration of molecules in the Halley comet is seen in
Fig. 18, of magnitude of about an order per 1000 years.

5) There appears no effect as for the dependenoe of the funotxon of gas on the
nucleus dimensions.

6) All the ascertained relations, both positive and negative, are of pnehmJ-
nary character and they call for verification. At present, the best approxima-
.tion being allowed for statistical studies is

logG—-——l26101p e.,

which may serve as a calibration value for determining the dimensions of the
oometa.ry nucleus in a photometrical way.

4.4, COMETS WITH INTENSE OONTINUOUS SPEO!RA

The mt.roductlon of the function of gas is also of great importancy for deter-
mining the total mass of photometrically effective dust particles in the come-
tary atmosphere, 2I7,, though it looks surprising at first mght

According to (3.10) and (3.11) we can write

Me(r) =5 e B).[F(). 0@ [1 — ] (a1

Eliminating the funetion of g ga.s from (4.6) and (4.7) the expression for the func-
tion of dust is as follows:

B(r) = f_ = A:R, .IO““"—’-’J"'"M, C(418)

After inserting (4.18) into (4.17) we obtain the resulting formula

M) =5 e [Fol9). 00)- 4o (1 + ]| 10040-m v 1 — @),
) 4.19)
where (19

Q@=10-%42_F,(¢). %‘.n&-’ <001



for k > 0.01. This condition is fulfilled for any comet with a strong continuous
spectrum, so that @ may be neglected. Then neither the function of gas, nor
that of dust, nor the effective radius of the nucleus appear in formula (4.19),
and ma?s U, depends on the physical parameters and functions Fy(p) and
* @(p) only.

The sts of the dust included in the atmosphere of six comets was determin-
ed by VANYSEK (1958) on several simplifying assumptions. He found the mas-
ses of about 10 — 10 gm, but the corrected values were to be about an order
lower than those just given (VANYSEK, 1960b).

In the present study the mass of the dust cloud in the cometary atmospheres
is derived in another way. First of all the comets with an extraordinarily strong
continuum (cont 1) and those with a relatively well pronounced continuum
(cont 2) were selected from the Catalogue of Physical Characteristics of Comets
(HrUuSKA, VANYSEK, 1958). Photomstrical data were taken over from a few
authors (BEYER, 1942, 1950a, 1955, BOBROVNIKOFF, 1942, HOLETSCHEK, 1916,
KRITZINGER, 1914, VSEKHSVIATSKY, 1958) and the basi¢ physical parameters
were determined by the method of expanding in a series. The mass of the pho-
tometrically effective dust was then computed from formula (4.19). In addi-
tion to this, the diameter and mass of the comet nucleus were also established.

.The results are included in Table 27. For each of the investigated comets the
spectrum and the corresponding heliocentrical distance, r,,, are given as well

.1 . . .
as the expression 5 ?] for purposes of Section 3.7. For comparison, a comet is

included with a relatively weak continuous spectrum (cont 3).

Table 27
Nucleus diameter and dust-cloud mass of comets with continuous spectra
r 1 R)s
Comet (Spectrum | , " . log Iy log I L (T)
1882 1 cont 0.66 4 0.30| 14.73 + 0.59 9.23 4 0.15 || 0.0009
1882 I1 cont 16.1 + 3.1 | 18.89 4+ .25 | 11.94 4+ 0.13 0.0002
stron, ’

1904 I cont g 22 411 19.30 + 0.65 | 10.35 4 0.37 0.0141
1907 IV | cont 1l | 0.6 5.6 + 3.0 | 17.561 £ 0.70 | 10.34 4 0.04 0.0010
1910 I ‘cont 1| 0.6 '|3.87 4+ 0.24| 17.03 + 0.08 9.67 + 0.27 0.0027
1910 I1 copt 1 | 0.66|3.95 & 0.11) 17.06 + 0.04 | 10.62 + 0.09- 0.0002
1912 II cont 2 | 0.8 |2.28 4 0.60| 16.34 4+ 0.31 9.13 + 0.21 0.0026
1936 I1 cont 1 { 1.1 |1.59 + 0.91 15.87 £+ 0.7 9.04 4+ 0.26 0.0015
1937 I1 cont 2 | 0.65]0.22 4+ 0.08] 13.30 + 0.47 8.26 + 0.14 0.0002
1941 1 cont 2 | 1.1 2.8 + 1.0 | 16.60 + 0.47 9.63 + 0.85 0.0012
1941 I cont 1| 2.0 2.8 + 1.0 | 16.60 4 0.47 9.51 4+ 0.86 0.0016
1941 IV |cont 1| 0.8 |1.94 4 0.63 16.13 4 0.42 9.81 4 0.19 0.0004
1941 VIII| cont'1 | 1.4 |1.28 4 0.38] 15.69 + 0.39 9.30 & 0.11 - 0.0005
1946 I1 cont 2 | 1.2 |0.33 4+ 0.20] 14.72 4 0.79 |, 8.64 + 0.36 0.0002
1948 1 cont 1 | 0.9 |1.82 4 0.47| 16.95 + 0.34 9.72 4+ 0.06 0.0004
1948 1 cont 2 | 1.0 |1.82 4 0.47| 16.95 4 0.34 9.70 + 0.05 0.0004
1948 .1 cont 1 | 1.6 |1.82 4 0.47| 16.95 + 0.34 9.61 + 0.05 0.0005
1948 IV | cont 3 | 0.8 |1.17 4 0.41] 16.37 4 0.46 8.47 + 0.10 0.0031
1948 XTI | cont 1| 0.6 |2.67 4+ 0.79| 17.45 4 0.38 | 10.13 £ 0.15 0.0003
1948 XI | cont 1 | 2.2 |2.67 4 0.79| 17.45 + 0.38 9.88 + 0.15 0.0006
1951 I cont 1| 2.6 5.1 4~ 1.4 | 18.29 + 0.36 9.94 4+ 0.16 0.0020
1951 I1 cont 1 0.41 4 0.13| 15.01 + 0.41 | 8.256 + 0.14 0.0006
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Here are the main conclusions resultmg from the investigation of comets
with strong continuous spectra: .
1) The mean values of physical pa.rameters B and k are 8.0 and 0.9 respeocti-

vely; if considering #n < 5.0 only, B = 6.7 and & = 1.1. The latter magnitude
has a rather high dispersion with Fmax = 10. Some more detailed results are
included in Table 28. . )

Table 28 )
Average physical parameters of comets with continuous spectra
' alln n<b
b}
B k B k- ,
2.0 8.1 0.5 7.0 0.6
2.4 8.2 1.1 6.9 1.3
2.8 7.6 1.1 6.2 13.
. L

2) The spectral classification introduced by Hau¥xa and Vm’fsnx in their
Catalogue may be considered a characteristi¢ of the total mass of the dust
cloud. The mean cloud mass (in gm) of the comets with the cont 1 spectrum is
109-83+0.2m.e. that of the comets with the eont: 2 spectrum is 10908 £0.28m.e.,
The cloud mass of comets with the cont 3 spectrum probably does not exceed
10%5 gm on an average. N

. ‘ :
3) The mean value of — (%) important for purposes of some theoretical con-

siderations (Section 3.7. ) is 0.0008 + 0. 00018 m. -e., the d.mpermon does not
exoceed the order.

4) As to the dimensions of cometary nuclei, from Table 27 a value of diameter
of 4.0 km results when two big comets, 1882 IT and 1904 I are taken into ac-
count. Excluding them we get another result -2.2 km. The corresponding mass
of the nucleus lies within 2<— 10.10%® gm. The distribution of nuclei according
30 their diameter is represented in Fig. 19 (the two great comets are not inclu-

ed).

0.

v v v L] ' L] € ¥ T T
0 ) 5 L%
diamefer of comel mucleus km

Fig. 19. Dnstnbutxon of comets with oontmuous speotra
according to their nucleus dmmetot
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CHAPTER FIVE

INTERACTION BETWEEN A COMET AND DUST CONSTITUENT
OF INTERPLANETARY MATTER

5.1. INTRODUC'].‘ION

In the collision ofsolid bodies with cosmic velocities there occur physical pheno-
mena which may be mathematically described in the same way as an appearan-.
ce of the explosion. STANYUROVICH and FEDYNSKY (1947) pointed out that al-
ready for veloaities of about 3 — 5 km/s the crystal structure of the meteoriti-
cal matter is broken up to such an extent that an explosion to all intents and
purposes takes place. In fact, collisions with cosmic velocities in interior parts
of the solar system lead not only to the total destruction of the crystal lattice
but even to the evaporation of such small enongh “projectiles”. Generally, in
order that the microscopic explosions may occur the projectile kinetic energy
- must be greater than the energy of the crystal lattice of a matter.

‘When studying collision of & meteorite, M, with a comet nucleus, N, we must
introduce some special features into the genera,l problem which may be expres-
sed by the following suppositions:

1) M and N are bodies of incomparable mass and dimensions.

2) Physical characteristics of the materials forming M an N are roughly the
same.

3) Influence of the N-gravitation field is so small that the escape velocity
from N is negligible when compared with the velocity gained by the expelled
material during the microscopic explosion process.

Under these conditions the process has roughly the following cha.racter from
the point of impact a shock wave characterized by a certain pressure starts to
spread (STANYUROVICH, 1955). The type of the running process (evaporation,
fusion or pulverization of the stuff) now depends merely on the magnitude of
the pressure. When the impact velocity reaches the order of 10® cm/s the com-
plete evaporation of the meteorite and partial evaporation of the destroyed
region of the surface of the comet nucleus take place; moreover, inside the
microcrater the gas expands towards the sides. However, soon after being

expelled the evaporated particles re-condense. The dimensions of the con-
densed particles are several orders greater than moleeules (ZELDOVICH,
RAISER, 1958). As was mentioned in Chapter Three, VANYSEK (1960a) on the
basis of colorimetrical measurements of a few comets had drawn the conclu-
sion that photometrically effective dust particles in the cometary atmosphere
are of the order of 10-5 cm.

5.2. BALANCE OF THE EXPELLED MATTER AND THE VELOCITY

The total mass expelled from a comet nucleus into space due to impact of
a meteorite is equal to (STANYUKOVICH, 1960):

_ mMVem [(4 ]'I._ ] .
u, - Tre= ( =)"—1) (5.1)
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where ‘28:6’ . " v
—Ms s — Yh 8 . oom
(1]) = AO -+ cos z. [Wz—'-) . —_— .h‘V_2_§—’

4, is a coefficient depending on the characteristics of the matter, z the average
angle in which the meteorite falls on the nucleus surface (measured from the
perpendicular to the surface), 4 the density of the meteorite, V.m the relative.
velocity between the nucleus and the meteorite, ¢, 8 non-dimensional coefficient,

&f the energy density necessary for breaking up the crystal lattice or the fine
pulverization of the stuff, gwm the comet nucleus density, A the coefficient con-
neeting the radius of the microcrater formed by the meteorite projectile, R,,
_ with the mass of the meteonte, M,,A = R,. My~ and coefficient 4 is then de-

fined by relation: 4 = 3 ug,,,..}.’ finally, 5 is the energy utlhzatlon coefficient

(n<1).
Let us further denote gy the space density of the meteorical matter and 8
the oross-section of the comet nucleus:

Nk

Qoom

(5.2) |

a* is a shape factor; & sphere has a* =[ 3 ) . The total.mass of meteorites
which fall off on the comet nucleus surfdoe per di is : .
dma = SouV wndt ) - (6.3)

and the total mass expelled from the nucleus region where the crysta.l structure
was destroyed owing to meteorite impacts during d is

wner- 355 0 - G ) T ) o

. 4)

A velocity of the expelled stuff depends on angle @. measured from the per-
pendicular to the microcrater,

s '
(22 core)" e
Asthe maximum opening of the microcrater is g= arooos(——)* and the mass

distribution relative to ¢ is

ax, _ MV sing do, (5.6)

2:f 20089
the mean velocity of expelled particles results in; _
x, A/ lI. l .
_ 1 326\ ["_]
- ar; [ = (5] ( "L ¢
o . ) -
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5.3. SPACE DENSITY OF THE METEORIC MATTER AND ITS VELOCITY RELATIVE
TO THE COMET

To be able to integrate equation (5.4) it is necessary to know the concrete
expressions for density gy and velocity V.

The problem of the space density of meteoric matter, especially in the vicinity
of the Earth, has been solved by a number of authors; for a list see e. g. LEVIN
(1956), MzTOV (1960). There exist four rather different ways which may lead
to some result: *

a) Photometrical methods. _

b) Estimates based on collections of meteontm dust on the Ea.rth’s surface.

c) Observation of meteors.

d) Rocket and satellite research.

The most unreliable results are those obtained from the observa.tlons of me-
teors; the dispersion attains three orders. For our purposes they are omitted.

Further, there is a principle difference between the a)-method on the one
hand and the b)-method on the other: photometrical methods (mostly zodiacal
light and Fraunhoffer’s corona) gather the information on those parts of the wide
neighbourhood of the Earth which lie outside the sphere of activity of our pla-
net, while collections of meteoritic dust give the data on the space density of
dust particles inside the Earth’s sphere of activity.

In the future the rocket and satellite probes appear to gather the best obser-
vational material. Nevertheless, at present we can arrive at the following con-
clusions:

1) Excepting VAN pE HuULsT’s results (vAN DE HuULsT, 1947) we find 5.10-%

gm/cm3to be the most probable space density of minute dust particles (average
dia.meter about 10—2 cm) at heliocentrical distance of 1 A.U. from photometri-
cal measurements (ALLEN, 1947, BERH, SIEDENTOPF, 1953, ELSASSER, 1954,
FrsENKOV, 1947, SIEDENTOPF, 1954, SIEDENTOPF, 1955)- the dispersion about
one order.

2) Estimates of the fall of meteoritic dust from years 1950 to 1955 (MImTOV,
1960) give the space density about two orders higher; some recent more re-
liable estimates (e. g. HANsSA, ZACHAROV, 1958) are four or even five orders
higher than those obtained by photometrical methods; the dispersion about
two orders.

3) The demnsities resultmg from impacts of micrometeorites on the surface of
rockets and satellites (DuBIN, 1960, Komissarov, Nazarova, NEvGopov, Po-
LOSKOV, RUSAKOV, 1958, Lovmtme 1959, MANRI:NG 1959) are about two
or three orders hlgher than those from photometncal methods. Moreover, there
are present short-term bursts in the impact frequency of intensity up to 104
times higher than the normal level (DuBIN, 1960, KoMISSAROV, NAZAROVA,
Nxrvceopov, Porosgov, Rusakov, 1958).

4) Recently WarpPLE (1961) and HisBs (1961) have shown that between
heights of 100 and 100,000 kilometres the concentration of particles falls
off roughly as the inverse 1.4 power of distance from the Earth surface. If the
quantity of the dust fallen on the Earth surface corresponds to the densest
parts of the dust cloud, the ratio between the density computed from the fall
of meteoritic dust and that derived from photometrical data should be about
10,000 which is in good agreement with what has been said above. However,
LEVIN (1961) states the effect found by WrIPPLE and H1BBS is not sustained by

Soviet cosmic probes. Also SINGER (1961) pointed out that the existence of the
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Whipple-Hibbs dust cloud was moonmtent with his theoretical conclusions. If
all foroes except gravitational forces are neglected the spatml density of dust,
according to SINGER, is given by the formuls  _

o(d)fes =[ul '*'Z] .(2u)-f e+ —— _u’_’fll_]/]
. v+

where 4 is the geocentric distance (in radii of the Earth) and u the geocentric
velocity at infinity of the dust particle (in units of the escape velocity from the
Earth’s surface); ¢.. is the spatial density of dust in interplanetary space. The
resulting dependence of g on the geocentric distance shows the existence of
a modest dust shell around the Earth with maximum density at about 5,000
kilometres above sea level, not a layer with & uniformly decreasing density.
SINGER also stressed that the concentration distribution of dust differed frem
the impact-rate distribution. The latter indicates another maximum in much
lower altitudes, only a few hundred kilometres above the Earth’s surface, and
the rate of impacts drops more rapidly. The differences in the results obtamed
by various methods may, to some degree, be explained by this effect. Assuming

= 0.1 the interplanetary spatial density of dust of a.bout 5 X 1072 gm/em?
corresponds to the aecretion of some 10,000 tons per day. :

5) There are some difficulties in computing the space density from both the
collections of meteoritic dust and the impacts on the rocket surface. In the for-
mer case we do not know the mean velocity of the meteorite dust relative to the
Earth, while in the latter case there are two unknown magnitudes, the mean"
velocity of the particles relative to the rocket and the mean mass of a particle.
Therefore all results obtained in both the ways must be considered with reserve.
SINGER (1961) emphasized that it was always the momentum which was mea-
sured by the rockets, satellites and cosmic: probes. The differences in velocities
of these vehicles cause the discrepancies among the observational data.

From what has just been said it could be concluded that & value of 5.103 is
. the best one of all. However, it is possible that photometrical methods underesti-
mate the mass contribution of “heavy”-particles, which are phptometrically
ineffective. Also rocket measurements probably underestimate the number of
colliding particles because of inability to register those smaller than about 10~
cm in diameter. Therefore we will further use 5.10~* as the concrete value for

“” » (see equation (5.8)). /

Under conditions of the statxonary distribution of interplanetary dust and
the Poynting-Robertson effect the space density of the dust falls in inverse
proportion to the heliocentric distance. Nevertheless, various authors put in
the approximate formula

ox(r) =',9‘,‘?.r—'1 _ (5.8)
for the exponent numerical values from.y =.0 (BERH, SIEDENTOPY, 1953, VAN
DE HuULST, 1947 SIEDENTOPF, 1954, 1955) up to y = 2 (ALLEN,. 1947, VAN DE
HuwsT, 1947). It is likely that the real y is not too far from zero.

Assummg the random distribution of dust-particle: motions in mterpla.-
netary space velocity V.m may be put equal to the orbital velocity of the comet,

' GM 1 : l -
V2 'R
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@ is the universal gravitation constant, My the mass of the Sun, a the semi-
mgjor axis of the cometary orbit, By = 1.495.10" cm; r and a are expressed
in A. U. .
A
5.4, THE TOTAL LOSS OF THE COMET MASS DUE TO METEORITE IMPACTS.
THE SECONDARY EFFECT

From what was said about the balance between the projectile kinetic energy
and the energy of the crystal lattice in Section 5.1 it is obvious that the con-
dition for the origin of the pulverzation process can be written in the form

Veom(r).COBz > | 2eF , ' (5.10)
so that according to (5.9) it takes place at heliocentrical distances less than

GM cosrz

ro= S
GMqcosrz
Ryt + _oza_/_

For parabolical and near-parabolical comets (1/a <0.0001) we can write simply

(5.11)

o GMycosiz
0 .Ra 8; ’
while for short-penod comets the aphelion distance may be less than corres-
ponding r, = ry(a); then the comet is throughout its orbit exposed to effects of
the pulverization process and in such a case it must hold good
ety 1—e
2 1+e’
e is the numerical eccentricity of the orbit (see Section 5.7.).
Magnitudes cosz and c¢os*z may be determined from the following conside-

ration: Let us assume the spherical comet nucleus is moving inside a homo-
geneous cloud of dust particles with velocity Vem in direction OX (Fig. 20). If

the number of particles in a unit volume of space is %‘ (M is the mass of a par-

ticle), the rate of particle impacts on the belt of the sphere bounded by angles
2,z +dzis

(5.12)

(5.13)

Iy = Qi; 27 R?V oom 8in z cos z dz, (5.14)
so that a2 l
: 'f f»(2) cos z dz
m = -OT-——— = % ’
[ tt) dz
i ¢ | (5.15)
j f+(2) cos?z dz
005. R = —o—’-‘m———-——— = ? .
[§AOLE
0 )
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Fig. 20. A graph for de-
riving expreesions ¢68 z and

oz -
) 4
After substituting ‘
' s y q s
- 1 -4 Yo RPI|1 — T 1)
dt = —(20M) .[1 r} iR [1 2a(1 + r)] .dr
R (5.18)

and inserting (5.2), (5.8) and (5.9) into (5.4) we arrive at the expression, the in-
tegral of which from ¢ to min (r,, ¢') gives the total loss of the comet mass due
to meteorite impacts along the orbit from the aphelion, ¢’, to the perlhehon q:

min (r,.¢") -
: s (0) /s s
AM,,, [3V— Moom A] . _"ngﬂi J 1t (1____) [ __) X
Ocom 46k
q .
_r g J".[ Y [ & & ]"'.4 CsZ 4, 11.( _L)—'"
X [l ‘2-E(l+ T]] . AO + nGMOQE,.. 36, .r .Ra J1- %a X .
GM
x ln{l 8:0].r-1.R;1.(1—2—'a,]}]dr. (5.17)

For periodical comets the solution of (5.17) must be carried eut be means of

numerical quadrature Whlle the following expression results for nea.r-parabohca.l
comets:

AM o = Xog 2 =0 (?—‘) 1—oft s +Yoq‘/-"7{(Zo +In —]
+3 :

2
(—' 1) r—*Is k+-:— 1 +v (—— 1) 4/
(1—e¢) s}
X,ZokJr—[k) ¢ ,+ Ve -ok+—(k)'
_SS (—1)" r—‘.] (1—6)“'"'}’ | (5.18)
K=o i= ok+—- l+— , .

where ¢ =TZ,- . The first and second progressions converge according to the

d’Alembert criterion, the third according to the Cauchy criterion while the

7 Mathematica
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oonvergency' of the fourth progression may be proved when combining both
criteria.

Ify > % formula (5.18) may be written in much simpler form by means of

B-function:
AMom = Xog?. B[ ,y)-l— Y, gt 3(2 ,y— ;)x

. 1 & , 1 (5.19)
. [ o nq_?E 5 z ]

Bfprr—g)(+r—3)

In the two formulae there is
(o)

X, =2 1oM,. [3V— Heom AVZ.,)I,

4 Ocom
- ei&’ o082 3V_ Rl g Meom M0GHo L (5.20)
0 3¢, Qtom &k ’
M,
ZO = ln m .

A part of the expelled particles falls, after finishing the trajectories in the
comet atmosphere, back on the nucleus surface. Tt may be proved that the
condition for the origin of an explosion

g.cosz > (2¢f ) (5.21)

is on assumption (5.2) of Section 5.1. never fulfilled, regardless of the crystal-
lattice energy. It would have to be 6 = 3gom in order that explosions might
oceur over a small section of the orbit. However, it is likely that such dust
particles are immediately after their impact on the nucleus surface pulled up
with the escaping gas into the comentary atmosphere again. Let us determine
the ratio between the number of particles colliding with the nucleus and the
entire number of particles running through the plane of the dust atmosphere
perpendicular to the radiusvector during the same period. Let us further denote
N, the number of particles running through a unit cross-section of this plane
per unit of time, then the sought for ratio is

j 2ns.N,ds
Neaw %
P = N =6 , (6.22)
f2ms.N‘ds
0

where R is the radius of cometary nucleus and D is the coma diameter measured
perpendicularly to the radius-vector. If g, is the number of particles in a unit
volume in this plane and v, their velocity, we can write simply:

Ng = 0. Vg. (523)
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MoEHNACH’S analysis of the space density distribution in the comet fountain
model (MOKENACH, 1956) gives for gg the expression as follows:

n.v
= —_——, 5.24

e’ R 8’ V'm ( )
where & is the distance from the nucleus in the plane of # = 0; v is the initial
particle velocity and » the number of particles expelled in a unit of solid angle
in a given direction per unit of time. According to the fountain model velocity
v, in the plane of = 0 is independent of coordinates y and 2z bemg identical
with the initial particle velocity v. Therefore .

N,= LI (5.25)

I

For s = 0 each of the two integrals of (5.22) are infinite and fheir’ ratio converges
to the unit. To overcome this difficulty we will assume N; = const = Ny(R) in

}

Since R < D the resulting formula for P is
P = ——1_4_5— , (5.26)
1'+21n—R£' o '
where the distance of the head-top from the comet nucleus, &, is introduced
instead of D; &, = —i— D. Studying the dust atmosphere of the comet DoBro-

voLSKY (1953c) found the formula for &, expressed through the parameters of
gas: ‘
' 4 c.m.R

3L % ,
¢ is the velocity of light, m the mass of a molecule, R the effective radius of the

nucleus, v, the velocity of gas and L the heat of evaporation per molecule.
Expressing L in cal/mol and r in A. U. we get

& = (5.27)

. - -1 L
P = [42.2 + 4.6 log @ — 0.46 log r] s (5.28)

My is the molecular mass of a molecule. The result is independent of both the
effective radius of the comet nucleus and the dust-particle size. There is only a
slight dependence of P on the heliocentrical distance and the kmd pf gas,

as seen in Table 29. The average P lies near 0.036.
Within a time interval between £, and ¢, + df a certain amount of meteorites

of mass dmy fall on the surfacé of the comet nugleus and produces the ejection
of tiny dust particles from it of the mass

ﬁ?’ Imul® a1, teoto + . e
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Table 29
Secondary effect

P
Gas
r=032AU| r=1AU r =222 AU
CH, 0.0335 0.0338 - 0.0351
NH, 0.0366 0.0369 0.0382
H,0 0.0378 0.0382 0.0396
CO, 0.0346 0.0350 0.0364
C,N, 0.0342 0.0345 0.0358
Average 0.0353 0.0357 0.0370

After finishing the trajectories in the cometary atmosphere the P-th portion of
the particles falls back on the nucleus surface. The corresponding period is
called further the “life-time’” of dust particles, z,. If the particles are pulled up
with the gas into the cometary atmosphere immediately after their impact on
the comet nucleus, the contribution of them to the total mass of the material in
the coms within the interval (¢, + 7o, &, + 7, -+ di) is

My(t)  dma(t)
M, ' a

P(t) dt, te (ty, £, + dt). - (5.30)

Anal@ously, after the period of j7 the respective contribution will be
M) dmaft)
M, d¢

Adding all j and integrating over the whole period of occurrence of mlcroscoplc

-explosions we get, with respect to (5.4), (5.17) and (5.28):
R M de . M de
z - -
4 Mm_j E i Pf]dt E (P)’j i a ¢

t, i=0 i=0 te
=2 (1 + P).AMsn. (5.32)

Here ¢, is the moment T' +(T' — t,) = 2T —t,, T is the time of perihelion pas-
sage, f, the moment of beginning the pulverization process: ¢, = #(r,).

[PO)T a8, ey, ty + db). (5.31)

@©

5.5. THE METEORITE-IMPACT LOSS OF THE COMET AS A FUNCTION
OF THE HELIOCENTRIC DISTANCE

- For analyzing the dependence of the amount of expelled matter on the helio-
centrical distance (assuming the parabolical orbit) we shall divide the whole
period of the pulverization process into three parts:

1) The period taking place immediately after beginning the dust emission
due to meteorite impacts; its duration is equal to the life-time of dust particles
expelled from the nucleus surface by meteorites (primary effect).
2) The period just following the precedmg one, where both the primary and
secondary effects are present.
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3) The period beginning when the pnmary process of mmrosooplo exploslons
ends; only the secondary effect continues.. |

Here we must realize that it is only from the statistical pomt of view that
distance 7, is the most probable one for starting the pulverization process. In
fact, from the character of velocity Veem it follows that the spontaneous drigin
of microscopic explosions is a process ta.kmg place ‘successively over the inter-
val of several tens of A. U. The problem is in some degree 1deahzed by mtro-
ducing distance 7,, of course.

According to our definition the duration of the period, during which t.he
volume of the dust in the atmosphere is entirely exchanged, is

=512 (5.33)

where v is the mean “thermal” velocity of dust particles within the interval of
heliocentrical distances (r;—,,, r;) and I"is the a.ccelera.tlon due to the radlatlon

Ppressure. Let us further denote

tm;?-g,t V2 - (5.34)

the life-time of dust pa.rtlcles emitted from the nucleus surface by meteorite im-
pacts; g; is the mean velocity of particles expelled from the surface within
(7t~v,, 7t) given by (5.7) and ¢ is in both the expressions the'moment of impact:

of a portion of particles (i. e. a P-th portion) back on the nucleus. Velocity v
in (5.33) may be approximated by the formula of DoBROVOLSKY (1953¢c):

% = [mTQ"R;)‘Ii.r-l.v'({-, L . (6:35)

m is the mass of a molecule, @, solar constant, R effective radius of the come-
tary nucleus, ¢ dust-particle size, 4 its mass density and L the heat of evapora-
tion of molecules. This formula is close to that derived for the dust-particle velo-
city of the comet icy model by WHIPPLE (1951).

Let us introduce into (5.33) and (5.34) the average heliocentrical distance 7 T
of the interval (r;_,, r;). The relation between the average distance, ;, and the

distance of the “last moment”’ of the same mfewal 7;, may be with a relatively
high accuracy written in the form
‘f: =n7F -ldu (5.36)

where the upper sign is valid before the passage of & comet through the perihe-
lion, the lower after it, and

— edoyh. (1 — L) i B o 5A37'
o . r‘ o7 ) 8 o Gfe ( o )

In addition to this we can write v _ :
I' =GMo(1 + u).7%. R32, g (5.38)
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1 4 u is the ratio between the radiation pressure and solar gravitation force.
Then (5.33) has a form of

2G M~ )l 4 —h *s R'/.
( » Q) . " T Lig

= (5.39)

1+ v, aY" —n p—
% (GMQ) . (l _Tg] ._"‘ .Ra F 1

The computation of 7o, is quite analogous.

All the time intervals will further be expressed by life-times z. For this
purpose we introduce the sim