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Abstract. We considered a Hankel transform evaluation of Narayana and shifted
Narayana polynomials. Those polynomials arises from Narayana numbers and have many
combinatorial properties. A mainly used tool for the evaluation is the method based
on orthogonal polynomials. Furthermore, we provided a Hankel transform evaluation of
the linear combination of two consecutive shifted Narayana polynomials, using the same
method (based on orthogonal polynomials) and previously obtained moment representation
of Narayana and shifted Narayana polynomials.
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1. INTRODUCTION

The Narayana numbers were studied for the first time by P. A. MacMahon [19].
The name is given in honour to T. V. Narayana who later rediscovered them in [21].

Definition 1.1. Narayana numbers (N(n,k)), xen, are defined by the rela-
tions [18], [23], [24]

(1.1) N(0,k) = N(k,0) = 6o (k€Ng), N(n, k)= %(Z) (kﬁ 1) (n,k e N).

Here 0;; denotes the Kronecker delta function.

This research was supported by the Science Foundation of Republic Serbia, Project
No. 174011 and Project No. 174013.
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This sequence is denoted by A001263 in the On-Line Encyclopedia of Integer
Sequences [23]. The corresponding sequence of Narayana polynomials (a(n;r))nen,
is defined by

n
(1.2) a(nir) =Y N(n,k)r*.

k=0
Narayana numbers and polynomials actuate a lot of attention due to their various
combinatorial interpretations (see [1], [3], [24]).

The connection between Narayana numbers and lattice paths was studied by
R. A. Sulanke in [24]. Sulanke considered lattice paths in the plane 7 x Z from
(0,—1) to (n,n), and proved that the number of such paths of length k with step
size from N x N, such that the whole path remains strictly above the line y =z — 1,
is equal to N(n, k).

Furthermore, Brindén [3] considered Dyck paths, i.e. paths with the step size from
the set {(0,1),(1,0)} (i.e. in each step you can move up or forward by unit distance).
It is proved that the number of colored Dyck paths, such that each corner of this
path is colored in one of the r colors, is a(n;r).

Various other interesting properties of Narayana numbers and polynomials can be
found in [3], [18], [24], [25]. Narayana polynomials are refining the famous Catalan
sequence Cy, i.e. a(n;1) = C, (see for example [18], [24]). A lot of identities involv-
ing Narayana polynomials and Catalan numbers have been recently published by
Mansour and Sun in [20]. Moreover, (a(n;2))nen, is the sequence of large Schrdder
numbers [1], [4].

In order to provide an easier evaluation of the Hankel transform of Narayana poly-
nomials, we introduce the sequences of modified Narayana numbers and polynomials.

Definition 1.2. The modified Narayana numbers (N1(n, k))n ken, are defined
by the relations

1/n n
N1(0,k) =96 Ni(n, k) = — N; k& € Np).
1(0, k) k0> 1(n, k) n(k)(k—f—l) (n €N; k €Np)
The infinite matrix whose elements are Narayana numbers and the matrix whose
members are modified Narayana numbers are given by
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The corresponding modified Narayana polynomials are

(1.3) ay(n;r) = z_: Ni(n, k)rk.
k=0

The connections between Narayana numbers (polynomials) and modified Narayana
numbers (polynomials) are given by

(14) Ni(n,k)=N(n,k+1); a(0;7) =a1(0;7) =1, a(n;r) =7r-a1(n;r) (n eN).

Remark 1.1. The sequence ((a1(n;r))nen, reduces to the sequence of Catalan
numbers for r = 1, and to that of little Schrider numbers for r = 2.

The rest of the paper is organized as follows. In Section 2, we recall the definition
and basic properties of the Hankel transform. Also, we introduce the method based
on orthogonal polynomials for Hankel transform evaluation. That method is applied
to the sequence of Narayana polynomials, in two steps. First, in Section 3, we eval-
uate the Hankel transform of the shifted Narayana polynomials. Then, in Section 4,
we prove a few additional properties of the Hankel transform which are used for de-
riving the final result, together with the evaluation in the previous section. Section 5
provides further results concerning the Hankel transform evaluation of sums of two
consecutive shifted Narayana polynomials.

2. HANKEL TRANSFORM AND SERIES REVERSION
An important transform on integer sequences that has been much studied recently
is the Hankel transform [7], [17], [22]:

Definition 2.1. The Hankel transform of a given sequence a = (ay)nen, is the
sequence of Hankel determinants (hy,)nen, where hy, = det[a;i;—2]};_;, ie.

ao aq N Ay
H aq as An+41
(2.1) a = (an)neng — h = (hp)neny: hn = det
Ap  An41 a2n

We denote the Hankel transform by H and hence we write h = H(a).

The Hankel transform has been widely investigated in numerous papers. For
example, the papers [7], [22] deal with the Hankel transform of the sequences of the
Catalan and adjusted Catalan numbers. Both the evaluations are done by using
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the method based on the orthogonal polynomials. Chamberland and French [5]
generalized results from [7] providing the Hankel transform of sums of two consecutive
generalized Catalan numbers. They used a technique different from [7]. Another
Hankel transform evaluation concerning Catalan numbers is given by Barry and
Hennessey in [2].

On the other hand, evaluation of Hankel determinants with orthogonal polynomial
entries is investigated by M.E.H. Ismail in [13]. Also in paper [10], the authors
provided the Hankel transform of central binomial coefficients. Many other Hankel
transform evaluations are given in the papers [8], [9], [14], [26]. In this paper we also
use a method based on orthogonal polynomials, as used in [7], [22].

Let (an)nen, be the moment sequence with respect to some measure dA. In other
words, let

(2.2) an:/x”d)\ (n=0,1,2,...).
R

Then the Hankel transform h = H(a) of the sequence a = (ap)nen, can be ex-
pressed by the following relation known as the Heilermann formula (for example, see
Krattenthaler [15]):

(2.3) hn = ag BBy B B,
The sequences (o, )nen, and (B, )nen, are the coeflicients in the recurrence relation

(2.4) Qn1(z) = (2 — an)Qn (@) = Brn@n-1(2),

where (Q(2))nen, is the monic polynomial sequence, orthogonal with respect to the
measure d\. The following theorem and corollary provide the way how to explicitly
find the measure d\ with a prescribed moment sequence.

Theorem 2.1 (Stieltjes-Perron inversion formula [6], [16]). Let (fin)nen, be
a sequence such that all elements of its Hankel transform are non-negative. De-

—+oo

note by G(z) = Y pnz™ the generating function of the sequence (pin)nen, and
n=0

F(z) = 27'G(271). Also let the function A\(t) be defined by

(2.5) M0 = X0) =~ lim [ [P+ i) = Fla = i) do.

Then holds ji, = [, " d)\, i.e. sequence (fin)nen, is the moment sequence of the
measure A(t).
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Corollary 2.2. Under the assumptions of the previous theorem, let in addition

F(z) = F(z) hold. Then

t

(2.6) A = A0) = = tim [ SF(@ +iy) da-

T y—0+ 0

We use Theorem 2.1 and Corollary 2.2 to determine the weight function (measure)
such that the given sequence is the moment sequence to that measure. After that, by
applying weight function transformations and using the Heilermann formula (2.3),
we provide a closed-form expression for the Hankel transform. In order to efficiently
use Theorem 2.1 and Corollary 2.2, we need the expression for the weight function
of our sequence.

At last, for our further discussion we need the notion of series reversion (see [1]).

Definition 2.2. For a given function v = f(u) with the property f(0) = 0, the
series reversion is the sequence {sk}ren, such that

u=f"tv)=s0+ 510+ ...+ 50"+ ...,

where u = f~!(v) is the inverse function of v = f(u).

3. THE HANKEL TRANSFORM OF THE SHIFTED NARAYANA POLYNOMIALS

Define the auxiliary sequence of shifted Narayana polynomials ag,(n;r) = a1(n+1;
r) = r~ta(n;r). That sequence is introduced since it is the moment sequence with
respect to the absolutely continuous measure.

3.1. Evaluation of the weight function
The generating function Ag,(z;7) of the shifted Narayana polynomials can be

expressed in terms of series reversion. For more details, see [1].

Lemma 3.1. Denote by f(u) the function

u
+(r+1Du+ru?’

(3.1) v=f(u) = T
Series reversion of f(u) satisfies
+oo
(3.2) u=f"t(v) = Zash(n;r)v”“.
n=0
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Denote by Agn(z;7) the generating function of the sequence agy(n;7), i.e.

+oo
Agn(z37r) = Z ash(n;)z".
n=0

From Lemma 3.1, we have that Ag,(x;r) satisfies the equation

xAgn (x5 7)
1+ (r+ DazAg(z;r) + rae? A2 ()

=X.

This equation has two solutions for Ag,(z;r), but only one satisfies the condition
A (0;7) = agn(0;7) = 1. Hence, we obtain

1—(r+1)x—\/(1—(r+1)x)2—4m:2.

Asnla;r) = 2rx?

Our next goal is to find the weight function wg, () whose moments are asy(n;r), i.e.

(3.3) asp(n;r) = / 2" wgy (z) d.
R
Lemma 3.2. Sequence (asn(n;7))nen, iS the moment sequence of the weight
function
VAar — (z — 1 —1)2 2 2
) € -1 ) +1 )

0, otherwise.

Proof. The proof is based on the Stieltjes-Perron inversion formula (Theo-
rem 2.1). First, let us denote by F'(z,r) the function

F(zr) =2z "Am(z7lr) = R e VA G ek

2r ’
and by ¥(z) the distribution function given by
1 t
(3.5) P(x) —1p(0) = —= lim SF(x +iy;r) da.
T y—0t+ Jo

Consider the function F'(z;r) in the half-plane {z € C: Sz > 0}.
The function

o(zir) =V (z —r—1)2 —dr
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has the branch points (/7 —1)? and (/7 +1)%. We need to choose the regular branch
of the square root such that it is positive when the expression under the square root
is positive.

By explicit evaluation, we get that the integral of F(z;r) is

(3.6) Flzr) = /F(z;r) dz
= D+ (1 = 2olzir) — 2200+ 1) + h(zi),
where

Li(z;r) =In(r+1—z4 o(z;7)).

Now equation (3.5) becomes

(3.7) B(z) — $(0) = - lim (F(z + iy r) — Fliy: ).

T y—0+

Let us now find 1irn+ SF(x +1iy;r). It is obvious that:
y—0

lim So(x +iy;r) =
Jim, So(z +iy; )

{W‘“(x—“m re ((Vi-1)% (1)),

0, otherwise.

The function [y (z;7) has one more branch point z = r + 1. We take a branch of
l1(z;r) such that the imaginary part is 0 if the value under the logarithm is real and
positive. We have

dr — (x —r — 1)

2
™+ arctan x_(r_’_l) ’ J,‘E((\/F—l) 7T+1)7

lim Sl (x+iy;r) = Var — (z — 1 —1)2 2

y—0+ arctan ~——— TS ze(r+1,(Vr+1)7),
0, otherwise.

Including the two previous results on F(x+iy; r) and using (3.7), we get the required
expression for the weight function

wanla) = /(@) = Y 2@ (o) (1)),

2mr
Outside the segment [(v/7 — 1)2, (v/7 + 1)?], we have wg, (z) = 0. O
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3.2. Evaluation of the coefficients of three-term recurrence relation

Denote by (Q"(x))nen, the sequence of monic polynomials, orthogonal with re-
spect to the weight function wgy ().

In order to evaluate explicitly the coefficients (a5?),,en, and (552),en, of the three-
term recurrence relation

(3.8) i (2) = (z = Q) (@) = B QN4 (@),

we apply the transformation formulas. These formulas connect the coefficients oS!
and 3" of the original and transformed weight function.

Lemma 3.3. Let w(z) and W(x) be weight functions and denote by (7, ())nen,
and (T, (2))nen, the corresponding orthogonal polynomials. Also denote by (o )nen,
(Br)neng and (@n)neNg, (Bn)nen, the three-term relation coefficients corresponding
to w(z) and W(x) respectively. The following transformation formulas are valid:

(1) If w(z) = Cw(x) where C > 0 then &, = oy, forn € Ny and B9 = Cfo, Bn = fn
for n € N. Moreover, we have Tp(x) = m,(x) for all n € Ny.

(2) If w(z) = w(ax + b) where a,b € R and a # 0 then @, = (&, —b)/a for
n € Ng and By = fo/|a| and B, = B,/a* for n € N. Moreover, we have
Tn(z) = a "m,(ax + b).

Proof. In both cases, we directly check the orthogonality of 7, (z) and obtain
the coefficients @,, and 3, by putting 7,(x) in the three-term recurrence relation
for m, (). O

Lemma 3.4. The coefficients o5 and 35 (n € Ng) in the three-term recurrence
relation (3.8) are given by

By =1, Bt =r (neN); oy =r+1 (n€N).

Proof. The monic Chebyshev polynomials of the second kind

sin((n + 1) arccos )

217 - \/1 — 2?

ngl)(x) = Su(z) =

are orthogonal with respect to the weight w(!)(z) = v/1 —22. The corresponding
coefficients in the three-term relation are

(n>=1), a’=0 (n>0).

A~ =

1 s
(())257 ﬁgl):
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Let us introduce a new weight function w® (z) = \/4r — (z —r — 1)2. It satisfies
w® (z) = w® (ax + b), where a = 1/(2/7) and b = —(r 4 1)/(2y/7). Hence we get
(see Lemma 3.3):

O —nr, B2 =1 (neN), a® =r+1 (neNy).

Finally, since wg, (z) = w® (z)/(ny/7), we conclude that 35" = [35? =rforn>1
and P = o!?) = r + 1. The coefficient (52 can be obtained by direct evaluation of

the integral 85" = [, wen(z) dz = 1. O

Corollary 3.5. The squared norms of monic orthogonal polynomials @Q,,(x) have
values

Q3 * =" (n € No).

Proof. By using the statement of Lemma 3.4 and formula (2.3), the conclusion
follows. O

3.3. Proof of the main result

Denote by (hsh(n;7))nen, the Hankel transform of the sequence (ash(n;7))neng -
Now using the Heilermann formula (2.3), we obtain

n n
han (i) = asn (037)" [ (851 1= = 1t [Tt =r =0 (730),
i=1 i=1

This completes the proof of the main result of this section. O

Theorem 3.6. The Hankel transform of the shifted Narayana polynomials

(asnh(n;7))nen, Is given by
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4. THE HANKEL TRANSFORM OF THE NARAYANA
AND MODIFIED NARAYANA POLYNOMIALS

Denote by (h(n;7))nen, and (hi(n;r))nen,, respectively, the Hankel trans-
forms of the Narayana and modified Narayana polynomials, i.e. (a(n;7))nen, and

(@1(n;7))neno-

From the relation
(4.1) ar(n;r) = agp(n —L;r) (n>1),
we conclude that (a1(n;7)),>1 can be expressed as the moment sequence in the form

wgp () .

(4.2) ai(n;r) = / z2"w(x)dx (n > 1), where w(z)=
R
On the other hand, we have

/ wL(x)dx =r' #a1(0;7).
R

T

Hence, we introduce the sequence (a(n;7))nen, defined by

r— 1, n =20,
(4.3) a(nyr) == {

a’l(n;r)v nz ]-7

which is the moment sequence for @w(z). The next lemma shows the connection
between the Hankel transforms of the sequences (a1 (n;7))nen, and (a(n;r))neng-

Lemma 4.1. For the sequences (ar)nen, and (a)nen, such that ay = ay for all

k > 1, their Hankel transforms (hy,)nen, and (hy)nen, are related by
h, = iln + (Cl() — do)i’tn_l (’I’L S NQ),

where {fzn}neNo is the Hankel transform of the sequence {ay }ken, given by ax = agt2
(k>0)andh_, =1.

Proof. By expanding the determinants over the first row, we get
1

(4.4) hn = Z arMi i1, hn = M1 ot
k=0 0

n—1

3
|

=~
Il
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where M, ; and Ml,k are the minors. Note that the minors M; ;41 and Ml,k+1 are
equal for every k € Ny. Hence, we have

hn - ﬁn = (Cl() — &O)Ml,l-

But on the other hand, M ; is the (n — 1)st member of the Hankel transform of
the sequence {as,as, ...}, i.e. we have M1 = det[a;+j]1<i,j<n—1 and we denote it
by hn 1. 0

Applying Lemma 4.1 to the sequences (a1(n;7))nen, and (a(n;r))nen,, we obtain
the following corollary.

Corollary 4.2. If hy(n;r), h(n;r) and h(n;r) are the Hankel transforms of the
sequences ai(n;r), a(n;r) and a(n;r) = a1(n + 2;r) respectively, then

hi(nyr) = h(n;r) + (1 —r~Yh(n — 1;7).

Now we have to evaluate the Hankel transform of the sequences (a(n;7))nen, and

(@(n;7))nen-

4.1. The Hankel transform of (a(n;r))nen,

Note that a(n;r) = asm(n + 1;7), ie. (a(n;r))nen, is the shifted sequence of
(ash(n;7))nen,- Hence (a(n;r))nen, is the moment sequence of the weight func-
tion w(x) = xwgsy(x). The following lemma connects the Hankel transforms of the
original and the shifted sequences.

Lemma 4.3. Let w(x) be the weight function and a, = [, z"w(x)dx its nth
moment. Denote w(x) = zw(x) and let (Qn(x))nen, be the sequence of monic or-
thogonal polynomials corresponding to the weight w(x). Then the Hankel transforms

(hn)neng and (hp)nen, of the sequences (an)nen, and (an)nen, are related by

(4.5) By = hp(=1)" " N01 (n € Np),

where A\, = Q,(0) (n € Np).

Proof. The coefficients 3, and 3, satisfy (see [11] or [12])

a >\n71>\n+1
Bn = Bn SCI
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Inserting it in the Heilermann formula (2.3), we obtain

B B n+1 n+1 )\ h
(46) n+1 =h dO H ﬂz - h aO H 61 ’L LLAURR thrlh

( Aoo ) An2

Aao/ Aps1’

By applying the previous equation n times, we have

Pry1 710 (ao )"“ ()\0 )"“ An2 .

4.7
( ) hn+1 h() )\1 >\1

Now, since hg = ag = a1, ho = ag and \g = 1, we have

_ a n+2
thrl = thrl (/\ ! ) >\n+2~
1a0

Also note that Ay = Q1(0) = —ay/ag, $0 hpi1 = (—=1)"2h, 1 \y1. After decreasing
the index by 1 we finally get by desired relation (4.5). Note that for n = 0 the
relation (4.5) trivially holds. O

By applying Lemma 4.3 to the sequences (ash(n;7))nen, and (a(n;7))nen,, we
evaluate the Hankel transform of (a(n;7))nen, -
Corollary 4.4. The Hankel transform of the sequence (a(n;r))nen, iS given by

2
r—1

n+1

h(n;r) = ("3 (n € Np).

Proof. Recall that from Lemma 3.4 we have
=1, Bh=r meN); &P =r+1 (neNy).
Denote A\, = @2(0). Then
A1+ +DA +720-1=0 (RENY), Xo=1, A =—(r+1).

The previous equation has a unique solution A, = (=1)"(r"*1 —1)/(r — 1). Now we
obtain the required formula for h(n;r) using hg,(n;r) = r("27) (Theorem 3.6) and
Lemma 4.3. (]

4.2. The Hankel transform of (a(n;r))nen,

Recall that (a(n;r))nen, is defined as the moment sequence of w(x) = wsh(z)/x.
The following lemma is proved in [12] and establishes the required transformation
formulas in this case.
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Lemma 4.5 ([12]). Counsider the same notation as in Lemma 3.3. Let the sequence
(rn)neNO be defined by

(4.8) r_]=— / w(x)de, rHh=c—ay— Bn (n € Np).
R Tn—1
If w(x) = w(x)/(x — ¢) where ¢ < inf supp(w) then
(4.9) &y = ag + 7o, qp = Qp + Ty — Tp_1,
— — Tn_
Bo=-r1,  Bu=Pu1— (mEN).
T'n—2

Now, we are ready to evaluate the Hankel transform of the sequence (a(n;7))nen, -

Lemma 4.6. The coefficients Bn are given by

~ ﬁn—la n > 17
671 = { 1

r—, n=0.

The Hankel transform (ﬁ(n;r))neNo of (a(n;7))nen, is given by h(n;r) = r()-1,

Proof. We apply Lemma 4.5. The coefficients B, are given by Bn =

b r,_1/Tn_2, where the sequence (r,,)nen, is determined by the recurrence rela-
tion:
ﬁSh
(4.10) rp=—at — = —a.
Tn—1

After interchanging oS and " in Lemma 3.4, we have

(4.11) P+l —— =0 (n>1), ro=-1, r_=—r"
Tn—1
It can be proved by mathematical induction that r, = —1 for all n > 1. Hence
Bn = :Lh—lrn_l =r (n > 1)7 Bl = (S)hr_o =T, BO = / wSh(x) de = 7"_1.
Tn—2 r—1 R T
Now, the Hankel transform is
~ _ - ~ ~ 1 nt1 ny_
h(nsr) =al ™ BeBy =t B2 Bn = mr( i) = ()1,

4.3. Proof of the main result
From the previous facts, we can formulate and prove the main statement od this

section.
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Theorem 4.7. The Hankel transform (hi(n;r))nen, of the sequence of modified
Narayana polynomials (a1(n;7))nen, is given by

n+1)

(4.12) hi(nsr) = ("2

Proof. From Corollary 4.2 we have

hi(n;r) = h(n;r) + (1 —r~Yh(n — 1;7)

. n+1 _ 1
(") ey )
T +1=r")r —
n — n ’ﬂJrl —_ n n+1
= r(2)71 —+ r 1 r(2)r 1 1 = r(2)+n = r( ; )
T r—

O

The evaluation of the Hankel transform of the sequence of Narayana polynomials
(a(n;7))nen, , now goes straightforward.

Theorem 4.8. The Hankel transform (h(n;r))nen, of the sequence of Narayana
polynomials (a(n;T))nen, is given by

n+1)

(4.13) h(n;r) = r("3

Proof. Notice that a(n;r) = ra(n;r) for any n > 0. Therefore it can be easily
concluded that the Hankel transform of Narayana polynomials (a(n;7))nen, is given
by

(4.14) h(n;r) = " ilngr) = (84 = (727,

4.4. Special cases
Now let us recall a few special cases mentioned in the first section.

Example 4.1. In the case r = 1 we confirm the known result that the Hankel
transform of the Catalan sequence is C,, = a1(n;1) = a(n;1). After inserting r =1
in (4.13) we can easily establish the well-known result ([23] for example): hji(n;1) =
h(n;1) =1 (n € Ny).

Example 4.2. Recall also that in the case r = 2 we have that (a1(n;2))nen, is
the sequence of little Schroder numbers (1,1,3,11,45,197,903, 4279, ...). Again, by
inserting r = 2 in (4.13) we have the following result: hq(n;2) = 2("s") (n € Np).
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Example 4.3. The numbers (a(n;2))nen, are the large Schréder numbers:
(1,2,6,22,90,394,...). By inserting r = 2 in (4.14) we also obtain a well-known
n+1
result [4]: h(n;2) = 2("3") (n € Np).

5. THE HANKEL TRANSFORM OF LINEAR COMBINATIONS OF TWO CONSECUTIVE
SHIFTED NARAYANA NUMBERS

In this section we find the closed-form expression for the Hankel transform of the
sequence s(n;7,7v,d) = yash(n;r) + dasn(n + 1;7). This result is similar to the one
derived in [22].

Let us start with a simplified case s(n;r,C) = s(n;r,1,C) = asn(n;7) + Cagn(n +
1;7). Tt is clear that the elements of the sequence s(n;r, C) are the moments corre-
sponding to the weight function

ws(x) = (2 + C)wgn (2)
O o AR (0t (),
0, otherwise.

To find the Hankel transform of the sequence (s(n;7))nen,, we need to construct
orthogonal polynomials (Q% ())nen, corresponding to the weight ws(z) and to obtain
the closed form of the coefficients of the three-terms recurrence relation satisfied by
these polynomials.

Lemma 5.1. The coefficients o, and [3;, in the three-term relation satisfied by

(@5 (2))nen, are

(ty — (5T — 17 1?)

(5.1) g =r
n+1 n+1\2 ?
(ta™ =)
n+2 n+2 n+1 n+1
of = — _tz -4 _TtQ -4
" e R
where

—r—1-C+ 1+0)72 4
- r c \/ér—l— +0O) 7“7 B = s(0:1:C) =1+ Cr + 1),

Proof. By introducing a new weight function ws(z) = (x + C)wsn(z) we can
derive the coefficients o, and 3; by using the relations

s s Hnt1 sh _Hn s sh Hn—1Hn+1
5.2 n = -C), a =-C——— , = .
( ) 2 Qn( ) n L n+1 Lint1 ﬂn n M%

93



To obtain the values p,, = Q5 (—C), let us rewrite the three-term recurrence relation

for the polynomials @, (z) and take x = —C:
(53) Hn41 + (7" + 1 + C)Mn + Tlhpn—1 = 0.

Trivially we have the initial conditions p—1 = 0 and o = 1. Relation (5.3), together
with the stated initial conditions is a second order difference equation with constant
coefficients. Hence, the solution of (5.3) is given by

thrl o thrl
5.4 n=—2—2r
(5.4) I PaS—

By inserting (5.4) in (5.2), we finally obtain expressions (5.1). d

Now we are ready to apply the Heilermann formula and evaluate the Hankel
transform hg(n;r, C) of the sequence s(n;r,C):

hs(n;r, ©)
=hs(n—Lr,C)-s(0;r,C) - B ... 57
_H2Ho

=hy(n—1;7,C)-5(0;r,C) - 2., g Nn+1/;n—1 . M"/;"_Q - 5
M Hn—1 1251

hsn(nsr) — pngr s(057, C)po
hsh(n - ]-7 T) Hn ash(o; T)MI .

=hs(n—1;7,C) -

By successive application of the previous equation we obtain

hs(n;r7 C) = hs(o;r7 C) . hSh(n;T7 C) . Hnt1 . (5(077/‘7 C)/J’O)n,

hsh (07 T, C) H1 aSh(O; T)Ml
wherefrom
I 3(057, Cpio 1
(55) hs(n, T, C) = hsh(n7 T, C) Hn+1 ( ash(o; T)MI ) ’

Now replacing

hs(0;7,C) = s(0;7,C) = asn(0;7) + Cagn(1;7) =14+ C(r + 1),
p=ti+to=—(r+1+0C), po=1,
and using formulas (4.13) and (5.4), we obtain
n+2 _ yn+2
ha(nir,C) = (=112 _— 07
to — 11

Inserting the values for ¢; » from Lemma 5.1, we complete the proof of the theorem:
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Theorem 5.2. The Hankel transform hs = hs(n;r,C) of the sequence (s(n;
7,C))nen, IS

(")

= gurag

C=(r+1+C)2—4r.

(5.6) (r+14+C+Q"? = (r+14C—-Q"*?),

The next lemma generalizes the above approach and can be proved analogously
to Theorem 5.2.

Lemma 5.3. Let w(x) be a weight function and a, = [, #"w(x)dx its moments.
Denote by (Qn(z))nen, the sequence of orthogonal polynomials with respect to the
weight w(zx). Also denote by (hn)nen, and (h:)nen,, the Hankel transforms of the
sequences (ap)nen, and (an + Cani1)nen,, respectively. The following relation is
true:

Cag + a1

n+1
) ,  where p, = Qn(=C).
agp1

(5.7) hy, = hnﬂn+1(

Now return to the proof of the main result of the section, i.e. the evaluation of
the Hankel transform hg(n;r,v,d) of the sequence s(n;r,~,d). Assume that v # 0.
Since

) )
S(”v s 5) = 7<ash(n; 7’) + _ash(n + ]-a T)) = 73<n7 , _)7
Y Y
we directly obtain that
n+1 5
hs(n;r,y,0) =~ hs(n;r,;).
Now inserting C' = ¢/~ in (5.6) and using the previous expression we finally derive

the main result of this section, i.e. the closed form expression for hy = hy(n;r,~,9):

= ;ELTQH((W" + 1) +5+0)"2 — (y(r+1)+5—6)"T),

0=/ (7(r+1)+6)2 — 4ry2.

(5.8) hs

Note that the formula (5.8) also holds in the case v = 0, since hs(n;r,,0) is the
polynomial function of v and ¢. This follows either from (5.8) or from the fact that
s(n;r,v,9) is a linear function of v and .

Acknowledgement. The authors wish to thank the anonymous referee for valu-
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