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Abstract. We define Knopp-Kojima maximum modulus and the Knopp-Kojima maxi-
mum term of Dirichlet series on the right half plane by the method of Knopp-Kojima, and
discuss the relation between them. Then we discuss the relation between the Knopp-Kojima
coefficients of Dirichlet series and its Knopp-Kojima order defined by Knopp-Kojima maxi-
mum modulus. Finally, using the above results, we obtain a relation between the coefficients
of the Dirichlet series and its Ritt order. This improves one of Yu Jia-Rong’s results, pub-
lished in Acta Mathematica Sinica 21 (1978), 97-118. We also give two examples to show
that the condition under which the main result holds can not be weakened.
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1. INTRODUCTION AND MAIN RESULT

Consider the Dirichlet series
+oo
f(S) = Z a‘ne_)\nsa
n=0

where s = o+it denotes the complex variable, {a,, } is a sequence of complex numbers,
and 0 = Ag < A1 < A2 < ... < Ay ] 4o00. Following Bohr [2], we define the quantities

0. = inf {a €R: Zane_)‘”” converges.},

0q = inf {O’ €R: E lan|e” 7 converges.},

oy = inf {a €R: Z ane (7 converges uniformly on [R.}.
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When o, = —oo, f(s) is an entire function. In this case, S.Mandelbrojt [4],
M. Blambert [1], Yu Chia-Yung [14] have studied the relation between the growth of
f(s) and the coefficients. J.Ritt [6], S.Izumi [5], and K. Sugimura [7] have given for-
mulas determining the order and the type of f(s) in terms of a,, under an additional
condition imposed upon {\,}. C.Tanaka [8] improved these formulas.

When o, = 0, by the method of J.Ritt [6], Yu Chia-Yung [15], [13] defined the
order and type of f(s) under the conditions

— Inla — n
lim M =0 and lim — < o0,
n—-+oo n n—-+oo n

and obtained some results between the growth of f(s) and the coefficients, which
extends some of G. Valiron’s results [9]. In this paper, we improve one of his results.
Put
— InTIn(pp +1) — Inlay|

A= Tm 2P+ — T
e Ik 70T 2R T,

)

where py, is given by [k, k+ 1) N { A} = { s Anpt1s -« o> Angtpn 15 & € N. Moreover,
let

M (o) =sup{|f(o +1it)|: t € R}.

Our main result is the following theorem.

Theorem 1. Consider the Dirichlet series f(s) with frequencies {\,}, 0 = A\g <
A <A <...< A, ] 400 If 0g =0 and A = 0, then

_ _— < +o0;
lim —————— 2 =p& lim ————— =¢ o+1 e

1, 0 = +o0.

By Theorem 1, we deduce Yu Chia-Yung’s result [15], [13] as Corollary 1. Then
we give Example 1 to show that the condition A = 0 is much less restrictive than the
condition @ n/A\, < 400, which implies that the Dirichlet series acts more or

n—-—+0oo

less like a power series. More precisely, we give Example 2 to show that the condition
A = 0 cannot be replaced by A < +oo0.
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2. LEMMAS

Throughout this section, f(s) is a Dirichlet series with frequencies {\,} as in
the introduction. To give our lemmas, we define some symbols by the method of
Knopp-Kojima [3]. For each k € N, when

(1) [k7k+1)m{>‘n}: {AnmAnkJrlv"-v)‘nkJr;Dk}#mv
put
Pk
—max{ Zank-{-] \pgpk}Q A2:Z|ank+j|§
=0
Ay = sup Anyegje” Pt s
0<p<pk,tER Z s

when [k, k+1)N{\,} = 0, put In Ay = In A} = In A, = —oc. Then we have formulas
3], [10] for the abscissas o, 0y, 0, in terms of Ay, Ay, A,
S 1nAk. — InAy — InAj

0. = lim o, = lim : o0, = lim
¢ k——+o0 k ’ “ k—+o00 k ’ @ k—+o00 k

When o, < 400, for any ¢ > o, put

M, ( —sup{ Zae i (o+it) .nEN,tER};
m(o) = maX{Ake 7: keN};
= In" In™ M, (0) T In* In* m(0)
= lim —————~%; = lim ———~*
Ou oc—0t —Ilno O oc—0+ —Ino

Lemma 1. Suppose o, < 400, then
(I) m(o) < 4el” M, (0) (0 > 0u);
(IT) ifo, =0, € > 0, then M, (o) <T((1 —¢€)o)/(1 —e™%7) (0 > 0);
(III) if oo, = 0, then g, = g,-

Proof. Takep €N such that ny +p < ngy1, where ny, is defined by (1). Using
Abel’s transformation, we obtain

nk+p ng+p
E ajeflt)\] — E ajef(aJrlt))\J eo’)\]
J=nk J=nk
ng+p—1 j ng+p
_ E E age” a+1t))\ Aj _ea)\j+1)+ § aqef(a+it))\qea)\,Lk+p.
Jj=ng q=nk q=nk
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Noting that

2M (o),

J
Z aqe— (o+it)Aq

q=nk

we conclude that

Zk < ZMu(O.)leax\nk _ eU')\nk-HDl + 260/\"k+pﬁu(0) < 4Mu(o)e(k+sgna)a.

This gives (I).
Now we prove (II). Suppose ny + p < npt1. Using Abel’s transformation, we

arrive at
nk+p
E ajef(aJrlt))\J
Jj=nk
ng+p—1 J ng+p
§ § aqe—lt)\q (e_aAj _ e_aAj+1) + § aqe_ltAqe_aAﬂ'k+p.
J=ni q=nk q=ny

So, when o > 0,

ng+p ng+p—1
Z aje—(0+it)>\j < Ay Z (e—‘ﬂj _ e—U>\1‘+1) + Ape P nite
J=ng J=nk
= Zke_‘”\"k < Zke—ak.
Therefore,
ng+p

E aj e~ (o+it)A;

This gives (II).
Since In* In* m(0) < In" In" 1e7m(0) + In* In* 4e” + In 2, we have

= In™ In" (o) < Tm In* In* Ze=om(o)
oc—0t —Ino oc—0t —Ino
On the other hand,
1n+ anr m((l — 5)0)
— 1—e—e° — InThh™m((l—¢)o) — InTInt(1—e57)!
lim < lim + lim
o—0+ —Ino o—0+t —Ino o—0+ —Ino
 — InTIn"m(o)
o0+ —Ino
Thus (III) is proved. O
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Lemma 2. If o, =0, then

Ou

In™ In™ M, (0) — IntInt A4, Ou < +00;

lim ——— 2 =9, & lim ———— = +1’
kirfm —Ino Ou kirfm Ink ou
1, 0y = +00.

Proof. Consider the case g, < +00. We prove the necessity of the right-hand
side condition. By Lemma 1(III), for all ¢ > 0, when ¢ > 0 is sufficiently small,

m(o) < exp { (%) Qu+6}.

Since

1

g

k )(gu+e)/(gu+e+1)

)L)u"l‘E 0 ( 1)
to> }: wt €+ (
7 ¢ 0u+e

min {ka + (

)

it follows that for sufficiently large k € N,

A < exp{(eute+1)(

k )(Qu+€)/(9u+6+1)}
Out€ ’
So,as ¢ — 0, .
- In* In* Ap Ou
im < .
k—-+o0 Ink Ou + 1

As for the converse, suppose that kﬁ In" In™ Ay /Ink < 0,/(0u + 1). There exist

— 400

0 < 0, < oy such that for any k € N,

A < exp(]g@i,,/(g;,ﬂ)).

Since , /
’ ’ 1 0 1\ %u
kou/(@utD) ko). k> 0) = ($_)
max{( o) } o +i\g +10)
we have , ,
— 1 0, 1\
At <en{ =5 (450) 7
L€ exp A
Thus .
1 1\ 2
m(o) < exp{ ( Ou —) }
o, +1\o, +10c
Hence, by Lemma 1(I1I),
Int In™ M,
i Mulo) o
k—-+o0 —Ilno
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which contradicts the left-hand side condition of the theorem. Thus we have proved
the necessity of the right-hand side condition. The sufficiency of the right-hand side
condition follows easily in a similar manner and is left to the reader.
Consider the case g, = +00. We then have
InT In" A4,

m o Ak
koo Ink

Otherwise, assume that lim In"In" A;/Ink < 1. Then there exists ¢/ < 400 such

k—-+o00
that _
— InTIn" A, ol
lim = .
k—+oo  Ink on+1
Clearly, by the case o0, < 400, this yields a contradiction. O

Lemma 3. If A =0, then o, = 0, = 04 = 0y.

Proof. Since A =0, for any £ > 0 there exists K € N such that for any & > K,
Pr < e — 1.

For any sufficiently large n satisfying A\, > K + 1,

[An] [An]
n<npt ), opi<ngnt ) (@ = 1) Smca+ Pl - 1),
i=K+1 i=K+1

where [A,] denotes the integer part of A,. Then

_ . [An]® _
o Ok £ (e 1))
n—-+o0o n n—-+o0o [)\n]
. In NK+1 . hl[)\n] v [An]e
< | =0.
By G. Valiron’s formula [10], [11]
= In |ay,| o< <o < Tm ln|an|+ T Inn

i S <0eSouSon S lim — BTN w

The conclusion now follows. O
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3. THE PROOF OF THEOREM 1
Proof. Since A =0,09 =0, by Lemma 3 we have 0. = o, = 0, = 0.
Consider the case p < +0o. We first prove the necessity of the right-hand side

condition. Since M, (c) = M(c), we have g, > o.
For any € > 0, when o(> 0) is sufficiently small,

M(o) < exp{o—(e+3)},

Take account of Hadamard’s theorem [12], a,e™**7 < M(o) and

An ><e+e>/<g+e+1>

in{oc~(@*9) + \0: 0 >0} = 1(
min{o + Ao 0>0t=(0o+e+1) s

Therefore, for sufficiently large n € N,

A\n ) (o+e)/(o+e+1) } .

<o n(
lan| <expq(o+e+1) ore

So,as ¢ — 0,
In" In™ |ay,| 0
im < .
n—+oo  In\, o+1

Suppose @ In"In" |a,|/In X, < o/(0+ 1). Then there exists 0 < o' < p such
that for sufficiently large n € N |

|an| < exp{Ag/(¢ D},

Then for sufficiently large k € N,
J— nk+pk / ! ’ ’
A < Z exp{A] /e H)} < exp{(k+1)¢/€*D fin(p, + 1)}

J=nk

Since A = 0, we conclude that

IntInt A i
Tm — b < e < e
k——+o0 Ink o0+1 p+1

By Lemma 2, g, < o, which contradicts o,, > 0. Hence,

Int In" |a,| 0
m = .
n—+oo In A\, o+1
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Second, we prove the sufficiency of the right-hand side condition. For any ¢ > 0,
when n is sufficiently large,

lan| < exp{Alete)/(etet)y

Then for sufficiently large k € N,

N +Pr
A < Z exp{)\§-9+6)/(g+5+1)} < exp{(k + 1)(ere)/let=FD) L In(p, +1)}.

J=nk
Since A = 0, then as € — 0,

_ Intint A 0
im < .
k—-+o0 hl ]{) 1Y —+ 1

By Lemma 2, g, < o. Since M (0) < M, (o), we have

— InTInt M(0)

< p.
o—0+ —Ino s

If the equality does not hold, then by the necessity of the right-hand side condition,

In" In™ |ay,| 0

n—1>I-iI-10<> In A, o+ 1’

which contradicts the right-hand side condition. Thus the sufficiency of the right-
hand side condition is proved. Therefore the case p < 400 is proved.

By the case 0 < +00, it is easy to prove the case p = +00. Thus Theorem 1 is
proved. (I

4. COROLLARY AND EXAMPLES

By Theorem 1, we can deduce Yu Jia-Rong’s result [15], Theorem 2.2.

Corollary 1 [15]. Let f(s) be a Dirichlet series with frequencies {\,} as in the
introduction. If oy = 0 and @ n/A, = D < 400, then
n—-+0oo

In* In" |a,| ot 1 0 < +00;

1, 0 = +o0.



Proof. Since hm n/A, = D < 400, hence for any € > 0 there exists N such

n—-4o00o

that for any n > N,
Dan]-1 <n< A\, (D+E) < ([/\n]—Fl)(D—f—E).
Therefore,

— InTln(pp,—1+1)  —— WnTIn(((\]+1)(D+e)+1)
= 1 n < 1 == .
A= TR =D SW R (] — 1) 0

Hence A = 0. Since og = 0, (2) holds by Theorem 1. O

Now we give two examples. Example 1 shows that A = 0 is weaker than
hm n/A, < +0o. Example 2 shows that A = 0 cannot be weakened to A < +oo0.

n—-4

Example 1. Consider a Dirichlet series f(s) with frequencies {)\ } as in the
introduction. Take a, =1, n =10,1,2,.... When 1k;(k; +1)<n< (k +1)(k+2),
take A%k(k—i—l)ﬁp =k+p/(k+1), Wherﬂ p<k+1. Ttis ev1dent that g = 0,
A =0 (but hIJIrl n/A, = +00). Since hIJIrl In" In" |a,|/In A, = 0, by Theorem 1

we infer o = 0.

Example 2. Consider a Dirichlet series f(s) with frequencies {\,} as in the
introduction. Take a, = (—1)",n = 0,1,2,.... When 2% < n < 2F+1 take )\, =
Aokyp, = k + p/2% where 0 < p < 2*. It is easily seen from the formulas for the
abscissas o, 04,0, in terms of Ak,Ak,A,”; in Section 2 that o, = 0 and o, = In2.

Since
2k 1 2k 1
A, > Z(_l)je—i@kkn-i-jn) _ Z o iin
j=0
2k 1
Z Y (cos jn + isin jn)| = 2F,
7=0
hence i
— InA
0y = lim - ¥ —1n2.
k——+oo

We can see from this example that o, = 0, = In2 and o, = 0, while A = 1 and
0o = 0. The conclusion of Theorem 1 does not hold for this Dirichlet series, as M (o)
is infinite for o < In2, while In™ |a,| = 0.
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