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Abstract. The main purpose of this paper is to use the analytic method to study the
calculating problem of the general Kloosterman sums, and give an exact calculating formula
for it.
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1. INTRODUCTION

Let ¢ > 2 be an integer, and let x denote a Dirichlet character modulo ¢q. For any
integers m and n, the general Kloosterman sum S(m,n, x;¢q) is defined by:

q _

ma + na
S(m) n, X3 q) = Z X(a‘)e(i) )

a=1 q

where @ denotes the inverse of a modulo q and e(y) = e?™¥. This summation is very
important, because it is a generalization of the classical Kloosterman sums. Many
authors studied the properties of S(m,n, x;q). For instance, Chowla [2] proved that
if x is not the Legendre symbol, p is a prime and (a,p) = 1, then

1S(1,a,x,p)| < 2p*/2.

A.V.Malyshev [4] gave a sharper upper bounds for |S(m,n, x;q)| only if x is the
Legendre symbol, but for arbitrary ¢q. That is,

1S(m,n, x;p)| < (m,n,p)'/?p!/>Te,
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where p is a prime, ¢ is any fixed positive number, and (m,n, p) denotes the greatest
common divisor of m, n and p. H. M. Andruhaev [1] obtained a more general estimate
for S(m,n, x;q) provided x satisfies some conditions. That is, suppose r is a positive
integer such that r2|%, and x is a character mod r. Then

1S(m, n,x; )| < d(q)(uq)'/?,

where d(q) is the divisor function.

However, for an arbitrary composite number ¢, we do not know how large
|S(m,n, x;q)| is. In fact, the value of |S(m,n,x;q)| is quite irregular if ¢ is not
a prime. Fortunately, the mean value of it shows a good distribution properties.
The mean value of |S(m,n, x; )| was investigated by many authors:

Zhang Wenpeng [6] studied the fourth power mean of |S(m,n, x; ¢)|, and proved

q . 4 o ) B ) p(y—l_l 04—4}70(_1
> Y sl = @i [T (1- 2 b=+ )

x mod g m=1 p|lq

where (q) is the Euler function, and ][ denotes the product over all p such that
r*llq
p* | g and p**' fq.

Xu Zhefeng [5] obtained the identity for square-full number ¢. It reads

. o 2(k,p—1)—1
> X Istmn ol =@ [T (1- 250 —0)

m=1x mod ¢ pe|lq

It is natural to study the mean value of the general Kloosterman sums

q
! 4
E |S(m,n,x,q)|" .
m=1

Here Z' denotes that the sum is extended over those m that are relatively prime
m

to q.
For any prime p, Zhang Wenpeng [7] studied the fourth power mean of |S(m,n,
x;p)| and gave a calculating formula

p(2p? — 3p — 3), if x is a principal character modulo p;
Z (m,n,x;p)|* =< p*(B3p—7), if x is the Legendre symbol;
2p?(p — 3), if x is a complex character modulo p.



For p?, Liu Huaning [3] gave a formula for classic Kloosterman sums S(m, 1,p?).
Namely, for the principal character x( of general Kloosterman sums, we obtained

p2
Z/|5(m, 1,x0,0%)|" = 30(0°).
m=1

This paper is a continuation of [7] and [3], but the method used in it is different.
That is, we will use properties of primitive characters and analytic methods to study
the general Kloosterman sums for a composite number ¢ and for a non-principal
character xy modulo ¢, and give an exact formula as follows:

Theorem. Let g be a square-full number and 2t q. Then for any non-primitive
X # Xo modulo g, we have the identity

q
3
STISm. Ly )l = ¢ [[0* +p* —2p+1).

m=1 plg

/

Remark. Our method also works for the general integer, but the mathematical
expression is rather complicated. So we do not give the general conclusion in this

paper.

For a primitive character y modulo ¢, whether there exists an exact formula for

q , 4
> 1S (m, 1, x,9)]
m=1

is an open problem.

2. PROOF OF THEOREM

Based on the arithmetical fundamental theorem and the multiplicative properties
of the general Kloosterman sums, it is sufficient to treat every square-full number ¢
as p2.

We construct a new function

(2.1) >

1 mod p?

2

pz/
> w(m) |S(m, 1, x A

m=1

where >~ denotes the summation over all primitive characters mod p?, x is a non-
principal and also non-primitive character mod p?. We study it from two ways, then
compare the different results, and accordingly give the conclusion.

First we prove the following lemma.
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Lemma 1. Let p > 3 be a prime and x a nonprincipal character modulo p?.
Then for any primitive character ) modulo p?, we have

2 2

3" wm)|Stm, 1, x. 02| = 72(1) Y x(@)d((a — 1)@ - 1)),

where 7(1)) is the Gauss Sum.

Proof. From the definition of S(m,1,x,p?) and the properties of the reduced
residue system mod p? we have

> w(m) |Sm, 1, x. 57|

m=1
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a=1 X(a) m=1 b=1 p P
v’ v’ p2/ mb(a — 1 bla—1
:ZX(a)Z w(m)e( (p2 ))e( (p2 ))
a=1 m=1 b=1
= 3 ) o T0a - )rw)e (R
a=1 b=1
=) Xoxl0) Y Bota - e(N5)
a=1 b=1
— 72(4) 3 x(@)B((a — 1)@ —1)),
where we have used the fact that
;w(@e(ﬁ) =7(¢)

This completes the proof of Lemma 1.
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Remark. Using Lemma 1, let us consider the summation

2: Z*

¥ mod p2

2

S w(m) |S(m, 1, x, %)

m=1

5

1) mod p2

7)Y x(@)d((a —1)(@—1))

By the fact that |7(¢)| = p since 9 is a primitive character of modulo p?, the above
summation is

2

=pt Z*

Zx F((a—1)(@-1))

¢ mod p2 ' a=1
2 2
(X Sv@ite- a1 - ¥ S v (a-v@-v) )
1 mod p2 ' a=1 Y mod p'a=1
=p4(E1—E2).

Thus, the summation (2.1) reduces to F; and Fs, which is easier to compute. Now
we shall calculate both EF; and Es.

Lemma 2. Let p > 3 be a prime. Then for any non-primitive character x # xo
modulo p? we have

2

Zx F((a—1)(@-1))

a=1

{ ©(p?)(2¢p(p?) — 1), if x is the Legendre symbol mod p;

>

¥ mod p2

o(p?)(¢(p?) — 1), if x is any non-real character mod p.

Proof. From the orthogonality relations for characters we have

p 2
2 E= Y | @@ 1)
¥ mod p2 ' a=1
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P p
= o(p) > xlab)
a=1 b=1
b—a+b—

pZ pZ p2
= w(p2)< x(ab)—  2) x(a) +1>,
b a=1
(1-B) (h-a)=0 (mod p?) (1-3)(1-a)=0 (mod p?)

where a, b run through the reduced residue system modulo p?.
So we split it into three parts: ptb—a, p || b —a and p? | b — a, then

p? P2 P2 P2 P p? p? P2
_ / / / _
(2.3) X(ab) => 14> x(@*) - > 1+ x(ab)
a=1 b=1 a=1 a=1 a=1 b=1 a=1 b=1
(1—ab)(b—a)=0 (mod p?) a=b=b (mod p?) b=a (mod p)
b=a (mod p)
p?
= o) + > _x(a®) —2+2p.
a=1

From the properties of congruences, we immediately get

i
L

(2.4) > x(a) = x(kp+1)=p.

a=1 0
(a—1)(@—1)=0 (mod p?)

x>
Il

Based on the above formulas (2.2), (2.3) and (2.4), we obtain

. ©(p?)(2¢(p?) — 1), if x is the Legendre symbol mod p;
b o(p?)(p(p?) — 1), if x is any non-real character mod p.

This proves Lemma 2. U

Lemma 3. Let p be an odd prime. Then for any non-primitive character x # xo
modulo p? we have

2

Y x(@)d((a—1)@-1))

a=1

>

¥ mod p

2pp(p?)(p(p) — 1), if x is the Legendre symbol mod p;
B pp(p?)(p(p) —2), if x is any non-real character mod p.
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Proof. From the properties of characters and noting that any non-primitive
character modulo p? must be a character modulo p, and if a and ! pass through
a reduced residue system modulo p then Ip + a also passes through a reduced residue
system modulo p?, we obtain

Ex= Y |Y x@((a-1)@-1)
¢ mod p ' a=1
i > xtp+ )d((p +a— )(Tp T a— 1))
Y mod p ' I=0 a=1
=p* Y D x(@d((a—1)@-1)
¢ mod p ' a=1

a=1 b=1
(b—a)(1—ab)=0 (mod p)
aZ1,51 (mod p?)

Similarly to Lemma 2, we can get

. 2pp(p?)(p(p) — 1), if x is the Legendre symbol mod p;
2 pp(p?)(p(p) —2), if x is any non-real character mod p.

This completes the proof of Lemma 3.

Remark. From Lemma 2 and Lemma 3 we can deduce

(2.5) Y

1 mod p2

2

1?1 =ple®)2p - 1).

S w(m) | S(m, 1, x,p?)

m=1

On the other hand, applying the properties of a primitive character, we have

p2/ 2
S w(m) |S(m, 1, x, 07|

26 >

1 mod p2 ' m=1
P’ P’ — 1292
= )| Y e (M)
1/)modp2 m=1 a=1 p
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iy P’ ha + v )2
= > e Yo x@e(*)
¥ mod p2 ' m=1 a=1 p
[y P’ _ 22
=3 )| Y e (")
Y mod p' h=1 a=1
, P’ ay P’ ha + v |22
=) Y IS LA = D D wim)| 3 wae ()
m=1 Y mod p ' h=1 a=1 p

p?
= @(pQ) Z/|S(m7 1)X7p2)|4 - EB-

m=1

Now we shall compute Fs.

Lemma 4. Let p be an odd prime and « > 2 an integer. Then for any nonprim-
itive character x # xo modulo p®* we have

Z i/w( (ma+a)‘

1 mod p>—1 ' m=1
Proof. From the properties of characters modulo p® and noting that

2,2

a—1=1a(l —a)mod p%,

a—1

and if A and [ pass through a reduced residue system modulo p and modulo p

respectively, then [p®~! 4 h passes through a reduced residue system modulo p®, we

have
ma+a 22
> |5 vt S aton( )
1 mod p*—1 ' m=1
p* ' p—1 a1 22
. St )| 3 e (AT
1 mod po—1 ' h=1 [=0 a=1 p
p*! p—1, p® =14 22
1 mod p*—1 ' h=1 =0 "a=1
p* ' p—1, p° — 122
a—1 ! la ha+a
= .
e(p )hzzl ; ;X(a)e(p 2 )
p*~ ' p—1 p* p° _ T2
= p(p* 1)2/ x(aE)e(l(a_b) h(a—b);ra—b)
h=1 ! 1=0 a=1 b=1 p p
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p*~! p—1 p® p™ 7 2
_ / 1 rlbla—1 hb(a — 1) —abla — 1
:Qp(po( 1) Zx(a)ze< ( )+ ( ) - ( ))
h=1!1=0 a=1 b=1 p p
_ pa_l/ p° Ly hb(a — 1) — ab(a — 1)\ |2
= o)’ x(a) e( a-1) . ( ))
h=1"! a=1 b=1 p
pla—1

Let (a —1,p*) = p”, where 1 < 8 < a — 1. Then a = up® + 1 with (u,p) = 1 and
1 <u < p® P, therefore we have

P, L ma+a 22
> v Eoxlae(EE)
3 mod pe—1 ' m=1 a=1
P b — S D [
- up” — b(upP + 1)up
= o™ P Y X(up’ +1)) e( ( o ) )
h=1"'p=1 u=1 b=1 p
p*~lia-1 p*”f " BunB + 1 2
B / / 1 rhb — blup® + 1)u?
= sp(pa 1)p2 Pﬁ X(upﬁ + 1) Z 6( ( a—p3 ) )
h=1"'p=1 u=1 b=1 p
a—1la—1 pa_ﬁ/ Q_’Y/
=" 3D p Y > X+ DX(p” + 1)
B=1~y=1 u=1 v=1
a—B  a— pa—1 N — -
PPt h(bp? — cp?) — b(upP + 1)u2p® — E(vp? + 1)v2p?
y S " )
b=1 c=1 h=1
a—la—1 PO
= e TPy 3 T Y Y xw’ + Dx(p” + 1)
B=1~=1 u=1l v=1
a—08  a— S — P
LAY —b(up® 4+ 1)u?pP — e(vp? + 1)vp?
9 o - )
b=1 c=1 p
p°_1 h(b 3 ~ p0_2 ho(b 8 2
X< 4%)— e<w)>
h=1 P h=1 P
a—1 pa_ﬁ pa_ﬁ
/ /
=" 2P 3 D X + X (ep” +1)
B=1 u=1 v=1
P s 2 2
/ b(vpﬁ + 1)’(} - (upﬁ + 1)’UJ
X e( pa*ﬁ )
b=1
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p—1lp—1 p—1 v _u2)
PN x((wp® T+ 1)(pr T 4 1)) Ze( )
u=1v=1 b=1
P ﬁ P ﬁ
mez Z (up® + 1) (vpP + 1))
u=1 v=1

e le(b((vpﬁ + Du? — (up? + 1)1)2))
b=1 pe?
= ¢*(p°)(B1 + Ba),
where we have used the fact that p® | bp® — cp” if and only if 3 = v and ¢ = b
(mod p®~#). Now we compute E; and Ey. From the trigonometric identity

Ze(ﬁ)— q, lfQ|sa
- N4 0, otherwise,

we get

p—1lp—1

p—1 2

U —Uu

S () o)
u=1v=1 b=1
p—1p—1

S E (g <”T‘“"°>—1)

plv2—u?

=p**2(pe(p) + pe(p) — (p — 1)) = p***(p* — 1).

Note that if 1 < 8 < a—2and p® % | (u—v)(p®uv +u+v), then (u — v, pPuv +u +

v,p) = 1; therefore we have

o [J‘ o [J‘ pa—[-} 9 9
1 rb((vpf + Du? — (upP + 1)v
B, = prz Z ((up® + 1) (vpP + 1)) e( (« ) a_ﬁ( ) ))
u=1 v=1 b=1 p
2 p—B o8
=y pt’ Z Z X((up” +1)(0p? + 1))
B=1 u=1 v=1
P~ |(u—v) (p° uwvtutv)
a—2 pe ﬁ pe ﬁ
=y pett Z Z X((up” 4 1)(vp® + 1))
B=1 u=1 v=1

p* P (u—v) (pPuv+u+tv)
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z_:(aw a+62 vpﬁ—i—l )
0/5

_Z<a+ﬁ a+ﬂz Upﬁ+1> 0.

Hence, it is easy to compute that

a

2 < ha +a\ [*? 2/ ay, 2a—2(, 2
ST 1D wm) Zx(a)e( ~ ) = P (p*)p** 2 (p* - 1).
1 mod p—1 ' m=1 a=1 p
This completes the proof of Lemma 4. O

From Lemma 4, we have

Combining (5) with (6), we get

2
p
/
> 1S(m, 1 x Pt =P (0% + p* — 2p + 1).

m=1

Applying the multiplicative property of Kloosterman sums, we can complete the
proof of the theorem. In fact, let ¢ have the prime power decomposition

q:ﬁp? and m = Zmzq.
i=1

'Llpz

It is clear that if m; (i = 1,2,...,r) pass through a reduced residue system modulo
p?, then m passes through a reduced residue system modulo ¢, so we have

miq aq +a_q

S

4

q s pi
S istm L0t =] Z
m=1

i=1m;=1"a=1
T by 4
ma+a
=11 Z le
i=1m;=1"a=1

= Hp?(p? +p] —2pi+ 1)
i=1

3
=q¢ [[0* +p* - 20+1).

plg

This completes the proof of the theorem. O
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