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Abstract

Existence principles for solutions of singular differential systems
(p(u")) = f(t,u,u’) satisfying nonlocal boundary conditions are stated.
Here ¢ is a homeomorphism RY onto RY and the Carathéodory func-
tion f may have singularities in its space variables. Applications of the
existence principles are given.
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1 Introduction

Nonlocal singular boundary value problems with ¢-Laplacian are discussed in
the literature above all for scalar second-order differential equations (see, e.g.,
[1, 2, 3, 6, 23, 24, 27, 28] and references therein). Existence principles for solving
such problems were given in [3, 22, 23, 24].

Regular systems of differential equations with ¢-Laplacian were investigated
together with two-point boundary conditions (Dirichlet, Neumann, periodic and
nonlinear) in many papers (see, e.g., [4, 8, 10, 11, 13, 15, 16, 17, 18, 19, 32] and
references therein) and in [20] with nonlocal boundary conditions u(0) = 0,
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T

W) = [ () dg),
to

where |u|, is the Euclidean norm in RY.

The ¢-Laplacian like operator is discussed for p-Laplacian ¢, (u) = |[u[2™%u
([16, 17, 18, 19, 20, 32]), for p(t)-Laplacian ¢, (u) = |u|f(t)_2u ([10, 11]),
for (p1,...,pn)-Laplacian Ppr,....pn) (u) = (¢p, (u1), ..., dpy(un)) ([8, 13, 15,
32]), where ¢,, is a one-dimensional p;-Laplacian, and for a strictly monotone
homeomorphism ¢: RY — RY ([4, 17]).

Singular problems for second-order differential systems have received less
attention. We refer to [7, 14, 21, 33], where the solvability of singular periodic,
Dirichlet and mixed boundary value problems was studied for systems of two
second-order differential equations.

The aim of this paper is to give existence principles for solving regular and
singular nonlocal boundary value problems for systems of differential equations
with ¢-Laplacian and show their applications. The existence principles are
proved by the combination of the Leray—Schauder degree theory ([9]) with reg-
ularization and sequential techniques. We note that our existence principles
are closely related to that given in [29] for n-order differential equations and in
[3, 22, 23, 24] for second-order differential equations.

The following notation is used throughout the paper. N € N, Ry = (0, 00),
Ro =R\ {0}, T € R,.

RY is the space of N-dimensional vectors z = (1, ...,2x) with z; € R and
the norm [|z|| = max{|z;|: 1 <j < N}

If 2,y € RY and A € R, then

y>x(:>y—xERf, y>z<=y—xcl0,o00)
and
Az = (Az1,..., eN), x| = (1], ..., |eN]).

C([0,T];RY) is the space of continuous vector-functions z: [0,7] — RY
with the norm ||z]e = max{||z(t)||: t € [0,T]}, and if N = 1, then ||z]« =
max{|z(t)|: t € [0,T]}.

L([0, T]; RY) is the space of Lebesgue integrable vector-functions x: [0, T] —
RN with the norm ||| = [ [|«(t)||dt, and if N = 1, then [lz|; = [ |a(t)| dt.

AC(]0,T);RY) is the space of vector-functions z: [0,7] — R which are
absolutely continuous on [0, 7.

C([0,T); RY) and AC* ([0, T]; RY) is the space of vector-functions x: [0, T] —
RY having continuous derivatives on [0, T’ and absolutely continuous derivatives
on [0, T}, respectively.

We note that a vector-function is said to be continuous, integrable, etc., if
such are all its elements. Similarly, sup, max for vectors functions is understood
componentwise.

In order to precede a confusion, if we work with sequences of N-dimensional
vector-functions, then we denote such sequences by {z(,)}, {fn)}..., where

x(n) = (x’ﬂla"'7an)7 f(n) = (fn17-~-aan)~
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We recall that a function h: [0,7] x D — RN, D C RY x RY| satisfies the
local Carathéodory conditions on the set [0,T] x D if

(i) h(-,2,y): [0,T] — RV is measurable for each (z,y) € D,

(ii) A(t,-.-): D — RY is continuous for a.e. ¢ € [0, 7],

(iii) for each compact set M C D there is a ppq € L*([0,T]; R) such that

1h(t, z, v)|| < pam(t) for a.e. t €[0,T] and all (z,y) € M.

In this case we write h € Car([0,T] x D;RY).

Let D C RN xR is not closed and let (x9,y0) € D. We say that h: [0,T] x
D — RY has a singularity at (xo,yo) if

lim |h(t,z,y)|| = co for a.e. t €[0,T]. (1)
D3 (z,y)—(x0,Y0)

Here D denotes the closure of D. In this case we also say that h has a singularity
at the point (xg, yo) of its space variables x, y. If (1) holds only for such (zg, yo) €
D, 2o = (To1,---,%0N), Yo = (Yo1,- - -, Yon) that min{|zo,|, [yo;: 1 <j < N} =
0, then we say that h has a singularity only at zero value of components its
space variables.

In order to give nonlocal boundary conditions, we introduce a set A. A is
the set of operators a: C1([0, T]; RY) — RY which are

(j) continuous,

(jj) bounded, that is, a(Q) is bounded for any bounded Q C C*([0,T]; RY).

Example 1.1 Let a e RV, pe R, 0<t; < -+ <t, <T and let & € [0,T]
(j =1,...,N). Then the operators

(z

oy (max{xi(t): t € [0,T]},...,max{xn(t): t € [0,T]}) — a,
as(x

):
) = (min{z1(¢): t € [0, T]},...,min{zx(t): t € [0,T]}) —a,

m T
as(r) = Zajx(tj), as(r) = /0 [’ (®)Pdt,  o5(2) = (21 (&1), -, 2N (EN))

belong to the set A.

Let f € Car([0,7] x D;RY), where D C RY x R¥ is not necessary closed,
and let f(t,z,y) admit singularities in its space variables z,y. We consider the
system of differential equations

(¢(u) = f(t,u, ), (2)
where ¢ satisfies the condition
(Hy) ¢ € C(RN;RY) is injective and such that lim, | [|¢(z)]| = oo.

It is known that under condition (H;) the function ¢ is a homeomorphism R
onto RY and that lim ;) _ [|¢7! ()] = oo (see [9, 30, 31]).
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Together with system (2) we investigate the (generally nonlinear and nonlo-
cal) boundary conditions

a(u) =0, Bu)=0, apfcA (3)

We say that «, 8 € A satisfy the compatibility condition if for each p € [0, 1]
the system

ala 4+ th) — pa(—a — tb) = 0,
(a+tb) — por( ) } @

Bla+th) — uB(—a — th) = 0,

has a solution (a,b) € RY x RV,

A function u € CY([0,T];RY) is called a solution of problem (2),(3) if
#(u') € AC([0,T]; RY), u satisfies the boundary conditions (3) and (¢ (u/(t))) =
f(t,u(t),u'(t)) holds almost everywhere on [0, T].

The paper is organized as follows. Section 2 contains two existence principles.
The first principle concerns with the solvability of regular functional-differential
problems (¢(u/(t))) = (Fu)(t), (3), and the second one deals with the solvabil-
ity of singular problem (2), (3). Applications of both the principles are given in
Section 3. Here we discuss system (2) together with nonlocal boundary condi-
tions, which include as the special cases the Dirichlet conditions and multipoint
boundary conditions.

2 Existence principles

We first investigate the regular functional-differential system

(6(u' (1)) = (Fu)(t), (5)

where the function ¢ satisfies condition (H;) and the operator F satisfies the
condition

F: CH[0,T);RYN) — L1([0, T]; RY) is continuous, and for any r > 0,
(H2) q sup {[|(Fz)(¢)||: = € C* ([0, TT;RY), [alloo < 7 [|2"[loo <7

€ LY([0,T); R).

Remark 2.1 If f € Car([0,7] x (RN x RN); RY) and (Fz)(t) = f(t,z(t),z'(t))
for x € C*([0, T]; RY), then F fulfils condition (H>).

By a solution of problem (5), (3) we mean a function u € C*([0,T]; RY)
such that ¢(u') € AC([0,T);RY), u satisfies the boundary conditions (3) and
(5) holds for almost all ¢ € [0, 7).

The existence result for problem (5), (3) is given in the following theorem.

Theorem 2.2 (existence principle for regular problems). Let (Hy) and (Ha)
hold. Let p € L'([0,T);RY). Suppose that there exist positive constants Sy and
S1 such that

lullo < So,  [lufloc < S (6)
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for all solutions u of the equations

(P (1)) = Ap(t), Ae€[0,1], }
(e(u' (1)) = A(Fu)(t) + (1 = Me(t), A €[0,1],
satisfying the boundary conditions (3). Also assume that «, 8 in (3) satisfy the

compatibility condition and there exist positive constants Ay and A1 such that
the estimates

(7)

lall < Ao, bl < Ay,

are fulfilled for each p € [0,1] and all solutions (a,b) € RN x RN of system (4).
Then problem (5),(3) has a solution u satisfying inequality (6).

Proof Let
Q= {:17 S C’l([O,T];RN): 7)o < max{Sy, Ao +A1T}, [|2']|oc < max{Sl,Al}}.

Then () is an open, bounded and symmetric with respect to 0 € C*([0, T]; RY)
subset of the Banach space C([0,T]; RY). Define operators

Q: [0,1] x @ — L([0, T]; RN), F:[0,1] x Q@ — C*([0,T); RY)
by the formulas
QA 2)(t) = A(Fz)(t) + (1 = A)ep(

b,
FOua)t) = 2(0) +ala) + [ 67 (6 0) + 5@ + | QO @)(r) dr)ds.

The fact that F is a continuous operator follows from condition (Hsz), ¢ €
LY([0,T]; RY), the continuity of ¢, o, 3, and from the Lebesgue dominated con-
vergence theorem. In order to prove that F is a compact operator it remains
to verify that F([0,1] x Q) is relatively compact in C*([0,7]; RY). Since  is
bounded in C*([0,7]; RY) we have

@)l <7 [[B)| <7, [[(Fz)@)]] < eoft)

for a.e. t € [0,7) and all z € €, where r is a positive constant and ¢ €
LY([0,T);R;). Set K = max{S;,A1} + 7. Then, for x € Q, the inequalities
[l='(0) + B(z)|| < K and

l6(2'(0) + B())[| < sup{llo@)|: lyll < K} = M

hold. Hence

o7 (st @ + 50+ 2 [ @0 215105

<sup{[le™ W)+ Iyl < M +lollz + ell} = V.
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and consequently,
IFX, 2) ()| < max{So, Ao+ AT} +r+ VT, |F\z)' @)<YV,
JoF 2 (t) ~ sF O )] < | [ (000 + et
for t,t1,t € [0,7] and (A, z) € [0,1] x Q. Here F(\,z)/(t) = LF(\ z)(t).
Therefore F([0, 1] x Q) is bounded in C*([0, T]; RY) and the set
{o(F(\,2)): (A z) €[0,1] x Q}

is equicontinuous on [0, T]. Using the fact that ¢! is uniformly continuous on
compact subsets of RY and

IFO @) (t2) = Fh2) (t)] = (|67 (A(F (N, 2) (£2))) = 67 ((F (X, 2) (1)),

we conclude that the set {F (), z)": (\,z) € [0,1]xQ} is equicontinuous on [0, T].
Now the Arzela—Ascoli theorem gives that F([0, 1] x Q) is relatively compact in
C1([0,T]; RY). Hence F is a compact operator.

Suppose that zq is a fixed point of the operator F(1,-). Then

xo(t) = 20(0) + axo) + /Ot ot (¢($6(0) + B(xo)) + /S(Fxo)(r) dT)ds.

0
Hence a(xg) = 0, B(x9) = 0 and z( is a solution of (5). Therefore, zq is a

solution of problem (5), (3). In order to prove our theorem it suffices to show
that

deg(Z — F(1,-),9,0) #0, (8)

where “deg” stands for the Leray—Schauder degree and 7 is the identity operator
on C*([0, T]; RYN). For this end, let us define a compact operator K: [0,2] x Q —
CH([0,T); RN) as

2(0) + o) = (1 = pa(=z) +t[2"(0) + f(x) — (1 — p)B(—x)]

if p e 0,1],
K(p, 2)(t) = :
@)+ [ 67 (00 + 8 + (o= 1) [ ar)as
if e (1,2].
Then K(0,-) is odd (that is, K£(0, —z) = —K(0, ) for x € Q) and
K(2,-) = F(0,"). 9)

If K(u1,2) = & for some (uy, ) € [0,1] x €, then

(t) = 2(0) + a(@) — (1 — pa)o(=2) + t[#(0) + B(2) — (1 — ) B(—1)]
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2(0) + a(2) — (1 = pa)o(—1)
(0) = a and %'(0) = b, we have

for t € [0,7]. Hence &(t) = a + tb, where &
e =
0, which means that

and b = &/ (0) + B(&) — (1 — p1)B(—&). Sinc

Therefore, (d,b) € RY x RV is a solution of system (4) (with p replaced by

1 — p1), and consequently, [|a|| < Ag, ||b]] < Ay by the assumption. Then
[#]loc < Ao+ AT and [|#/[lsc < Ay, which gives & & OQ. If K(ua, &) = & for
some (g2, Z) € (1,2] x €2, then

0 =30) +a@)+ [ 07 (60) +5@) + (2 —1) [ e(r)ar) as

for ¢ € [0,T]. Hence Z fulfils the boundary conditions (3) and Z is a solution of
the equation (¢(u'))" = (u2 —1)¢@(t). So ||Z]lee < So, I7'[lcc < S1, which implies
Z ¢ 02. We have shown that K(u,z) # x for all (u,z) € [0,2] x Q. Now, by
the Borsuk antipodal theorem and the homotopy property (see, e.g., [9]),
deg(I - K(Ov ')1 Qv 0) = deg(I - ’C(27 ')7 Q? 0)

Finally, assume that F(\,Z) = T for some (\,Z) € [0,1] x Q. Then 7 fulfils (3)
and T is a solution of the second equation in (7). By assumption (6), ||Z|c < So
and ||7'||oo < S1. Hence = ¢ 99, and the homotopy property gives

deg(Z — F(0,-),Q,0) = deg(Z — F(1,-),2,0).

This equality together with (9) and (10) show that (8) holds. We have proved
that problem (5), (3) has a solution u. The fact that v fulfils (6) follows from
our a priori estimate (6) for solutions of problem (7), (3). O

In order to obtain an existence result for singular problem (2), (3), we use
regularization and sequential techniques. For this end we discuss the regular
differential system associated to (2)

(@' (1)) = fen(t, ult), ' (1)), (11)
where f(,,) € Car([0,T] x (RY x RY); RY) and n € N. The following result is

an existence principle for problem (2), (3).

Theorem 2.3 (existence principle for singular problems). Let (Hy) hold. Let
f € Car([0,T] x D;RY), where D C RN x RN and f(t,x,y) have singularities
only at zero value of components its space variables x,y. Let v € {—1,1},
fny € Car([0,T] x (RN x RN);RN) and f,,) satisfy the inequality

0< Vf(n)(t,l‘,y) < Q(tv |$|, |y|) }

12
for a.e. t € [0,T] and all z,y € RY x RY, n € N, (12)
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where @ € Car([0,T] x (RY x RY);RY). Suppose that the regular problem
(11), (3) has a solution U(n) for each n € N, and there exists a subsequence
{ug,)} of {ugm)} converging in C*([0,T); RN) to some u = (uy,...,uN).

Then u is a solution of the singular problem (2), (3) if u; and u’; have a

finite number of zeros, j =1,...,N, and
nhﬁngo Sy (e, (), ugy, ) (1) = f(tu(t),u' () for ae t €[0,T].  (13)

Proof Assume that (13) holds and that 0 < & < -+ < &, < T are all zeros
of uj and v, j =1,...,N. Since {u(,)} is convergent in C*([0,T];R") there
exists L > 0 such that [|uk,)llc < L, [Jufy, llec < L for n € N. It follows from
the equality

Oty (T)) — bt / Fotony (b i (B), 0l (1))

that, cf. (12),

T
V/.MMWWMW%%MND&SS for n € N, (14)
0

where S = 2sup{|¢(2)]: ||z]| < L} € RY. Now, by (12)-(14) and the Fatou
lemma (see, e.g., [5, 12]), f(t, u(t),u'(t)) € L1([0,T]; RY).

Set & = 0 and &,,41 = T. We claim that for all j € {0,1,...,m} such that
& < &+1, the equality

8 () = 90! (7) + [ F(s.u5).0/(9) ds (15)

is satisfied for t € [¢;,&;41], where 7; = % Indeed, let j € {0,1,...,m}
and §; < &j4+1. Let us take an arbitrary § € (0, %) and look at the interval
[§;+9,&+1 —d]. We know that |u| > 0 and |[v/| > 0 on (§;,;+1), and therefore,
lu(t)| > p, [/ (t)| > pfor t € [§; 46,41 — 6], where p € RY. Hence there exists
no € N such that |u,) ()] = &, |uj, ()] = § for t € [§ +6,&41 — 6] and
n > ng. Taking into account (12) we have

V f(n) (6 () (8), () (1) S (1) for ace. t € [§; + 6,841 — 6] and all n > ny,
where ’(/} € Ll([g] + 67 Ej+1 - (ﬂaRﬁ)v

<z < L,

w(t) = sup { Q(t,2,):

NI
NI

§y§L§

with L, = (L,...,L) € RY. Letting n — oo in

P(ufy,) (1) = ¢(ufy, ) (75)) + / Foren) (85 U,y (8), () (5)) ds
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yields (15) for ¢ € [{; + 6,41 — 6] by the Lebesgue dominated convergence

theorem. Since § € (0, #) is arbitrary, (15) holds on the interval (£;,&;+1).
Now, using the fact that f(¢,u(t),u'(t)) € L'([0, T]; RY), we conclude that (15)
is true also at t = & and t = &;41. Consequently, ¢(u’) € AC([0,T];RY)
and (¢(u' (1)) = f(t,u(t),u(t)) for a.e. t € [0,7]. Finally, a(u) = 0 and
B(u) = 0, which follows from the continuity of o and 3, from limy, o0 u(z,) =
in C*([0,T];RY) and from a(u,)) = 0, B(u,)) = 0 for n € N. Hence u is a
solution of problem (2), (3). O

3 An application of existence principles

In this section we investigate a nonlocal singular problem. This problem is
solved by regularization and sequential techniques. We construct a sequence of
auxiliary regular problems and prove their solvability by Theorem 2.2. The ex-
istence of a solution to the nonlocal singular problem is proved by Theorem 2.3.

3.1 Formulation of nonlocal singular problems

We first define a set B of operators 7 which is used in the formulation of our
nonlocal boundary conditions. We say that v € B if v: C*([0,T]; RY) — RY
and if there exists a continuous, even functional ;: C1([0, T];RY) — [0,7),
j=1,...,N, such that

y(x) = (21(11(2)), .. ., 2n(Tn(x))) for x € CL([0, T]; RY).
It is easy to check that B C .A. We note that the set A is introduced in Section 1.
Example 3.1 Let ¢t; € [0,T), j =1,...,N. Then the operators
n(@) = (0),

Yo(x) = (x1(t1), ..., xn(tn)),
Ya(z) = (ﬂfl(%T>m(%T>) ’

belong to the set B.
Consider system (2) together with the boundary conditions
w(0) =0, w(T)=~(u), yeB. (16)

We see that (16) is the special case of (3) with a(x) = x(0) and S(z) =
x(T) — v(x). The boundary conditions (16) include as special cases the Dirich-
let conditions (if y(z) = #(0)) and multipoint boundary conditions (if, e.g.,
V(@) = (z1(tr), - e (tn)))-
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Throughout this section we work with the following conditions on the func-
tions ¢ and f = (f1,..., fn) in (2).

(S1) ¢: RN — RN ¢(x) = (¢1(z1),...,6n(zN)), where ¢;: R — R is an
increasing and odd homeomorphism such that ¢;(R) =R, j=1,...,N.

(S2) f € Car([0,T]xD;RY), D = RY xR{, and there exists a positive constant
c such that

fit,z,y) < —c forae. t€[0,7] and all (z,y) €D, j=1,...,N.

(S5) f fulfils the estimate

N
—fi(txy) < byt [l yl) + Y (agr (@) + bir(lyel)
k=1
for a.e. t € [0,7] and all (z,y) € D, j=1,..., N, where
hy € Car([0,T] x ([0,00) x [0, 00)); R4)

is nondecreasing with respect to the second and third variable, a;x, bz : Ry —
R, are nonincreasing and such that

d d
/ a;i(s) ds < oo, / b]k(gb,;l(s)) ds < >
0 0
foreach d e Ry, j,k=1,...,N, and

T
lim sup / hij(t,1+Tv,1+v)dt<1 forj=1,...,N. (17)
0

V—00 ¢] (U)

We say that a function u € C1([0, T]; RY) is a solution of problem (2), (16)
if u(t) > 0 for t € (0,7), ¢p(u') € AC([0, T); RY), u fulfils (16) and

(p(u' (1)) = f(t,u(t),u'(t)) for ae. te[0,T].

3.2 Auxiliary regular problems

For n € N, define ¢,, € CO(R;R,), x,, € CO(RY;RY) and R,, C R by

|s| for [s] > 1,
enls) =4 ) Xn(x) = (on(z1), .., onl(Tn)),
= for |s| < ,
11
R, =R\ |-=,—|.

Let f satisfy (S2) and let f,): [0,T] x (RY x RY) — R be defined by the
following procedure

0t a,y) = F(txn(@),y) for (z,y) € RY x RY,
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f(on)(t,.’t,y) fOI'y ERr]y,

gt Goe)

forye[—— —] x RN-1

|3

f(ln) (t,l’,y) =

f(ln)(t,a:,y) for y € R x RV 1,

Kngr >f(n) <t:17 (yl,l,yg,...,w»
ot )

fory e Rx [—1 1] x RY=2,

|3

f(Qn) (Lx,y) =

fa)_l(t,x,y) for y e RVN=1 x R,,,

o 1
f(N)(tw,y) ~J2 K@/NJr >f(n < ,<y1,,...,yN_1,E>>
_ (yN - %) f(jx)*l (t,x, (yl,.._,yNh_%)ﬂ

for y € RVN=1 x [—l 1]

n’nl’

Let

foy (b ,9) = £ (b, y) for t € [0,7), (w,y) € RN x RV,
Then f,) = (fa1,---, fan) € Car([0,T] x (RY x RN); RY) and
fnj(tvxay) <- (18)
for a.e. t € [0,7) and all (z,y) €RY xRY, j=1,...,N,neN.

It follows from (S5) that

N

—fug(t,y) < By (6 1+ 2l 1+ ly ) + > (agr(lwnl) + bir(lye])
k=1 (19)

for a.e. t € [0,7] and all (z,y) e RY xRY,j=1,...,N,neN.

We discuss the auxiliary regular system

(p(u')" = feny(t,u,u’), neN.
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In order to prove that problem (20), (16) has a solution we use Theorem 2.2.
We need a priori bounds for solutions of the systems

(6;(W})) = =Ae, A€[0,1], j=1,...,N, (21)

(05 (u})) = Afuj(t,u,u’) = (1= XNe, Ae[0,1], j=1,...,N, (22

satisfying the boundary condition (16), where ¢ is from (S3).
We give a priori bounds for solutions of problems (21), (16) and (22), (16)
in Lemma 3.3, beginning to the useful lemma.

Lemma 3.2 Let (S;) hold. Letu € C*([0,T|;RY), ¢(u’) € AC([0, T); RY) and
let w= (uy,...,un) fulfil (16). If

(¢j(uj(t)) <0 forae te[0,T] andj=1,...,N, (23)
then
(i) u); is decreasing on [0,T] and there exist t1,...,ty € (0,T) such that

u;(tj):O forj=1,... N,

(#3) u(t) >0 fort e (0,T).

Proof Let (23) hold. Since ¢; is increasing and ¢;(0) = 0 by (S1), u} is
decreasing on [0, 7. In addition, by (16), u;(T") = u;(7;(u)), and consequently,
u’;(t;) = 0 for some ¢; € (7j(u),T). This ¢; is unique in [0,7] since u is
decreasing. Therefore, v} > 0 on [0,%;) and u < 0 on (¢;,T]. Using the fact
that u;(0) = 0 by (16), we have u; > 0 on (0,¢,] and w; is decreasing on [t;, T].
Consequently, u;(T) = u;(7;(u)) > u;(0) = 0, and so u;(T) > 0. We have
uj(t) > 0fort € (0,7) and j = 1,..., N, which means that « > 0 on (0,T).

O

Lemma 3.3 Let (S1)-(S3) hold. Then there exists a positive constant S inde-
pendent of \ and n such that any solution u of problems (21), (16) and (22), (16)
fulfils the estimates

lullo < ST, [lu/floc < S. (24)

Proof Let u be a solution of problem (21), (16). If A = 0, then v = 0. Let
A € (0,1]. Then uj(t;) =0, j = 1,...,N, by Lemma 3.2, where t; € (0,7).
Hence ¢;(u/;(t)) = —Ac(t—t;), and consequently, u}(t) = fqﬁ;l()\c(tftj)) fort €
[0,T]. Therefore [uf(t)| < gb;l(cT) fort €[0,7], j=1,...,N, and so |u;(t)| <
gb;l(cT)T for these ¢ and j since u;(0) = 0. Put S; = max{gb;l(cT): 1<j <N}
Then ||u]loo < S17T and ||u'||e < St for all solutions w of problem (21), (16).
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Now, let u be a solution of problem (22), (16). By (18), (¢;(u}(?)))" < —c
for a.e. t € [0,7] and for j = 1,..., N. Besides, Lemma 3.2 guarantees that
u’; is decreasing on [0,77, u)(t;) = 0 for a t; € (0,7) and u; > 0 on (0,7).
Integrating (¢;(u’;(t)))" < —c over [t,t;] and [t;,t] we get
ui(t) > ¢5 ' (c(t; — 1)) for t € [0,t], } (25)
wj(t) < =5 H(c(t —t;)) for t € (t;,T).
Since u;(0) = 0 by (16), we have

w) = [eas> [opet —snas=1 [ 1 oieas te ol

€ Je(t;—t)

wy(T) — (1) =/tTu;<s>dss —/ths;l(c(s—tj))ds

1 c(T—t;)
:“/ o7 (s)ds, telt;,T].
C

€ Je(t—t;)

In particular, ¢t = t; gives

1 ct;
ult) = ¢ [ o 9)ds (26)
0
1 re(T=t5) .
W@ =) < — [ s (27)
Due to u;(T") > 0, inequality (27) yields
1 C(T*tj) 1
wit) =1 [ e s (28)
Now, we conclude from (26) and (28) that
| ez
uj(tj)zz/ (;Sj_l(s)ds:: a;, j=1,...,N. (29)
0

Let @ = min{a;: 1 < j < N}. Keeping in mind that «/ is decreasing, we see
that u; is concave on [0, 7], and therefore, it follows from 0 < u;(t) < u;(t;) for
t € [0, 7] and from (29) that

t T
. o% forte{o,g], . N )
U =1,...,N.
W ea-n (T
T T 27 bl

Since

8305 (0) = [ Wus(svu()w/(5)) = (1= Nl d,

t;
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inequalities (18) and (19) imply that

501 =677 ([ s uts).a/) — (1= 0 )
T
-1 i(s,u(s),u'(s))| ds
<o ([ 1wlsuts)uo)las)
T
< o7t (/0 [hj(s, 1+ [Julloo, 1T+ [[u'[loc) + W;(s)] ds) (31)
fort € [0,7] and j =1,..., N, where
N
W) = (ajr(ux(t)) + bjx(Jui ().
k=1

By (S3), the functions a;; and bj;j, are nonincreasing on R,. Therefore, by (25)
and (30),

2T OL/Q
= — a;i(s)ds,

@ Jo
T ty
| vt ds < [ baor elen - ) s
0 0 .
+ / bir (67 (cls — 1)) ds
cty, ’ C(T*tk)
([Tt enas [T buer o) as)

cT
<2 [ bt

for j=1,...,N. Put

N a/2 N cT
s Z/O ap(s) ds+ 2 Z/O bk (6 (5)) ds.

J,k=1 j,k=1

Then A < 0o by (S3), and (31), (32) yield
T

s (t)] < q§j1</ hj(s71—1—||u||oo71—i—||1/|oo)ds—i—A)7 tel0,T], 5=1,...,N.
0

Since ||[ullco < T'||tt/||0o, We have

T
o [loc < max {gz»jl (/ (5, 14 T ooy 1+ [0 [l) ds +A) 1<i< N}.
0
(33)
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By condition (17), there exists Sz > 0 such that
T
(bjl(/ hj(s,1+Tv,1+v)ds+A) <wv forv>Syand j=1,...,N.
0
Hence
T
max{qul(/ hj(s71+Tv,1+v)ds+A>: 1§j§N} <wv forov>Ss.
0

This inequality together with (33) give ||u||co < S2, and then ||ul|o < S2T. To
summarize, the lemma is true for S = max{Si, Sa2}. O

We are now in the position to give the existence result for problem (20),
(16).

Lemma 3.4 Let (S1)—(S3) hold. Then for each n € N there exists a solution u
of problem (20), (16) and

[ulls < ST,  [Jt[loc < S, (34)
where S is a positive constant independent of n.

Proof We apply Theorem 2.2 with ¢(t) and (Fu)(t) replaced by —(c,...,c) €
RY and fn)(t,u(t),u/(t)), respectively. Let S be a positive constant in Lemma
3.3. Then any solution u of problems (21), (16) and (22), (16) fulfils estimate
(24) by Lemma 3.3, and v > 0 on (0,7) by Lemma 3.2. We note that the
boundary conditions (16) can be written in the form (3) with a(z) = z(0) and
B(xz) = z(T) — v(z), and that o, § € A. Since, by the definition, y(x)
(z1(11(2)), ..., zn (7N (2))), where 7;: C1([0,T];RY) — [0,T) is a continuous
and even functional, we have

v(a+tb) = (a1 + 11(a 4+ tb)b1,...,an + 7n(a + th)by)

and 7;(a+tb) = 7;(—a—1tb) for a = (ay,...,an), b= (b,...,bx) in RY. Hence,

we can write system (4) as

14+ p)a =0,

e , (35)
1+ p)(T —71j(a+1tb)b; =0, j=1,...,N.

Then a = 0, and consequently, (7" — 7;(tb))b; = 0 for j = 1,..., N. In view of
7;(tb) < T, we have b = 0. Therefore, (a,b) = (0,0) € RY x RY is the unique
solution of system (35) for each p € [0, 1]. We have shown that the assumptions
of Theorem 2.2 are satisfied. Hence problem (20), (16) has a solution u satisfying
inequality (34). O

For the solvability of the singular problem (2), (16) we need the following
result concerning solutions of problem (20), (16).
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Lemma 3.5 Let (S1)-(53) hold. Let u(,) be a solution of problem (20), (16).
Then {u(,,} is equicontinuous on [0,T7].

Proof By Lemmas 3.3 and 3.4, there exists a positive constant S such that

1t oo < ST, ||u’(n)||oo <SS forneN. (36)

Keeping in mind u(,) = (Un1,...,unn) by our notation, it follows from the
proof of Lemma 3.3 that (cf. (30)),

t T
) % for t € [0, 5], S,
Upj(t) 2 n e ,.: IEEREPAR
T e (T ’
T 2 ) b

where « is a positive constant. Next, by Lemma 3.2, there exists ¢,; € (0,T)
such that

Uy, (tn;) =0 forneNandj=1,...,N,
and it follows from the proof od Lemma 3.3 (cf. (25)) that
Ui (1) > 07 (et — 1)) it € (0,80,
up (t) < —¢7 H(e(t — ty)) if t € [tn;, T, (38)
forneN,j7=1,...,n.

Let 0 <t; <ty <T. Then

to T (ata)/T
/ ajk (%) ds = — aji(s)ds
th T @ J(at)/T

ifta < T,

ta T _ T (()/(T—tl))/T
/ ajk <u> ds = — a;i(s)ds
t T @ J(AT~12))/T

to
/ ajk(unk(s))ds S lf tl > %,
t1
/2 as t2 a(T — s)
air | — ds+/ ik <7> ds
/tl J (T) T2 T

T a/2 a/2
— / a;i(s)ds + / a;i(s)ds
a (at1)/T (a(T—t2))/T

if ty <L <ty
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to
[ belluiahas <
ty

to . 1 feltan—t1) )
[ b (67 (et — 5))) ds = ~ / bin(d7 () ds

¢ C(tnk_tZ)
if ta < Tk,

to c(to—tnk)
/t by(65 el — tu))) ds = 1 [ bju(67 () ds

C Je(ti—tnr)

IN

if t1 > tnk,

| bl el = s+ [ b7 el = tua))) s

tnk

1 c(tnr—1t1) c(to—tnk)
=- (/0 b (¢}1(8))d8+/0 bjk(¢j1(8))d8>

C

if t1 < tpp < ta.

Hence, for j,k =1,..., N and n € N, the inequalities

/ 7 (s (s)) s <

ty
2T &2 o
<;Sup{/ ajp(s)ds: 0 <& <& <T, 52—51§T(t2—t1)}»

(39)
/t bk ([t (5)]) ds <
2 1

< —sup{/ bjk((b_l(s))ds: 0<u11 < <T, va—v1 <c(ta —tl)}
c v

1

are satisfied. Integrating (¢;(uy,;(t)))" = fn;j(t, u(n)(t), uf,,) (1)) over [t1,t2] C
[0,T] and using (19) and (36), we get

6 (u5(£2)) — 5t (00))] < / s 147814 8) + Vi) ds (40)

for j =1,...,N and n € N, where V(t) = Zgzl(ajk(unk(t)) + b (Jul, ()]))-
Since h;(t,1 +TS,1+ S) € L'([0,T);R;) and ajy, bjr(¢~') are locally in-
tegrable on [0,00) by (S3), we conclude from inequalities (39) and (40) that
{#;(uy,;)} is equicontinuous on [0, 7] for j = 1,..., N. In view of the equality
[up; (t2) — ) (t)] = 1677 (65 (ur,;(t2))) — &5 ' (é5(uly;(t1)))] and the fact that
(;Sj_l is continuous and increasing, we see that {u;,;} is equicontinuous on [0, 7]
for j =1,..., N, which means that {uzn)} is equicontinuous on [0, T7. O
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3.3 The main result and an example

Theorem 3.6 Let (S1)—(S3) hold. Then problem (2), (16) has a solution wu,
u € CH[0, T;;RN), u(t) > 0 fort € (0,T), and ¢p(u’) € AC([0, T]; RY).

Proof By Lemma 3.4, for each n € N, there is a solution u(,) = (Un1, - - - , UnN)
of problem (20), (16) satisfying inequality (36), where S is a positive constant.
Lemma 3.5 guarantees that {u(,,} is equicontinuous on [0,7] and it follows
from its proof that inequalities (37) and (38) are true, where « is a positive
constant and ¢,; € (0,T) is the unique zero of unj Hence, by the Arzela—
Ascoli theorem and the Bolzano—Weierstrass theorem, there exist convergent
subsequences {u,)}, {tr,;}, and u € Cl([O,T];RN), & € [0,T] such that
limy, 00 Uk, ) = u in CH[0,T);RY) and limy, oo ty,; = & in R, j =1,...,N.
Letting n — oo in (37) and (38) (with w,; and t,; replaced by uy, ; and t, ;)
yields

%t for t € [O, %],

= M fort € (Z T] (41)

T 277

uli(t) > gb;l(c(gj —t)) forte[0,§],
(42)

ui(t) < —¢5 (et — &) for t € [¢;,T],
for j =1,..., N. Hence, u; has at most two zeros on [0, T, u/; vanishes only at

¢; and equality (13) holds. Besides, by (19),
0 < —fa(t,2,y) < QL [zl |yl)
for a.e. t € [0,7] and all (z,y) € RY x RY, n € N, }

where Q(t,,y) = (Q1(t,2,y),..., Qn(t, ,y)) € Car([0,T] x (RY x RY);RY),

N
Qjt,x,y) = hy(t, 1+ el L+ llyll) + D (agulze) + bin(yr))-

Jj=1

Hence the assumptions of Theorem 2.3 are satisfied, and consequently, u is a
solution of problem (2), (16), u € C1([0,T];RY) and ¢(u') € AC([0,T];RYN).
The inequality v > 0 on (0,T) follows from (41). O

Example 3.7 Let p1,p2 € (1,00), aj, B, pj, v; be positive constants, j = 1,2,
max{ai,az} < p1 — 1, max{p1, p2} <pa — 1, f1 + B2 <min{l,p; — 1}, 11 <1
and vy < ps — 1. Consider the problem

o 1
(jus [ 2’>+7<1+u1+\u2\ Nt e =0
| 1| 1“2 (43)
1 1 1
(Juh[P>~us) + (14 (u))™ + ug|?) + == + =0,

t(T —1t) Uy |2
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w(0) =0, u(T) = (ur(ts), ult2)), (44)
where t1,t5 € [0,T). System (43) satisfies conditions (S7)—(S3) with

_ 1—2 2—2 s Lz
60) = (oo o), e=min{ 21

hi(t,z,y) = —=(1+ 2% +y*2),

t

Hg‘bﬂ

ha(t,z,y) = m(l + P2 4 yPr),

a11 = a2 = big = by = 0,

ﬁQ 1 ﬁl 1

e b -7t -
a12(7) B+ By 2P P2 n() By + o xPr B2’
azl(fl?) = $T17 22($) = sz
since
1 b1 1 B2 1

< +
|u’1|51u§2 Bi + B ‘u’1|ﬂ1+ﬂz By + Bo u§1+52

by the Young inequality. Therefore, Theorem 3.6 guarantees that there exists
a solution u € C1([0,T]; R?) of problem (43), (44), u > 0 on (0,7) and ¢(u') €
AC([0,T]; R?).
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