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ON THE OSCILLATION OF THIRD-ORDER QUASI-LINEAR
NEUTRAL FUNCTIONAL DIFFERENTIAL EQUATIONS

E. THANDAPANI AND TONGXING L1

ABSTRACT. The aim of this paper is to study asymptotic properties of the
third-order quasi-linear neutral functional differential equation

a7/
(E) [a(®) (I + pO2(E@))") "] + a2 (+(1)) = 0,
where o > 0,0 < p(t) < po < oo and §(t) < t. By using Riccati transformation,
we establish some sufficient conditions which ensure that every solution of
is either oscillatory or converges to zero. These results improve some known
results in the literature. Two examples are given to illustrate the main results.

1. INTRODUCTION

We are concerned with the oscillation and asymptotic behavior of the third-order
neutral differential equation

(E) [a(®) ([2(t) + pO2(5(1))")*] + a(t)*(r() = 0,
where a > 0 is the quotient of odd positive integers, a(t), p(t), q(t), 7(t), d(t) €
C([tog, 00)) and
(H) a(t) > 0, ftzomdtzoo,ogp(t) < po < 090, q(t) > 0, q(t) is not
identically zero on any ray of the form [t.,o0) for any . to, o(t) < t,
0'"(t) > g > 0,700 =507 and limy_, o, 7(t) = limy_, o §(t) =
We set z(t) = z(t) + p(t)z(6(t)). By a solution of Eq. (E) we mean a func-
tion x(t) € C([Tx,00)), T > to, which has the properties z(t) € C?([Ty,0)),
a(t)(z"(t)™ € C*([Ty,00)) and satisfies on [T,,00). We counsider only those
solutions z(t) of which satisfy sup{|z(¢)| : ¢t > T} > 0 for all T > T,. We
assume that possesses such a solution. A solution of is called oscillatory if it
has arbitrarily large zeros on [T, 00) and otherwise, it is said to be nonoscillatory.
Equation itself is said to be almost oscillatory if all its solutions are oscillatory
or convergent to zero asymptotically.
In recent years, great attention has been devoted to the oscillation of differential
equations; see for example [1 - 29], and the references cited therein. Especially,
differential equations of the form and its special cases have been the subject
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of intensive research. Hartman and Wintner [9], Hanan [8] and Erbe [5] studied a
particular case of , namely, the third-order differential equation

2" (t) + q(t)z(t) = 0.

Baculikov4 et al. [4] considered the oscillation of third-order differential equation

[b(t) ([a(t)z' (1) )] + a(H)z>(t) = 0.

Baculikova and Dzurina [3, 1], Grace et al. [6] and Saker and Dzurina [12] investi-
gated the nonlinear differential equation

[a(t) (2" (£))*] + q(t)z*(7(t)) = 0.

Regarding the oscillation of third-order neutral differential equations, Zhong
et al. [I3] used method given in [6] and extended some of their results to neutral
differential equation for the case when 0 < p(t) < 1. Baculikovd and Dzurina
[2] examined the oscillation behavior of under the case when a/(t) > 0 and
—1< —p1 < p(t) <ps < 1. Han et al. [7] considered the oscillation nature of
for the case when a(t) =1, a =1 and —1 < —p; < p(t) < 0. Karpuz et al. [10]
studied the odd-order neutral delay differential equation

[2(t) + p(O)z(8(1)]™ + q(t)a(r(t)) = 0

under the condition when —1 < p(t) < 1.

It is interesting to study under the condition 0 < p(t) < po < co. To the best
of our knowledge, there are no results regarding the oscillation of under the
assumption p(t) > 1. So the purpose of this paper is to present some new oscillatory
and asymptotic criteria for (E). We derive criteria for (E) to be oscillatory or for
all its nonoscillatory solutions tend to zero as ¢t — oc.

In order to prove our results, we give the following definition and remarks.

Definition 1 ([II]). Consider the sets Do = {(¢,s) : t > s > to} and D = {(¢, s) :
t > s > to}. Assume that H € C(D,R) satisfies the following assumptions:

(A1) H(t,t)=0,t>tg; H(t,s) >0, (t,5) € Dy;

(A2) H has a non-positive continuous partial derivative with respect to the
second variable in Dy.

Then the function H has the property P.

Remark 1. All functional inequalities considered in this paper are assumed to
hold eventually, that is, they are satisfied for all ¢ large enough.

Remark 2. Without loss of generality we can deal only with the positive solutions
of since the proof for the opposite case is similar.
2. MAIN RESULTS

In this section, we obtain some new oscillatory criteria for . We begin with
some useful lemmas, which will be used later.
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Lemma 1. Assume that « > 1, 21,29 € [0,00). Then

(21) $1a+$2a Z F(l'l +1’2)a.

Proof. (i) Suppose that z; = 0 or zo = 0. Then we have (2.1)).

(ii) Suppose that zq > 0, x5 > 0. Define the function f by f(z) = 2%, z € (0,00).
Then f”(z) = a(a—1)2®=2 > 0 for z > 0. Thus, f is a convex function. By the

definition of convex function, we have

f(xl -;IQ) < f(il?l);f(@) _

That is,

1% + 22" > 501

(1 +22)”.

This completes the proof. ([
Lemma 2. Assume that 0 < o <1, z1,22 € [0,00). Then

(2.2) 1Y+ 2% > (11 + 22)” .

Proof. Assume that z; = 0 or x5 = 0. Then we have (2.2)). Assume that z; > 0
and xzo > 0. Define f(z1,22) := 1% + 2% — (1 + 22)%, x1, z2 € (0,00). Fix x;.
Then

df (@1, 72)

d.’EQ

1 a—1

=axx* " — oz + 22)

=« [.’Ega_l — (1 + xg)a_l] >0, since 0<a<l.

Thus, f is nondecreasing with respect to xa, which yields f(z1,z2) > 0.
The proof of the lemma is complete. O

Lemma 3 ([I0, Lemma 3]). Let f and g € C([ty,),R) and oo € C([to,0),R)
satisfies limy_oo a(t) = o0 and at) < t for all t € [tg,00); further suppose
that there exists h € C([t—1,00),R"), where t_1 := minyep, ooy {x(t)}, such that
F(@) = h(t) + g(t)h(a(t)) holds for all t € [ty,00). Suppose that lim;_,, f(t) exists
and liminf; o g(t) > —1. Then limsup,_, ., h(t) > 0 implies lim; o f(¢) > 0.

Lemma 4. Assume that x is a positive solution of and lim; oo x(t) # 0. If

(2.3) /: /:O (m /:o Q(s)ds)l/adudv ~ o,

where

(2.4) Q(t) = min{q(t), q(6(¢))},

then

(2.5) 2t) >0, Z@)>0, 2"()>0, [a(t)(="(t)"] <0,

for t > t1, where t1 is sufficiently large.
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Proof. Assume that z is a positive solution of . We may only prove the case
when a > 1, since the case when 0 < o < 1 is similar. From , we see that
z(t) > x(t) > 0 and

!/

(2.6) [a(t) (2" ()] = —a(t)z*(r(t)) < 0.

Thus, a(t) (2”(t))” is nonincreasing and of one sign. Therefore, z”(¢) is also of one
sign and so we have two possibilities: 2"/ (¢) > 0 or 2”(¢) < 0 for ¢ > t;. We claim
that z”(t) > 0. If not, then there exists a constant M > 0 such that

a(t) (2" ()" < -M < 0.

Integrating the above inequality from t; to t, we get

¢
1

! / 1/«

2(t) <2 (t1)— M / al7a(s) ds

t1
Therefore, lim;_,o 2’(t) = —oo. Then, from z”(t) < 0 and 2'(t) < 0, we obtain
limy_, o 2(t) = —o0. This contradiction proves that z”(t) > 0.

Next, we prove that z/(t) > 0. Otherwise, we assume that z’(¢) < 0. From (E),
we obtain
oy 5(t)) (2"(6())”
[a(®)("(1)"] + (po®) [2(5(2) (ZO( O))
+q(t)z* (1) + (po®)a(3(t))a*(7(6(¢))) <0,
which follows from , and 7o = J o7 that

(2.7) la(t) (z”(t))a]’ + (po®) [a(5(t)) (20(5(75))) ] o

Integrating the last inequality from ¢ to oo, we obtain

) (2"(0)" + (o) LLLECOD o L / " QU= (r()ds.

In view of and J(t) < ¢, we see that
a®)(2"()" < a(5(1)) (2"(5(1)))" .

/

Thus
" o 1 e a
a(0(t)) (2"(6(¢)))" = M"'pgf)/t Q(s)z*(7(s)) ds.

Since lim; o x(t) # 0, from Lemma (3| lim; o, 2(t) = L > 0 and 2*(7(¢)) > L“.
Then, we obtain

. 1/a o0 1/a
(01) >L(2a1(11+ {;)) (a(dl(t))/t Q(s)ds) "

Integrating again from ¢ to oo, we get

1, 1 e [ 1 oo 1/a
_%z(é(t))ZL(W) /t (m/u Q(s)ds) du.
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Integrating the last inequality from ¢; to oo, we have

1/a [ [0 00 Ja
(&jlyz(d(tl))ZL(M) /t/ (m/u Q(s)ds)1 dudv,

which contradicts (2.3). Thus z’(¢) > 0. This completes the proof. O
Lemma 5. Assume that z satisfies fort >t1. Then

(2.8) Z(t) = (@ (0)2"() Br(t 1)

and

(2.9 (1) > (V)" () falt )

where

t 1 t s 1
ﬁ](t,tl) = /tlal/a(s)ds, ﬁz(t,tl)lz /tl /tl alT(u)dUdS

Proof. Since [a(t)(z"(t))?]) <0, a(t)(z"(t))* is nondecreasing. Then we get

t Tals) (2" () 1/a
2(t) > 2(t) - 2 (t) :/t “ )il/cg(i)) ] ds

> (al/a(t)zu(t))/ al/i(s)ds.

t1

Similarly, we have

z(t) > (al/oz(t)z//(t))/lt /ts al/i(u) duds .

Next, we state and prove the main theorems.

Theorem 1. Let a > 1, 7(t) € C*([tg,00)) and 7'(t) > 0. Assume that ([2.3]) holds
and 7(t) < 6(t). Moreover, assume that there exists a function p € C*([to, 00), (0,00)),
for all sufficiently large t1 > tg, there is a t3 > t1 such that
t 14 22 / at1
(2.10) limsup/ [P(S)Q(S) (1+5) ((p'(s))+) ]ds ~ o,
¢

2070 (a+ 1)t (p(s)Ba(7(s), 1) 7' (s))”
where (p'(t))+ = max{0, p'(t)}. Then is almost oscillatory.

t—o0

Proof. Assume that x is a positive solution of , which does not tend to zero
asymptotically. From the proof of Lemma [4f we obtain and . Then, from
Lemma we have ([2.8)).

Define the function w by

(2.11) w(t) = pt)y LLELD
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Then w(t) > 0 due to Lemmaﬂ, and

ap(t)a(t)(z" (1) = (7 (1)) (7())T'(t)

(2.12) 2507 (1)

From (2.5, (2.8) and 7(¢) < ¢, we have

2 (r(t)) > (al/a(T(t))z"(T(t)))ﬁl (T(t),t1) > (a'/*(t)2" (1)) B1 (7(t), t1) -

It follows from and (| - ) that

, p(t)[a(t)(
SO=T0wm e
afi(r(t),t)7'(t) (as1)/a
(213) P ()
Similarly, define another function v by
(2.14) v(t) = (1) a(‘s(til((z:((t‘;gt)))a .
Then v(t) > 0 due to Lemma 4] and
) = o (0 Q0@ (E"(0()))" a(8(t))(z"(6(t)"
0=/ O ey )
@B (E() |, p(t) [a(5()) (=" (8(1)))
O T = e0)
_ap(t)a(d(t))(z"(8(t))) 2 (7 (8) 2 (7(£))7'(¢)
(2.15) D) .

From (2.5)), and 7(¢t) < 6(t), we have
7 (r(t) > (al/a(T(t))Z"(T(t)))ﬁl(T(t) t1) = (al/*(8(t))="(8(1))) Ba(r (1),
which follows from and ( - ) that

p(®)lalé(t) (=" (6(1)")
z2((t)) p(t)

_ah(T@®), 1)) (at1)/a
P70 -

V() <

(2.16)

t1)7
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Using ([2.13)) and ( -, we get
P [a(t)(2"(£))*] + 8= [a(5(0) (=" (5(¢)))
(1)

aBui(r(),t1)7'() (a+1)/a
P70 “

(2.17) Po® [(pl(t))-‘r o(t) — 0451(;(17;)013))7'@)V(a+1)/a(t) .

0+ B 0) < = o) 2+ L -
P D), B0 iy
(2.18) + 50[ PORAL pian /)]

Using (2.18) and the inequality

abi(r(t),t)7'(t) plat/a
e ) "

o Ba+1
2.1 Bu — AyletD/e < ¢
(2.19) u— AU = (a+ Dotl Ao

A>0,

we have

po® QW) 1 ((p' () 4) !
201 (a+ D)ot (p(t) Ba(T(t), t1) 7 (1))~

no” (¢ (1))
(2.20) T ot ) OB (), )T D)

Integrating from to (to > t1) to t, we get
e 1 Pt () g
/m 5 e (4 )< OGeRS el
Do”

<wl(te) + KV@)’

which contradicts (2.10)). The proof is complete. O
By Lemma [2] similar to the proof of Theorem [I} we obtain the following result.

Theorem 2. Let 0 < o < 1, 7(t) € C([ty, <)) and 7'(t) > 0. Assume that
(2.3) holds and 7(t) < 6(t). Further, assume that there exists a function p €
C*([to, ), (0,00)), for all sufficiently large t1 > to, there is a ty > t; such that

A5 ()™
a+ 1)+ (p(s)Bi(7(s),t1)7/(s))"
where (p'(t))+ := max{0, p'(t)}. Then is almost oscillatory.

(2.21)  limsup /tt [p(s)Q(s) 1

t—oo

]ds=oo,
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Theorem 3. Let o > 1, 7(t) € C*([to,00)) and 7'(t) > 0. Assume that (2.3)
holds and 7(t) < 6(t). Furthermore, assume that there exists a function p €

C*([to, ), (0,00)), for all sufficiently large t1 > to, there is a ty > t; such that

(2.22)

/t {p(s)Q(S) (1+ %) ((p'(5)4)? } ds
b L 2071 da - p(s) (Balr(s),42))" " Bulr(s),ta)7(s)

lim sup

t—o0

where (p'(t))+ := max{0, p/(t)}. Then is almost oscillatory.

Proof. Assume that x is a positive solution of , which does not tend to zero
asymptotically. By the proof of Lemma we obtain (2.5) and (2.7). Then, from

Lemma we get and .

Define the function w and v by (2.11]) and (2.14)), respectively. Proceeding as in
the proof of Theorem |1} we obtain (2.12) and (2.15)). It follows from ([2.12)) that

a®)(="(1)* , p(t) [a()(z" (1))
z(7(t)) z(7(t))

2"(1)°] 7 () 227 (7 (1) (7 (1)
(r(1)) p(t)a(t)(2"(t))>
In view of 7 , ) and 7(¢t) < t, we see that

21 (r(1)2 (r(t) _ 27T (1) (r(1)
( 1

w'(t) = p'(t)

0.23) _ alptetx

alt)("(®)> a(t)(z" ()"
1/a T 1 .
2(5&259”wmmmfﬁm@m
(2.24) > (Ba(r(1), )7 Bu(r(t), 1) -
Substituting into , and using , we get
) p(t) [a®) " ()] | (' ()+
O R OB

! T 1 ot 1\7(1), 11

- - 0 G ) .0,y

On the other hand, from (2.15)), we have

a(8())("(0(2)))"
)

+

(2.26)
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By 2.5), .3), 2:9) and 7(t) < §(t), we see that
2 ()2 (r(t) _ 227 (r(1) (r(1)
a(3(t))(="(6())* ( ®)(="(6(2)))
(aV/(r()="(r(1)))" a-1
> a(d(t )(Z//(é If)))a (62(T(t)at1)) ﬂl(’r(t)vtl)
(2.27) > (Ba(r (1), t2))" " Bl (1), 1)

Substituting into , and applying , we get
pl0) [OO) " OONT | (1),

V(t) <

- 2*(7(t)) p(t)
ar'(t) (Ba(r(0), 1)~ (B, 1)
(2.28) o) (t).
Using ([2.25)) and ( - we have
« a 2t P ald(t al’
w/(t)+p(sool/(t)§/)(t)[ (" (1)) + 52 Et)()())( '(6(1)))*]
n (p;)((tt)))+w(t) a (Ba(7(t), t1)) p(t)ﬂl(T(t% )7 (t )wz(t)
(229) + % [(plp((tt)))+ I/(t) _ « (BQ(T(t)7t1)) p(t)ﬁl (T(t)atl)T/(t) 1/2(t) )
Applying (2.7} , and the inequality
Bu — Au? < f%i , A>0,
we have
0+ B0 < - plt) S
(2.30) LB (7' (1))

da p(t) (B2(r(8), 1)) Bu(r (@) t1) 7' (1)

Integrating ([2.30)) from ¢y (t2 > t1) to t, we obtain

[ o8 -0 (¢! (5)) )" N

p(s) ot — ~
2 2071 4o p(s) (Ba(7(s),t1) " Bu(r(s), 11)7"(s)
w(ta) + %V(t2)
0
which contradicts (2.22)). The proof is complete. O

From Lemma [2] similar to the proof of Theorem [3] we obtain the following
result.
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Theorem 4. Let 0 < o < 1, 7(t) € C([ty, <)) and 7'(t) > 0. Assume that
(2.3) holds and 7(t) < 6(t). Furthermore, assume that there exists a function
p € C([to,00),(0,00)), for all sufficiently large t, > to, there is a ty > t1 such that

(2.31)
. t (1+2°) (¢ ())+)?
lim su s s) — 0 ds
maw [ o100 - = PEICTERRS e ayere

=00,

where (p'(t))+ = max{0, p'(t)}. Then is almost oscillatory.

Now we shall establish some criteria for the oscillation of for the case when

T(t) > o(t).

Theorem 5. Assume that (2.3) holds, a > 1 and 7(t) > 6(t). Moreover, assume
that there exists a function p € C*([to,0), (0,00)), for all sufficiently large t1 > to,
there is a to > t1 such that

(2.32) limsup/tt [P(S)Q(s) O+ 50 ((p'(s))>H! }ds .

2071 (a+ 1)t (p(s)B1(8(s), 11)8 (s))*
where (p'(t))+ := max{0, p/(t)}. Then is almost oscillatory.

t—oo

Proof. Assume that x is a positive solution of , which does not tend to zero
asymptotically. From the proof of Lemma we obtain (2.5) and (2.7]). Hence by

Lemma we get .

Define the function w by
(2.33) w(t) = p(t)=
Then w(t) > 0 due to Lemma[d] and
oy e @) (T (2)”
w'(t) =p (t)m
) @)
— e Gm)

_ap(t)a(t) (2" ()=
20(3(1)

+

(2.34)

By ([2.5), and (t) < ¢, we have
2(6(1)) = (aV/*(0(0)2"(6(0) ) A 6(1). 1) = (/1)) Br(3(8), 1)
It follows from and that

i < PO OE @)Y PO BT wrn
@8) CO<T2Gm) T T e @)
Similarly, define another function v by

—|
—~
~
~—
N

~
—
=
—~
~
~—
~—
S
<
—
~
~—

(2.36) v(t) = p(t)
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Then v(t) > 0 due to Lemma 4] and
1oy — e GO (F(6(8)”

v (t) =p (t) za(é(t))
a(é ())( ( M) pt)[a(s(t

+ p(t)

(2.37) _ aP(f)W(t))(Z”(5(t)))az" HO(0)= (3()I' (1)

z2(5(1))
From ) and (| , we have
Z'(5(t)) > (a*(8(2))2"(8(1))) B1 (8(t), t1) ,
which follows from (2:36)) and (2.37) that
V(t) < p(t) [a(5() (=" (5(1)°] | (1)

B0 IO M
(2.38) . aﬁ1<6(1t/)o:ét;)>5 (t) V(a-f—l)/a(t) )
Using ([2.35) and ( -, we get
/ Po° [a(t)(z"(t))a]/+ 50 [a(5(t))(Z”(5(t)))“}/
(P’(t))+w aﬁl( () 1) (t)w(a-‘rl)/a
0 YT e W
po® [ (P'(t)) af1(6(t),£1)6'(t) (at1)/a
(2.39) + %[ ] T u(t) — pio petla().
By , , and 7(t) > §(t), we obtain
iy PO Q) | (V(1) af1(0(),11)0"(t) (as1)/a
w'(t) + ¥I/ (t) < — p(t) 51 + e +w(t) — 7o (1) wlet/ (t)
o (P (1)) af1(8(t),£1)8"(t) (a+1)/a
(2.40) 5%[ 6 () — pYaes vletb/ag)]
Using and the inequality , we have
Po” Q@) 1 ((p'())*
R e P Rl O ACORA IO/
o) P SR (.(0) S s

(o + 1)+t (p(t)Br(0(t), 1) ()™
Integrating from to (t2 > t1) to t, we get

Q) N () )
LW%w‘mﬂwx”ahm>u$mm@“

<m+%wm
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which contradicts (2.32)). The proof is complete. O

From Lemma [2] similar to the proof of Theorem [5] we obtain the following
result.

Theorem 6. Assume that (2.3) holds, 0 < a < 1 and 7(t) > 6(t). Moreover,
assume that there exists a function p € C*([tg, 00), (0,00)), for all sufficiently large
ty > to, there is a to > t1 such that

s [ OB ()0 _
a2 s [ [A9Q0) - G gty mm) &
where (p'(t))+ := max{0, p/(t)}. Then is almost oscillatory.

By using (2.34)) and (2.37)), similar to the proof of Theorem [3] we obtain the
following result.

Theorem 7. Assume that (2.3) holds, & > 1 and 7(t) > 6(t). Furthermore, assume
that there exists a function p € C*([to,0), (0,00)), for all sufficiently large t1 > t,
there is a to > t1 such that

(2.43)
b [T 120 (L) (¢! (5)) )" G e
w5 h TG ) G )

where (p'(t))+ := max{0, p/(t)}. Then is almost oscillatory.

From Lemma [2] and Theorem [7] similar to the proof of Theorem [3] we establish
the following result.

Theorem 8. Assume that (2.3) holds, 0 < a <1 and 7(t) > §(t). Furthermore,
assume that there exists a function p € C([tg, 00), (0,00)), for all sufficiently large
t1 > tg, there is a to > t1 such that

(2.44)
. ' (1+2-) (0 (s))+)?

lim su $)Q(s) — o ds =00,
m sup / )~ e ) B )

where (p'(t))+ := max{0, p/(t)}. Then is almost oscillatory.

Remark 3. From Theorems we can get some oscillation criteria for with
different choices of p.

3. FURTHER RESULTS
In this section, we will establish some Philos-type oscillation results for .

Theorem 9. Let a > 1, 7(t) € C([tg,00)) and 7'(t) > 0. Assume that (2.3)) holds
and 7(t) < 6(t). Moreover, assume that H € C(D,R) has the property P and there
ezists a function p € C([tg,0), (0,00)), for all sufficiently large t; > to, there is
a to > t1 such that

9 p'(s)

(3.1) - %H(t’ s) — 05

5 S))o/(a+1)
Hits) = M )(H/()i; ))) . (t,s) €Dy,
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and
t
3.2 limsup ————— Gi(t,s)ds = o0,
( ) tﬂoop H(t,tz) " 1( )
where

i PQ)  HED) (k)
N S O A ORI

h_(t,s) := max{0, —h(t,s)}. Then is almost oscillatory.

Proof. Assume that z is a positive solution of (E|), which does not tend to zero
asymptotically. We define w and v as in Theorem |1} Then, we obtain ([2.18]). From

with (p'(¢))4+ replaced by p’'(t), we get
o)W < iy - Py 4 A Dy - @B T gy

2a—T = 5 o)~ pi/a(t)
po® [7'(1) aBi(r(0), 1) () (as1)/a
(3.3) 0[(ﬂw@f oo ¢+W(ﬂ.

In (3.3), replace t by s and multiply both sides by H(¢, s), integrate with respect
to s from to (t2 > t1) to ¢, we have

. H(t,s)p(s) gi(fz ds < — H(t s)w'(s) ds + . H(t,s) /:((j))w(s) ds
J/ ) 0 S/l< ;T%S)“‘“+l”a(s>ds
7%)QH@g m+tLHts j()d

po” H( )aﬁl(T( 5 )7 (S)V(O‘+1)/a(s) ds.

6o ta pie(s)
Thus, we obtain
( ) 9 p'(s) Mwls)ds
/H, Lds < H(t, to)w A H M@H@ﬂ()d
p® [tr 9 p'(s)
‘%Zﬂ‘%m 5) - @MHW@“
7'(s) pe+D/a(g) ds.

G s
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Then
H(t, 5)p(s) ga(ff ds < H(t,t2)w(ts) + %H(f,tg)u(tg)
t s g))e/(a+1) afi(7(s),t1)7'(s 1)/
[P ) — e, LT e
o rteh (ts)(H(t, s))/ (et aB1(7(8),t1)7'(8) (ar1)/a
+%mé[ ()&Lﬁ) V@_H@Qﬁm;&3<>u+v$q@.

Using the above inequality and the inequality (2.19]), we get

t s 1M _Sal
o L [ 2 (+55) ()

- Jas

H(t,t2) 207t (a+ 1)t (p(s)Ba(7(s),t1)7'(5))™
< wl(ts) + P u(ts),
do
which contradicts (3.2)). The proof is complete. O

From Theorem 2] similar to the proof of Theorem [9] we derive the following
result.

Theorem 10. Let 0 < o < 1, 7(t) € C([tg,0)) and 7/(t) > 0. Assume that
holds and 7(t) < 6(t). Moreover, assume that H € C(D,R) has the property P and
there exists a function p € C*([to,00),(0,00)), for all sufficiently large t; > to,
there is a to > t1 such that holds and

1 t
A4 li —_— F, =
(3.4) i SU ) /t2 1(t,s)ds = o0,
where
A+5) ()™
(a4 1)+ (p(s)B1(7(5), ta)7'(5))* "
h_(t,s) := max{0, —h(t,s)}. Then is almost oscillatory.

From (2.7) and (2:29) in Theorem [3] similar to the proof of Theorem [9] we
obtain the following criterion.

Fi(t,s) == H{(t, s)p(5)Q(s) —

Theorem 11. Let a > 1, 7(t) € C([to,00)) and 7'(t) > 0. Assume that
holds and 7(t) < 0(t). Furthermore, assume that H € C(D,R) has the property P
and there exists a function p € C([tg, 00), (0,00)), for all sufficiently large t; > to,
there is a ty > t1 such that

D e 2O gy o RESEHE D
(3.5) 85H(t’ ) 05 H(t,s) = 05) , (t,8) €Dy,
and
(3.6) h?lff.fp H(tl, ) /t2 Ga(t,s)ds = o0,
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where
Gat.s) = H(t, ) _ 055 (h-(t.5))"
() AT 4o p(s) (Ba(7(s),11)" " Ba(7(s),t1)7'(s)
h_(t,s) :== max{0,—h(t,s)}. Then is almost oscillatory.

)

By Theorem [ similar to the proof of Theorem [9) we obtain the following
criterion.

Theorem 12. Let 0 < o < 1, 7(t) € C([tg,0)) and 7/(t) > 0. Assume that
holds and 7(t) < 0(t). Furthermore, assume that H € C(D,R) has the property P
and there exists a function p € C([tg, 00), (0,00)), for all sufficiently large t; > to,
there is a ty > t1 such that holds and

t

(3.7) lim sup

—_ F5(t,s)ds = o0
tmoe H(t,12) Jy, 2(t; 5)

where
(-t 55) (h-(t,5))

4o p(s) (Ba(7(s), 1) Ba(7(s),t1)7'(s)
h_(t,s) := max{0, —h(t,s)}. Then is almost oscillatory.

By (2-40) in Theorem [5} similar to the proof of that of Theorem [0} we establish
the following result.

Fy(t,s) = H(t, s)p(s)Q(s) —

)

Theorem 13. Assume that (2.3) holds, « > 1 and 7(t) > §(t). Moreover, as-
sume that H € C(D,R) has the property P and there exists a function p €
C*([to,00), (0,00)), for all sufficiently large t; > to, there is a ty > t1 such that

(3.1) holds and

(3.8) hinbup i, t2 / Gs(t,s)ds =

where
p)Qs)  (L+55)  (h_(t,5)*

2a-1 (a+ 1)t (p(s)B1(6(s),t1)d'(s))>’
h_(t,s) := max{0, —h(t,s)}. Then is almost oscillatory.

By Theorem [f] similar to the proof of that of Theorem [9] we establish the
following result.

Gs(t,s) == H(t,s)

Theorem 14. Assume that (2.3) holds, 0 < o < 1 and 7(t) > 6(t). Moreover,
assume that H € C(D,R) has the property P and there exists a function p €
C*([to,00), (0,00)), for all sufficiently large t; > to, there is a ty > t1 such that

(13.1) holds and

(3.9) h?lsolip H, t2 / F3(t,s)ds =
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where

g) = s)p(s)Q(s) — (1+ %) (h—(t,5))**!
Fall o) = H 200 = ()T G a0, 15 ()
h_(t,s) := max{0, —h(t,s)}. Then is almost oscillatory.

From Theorem [7] similar to the proof of that of Theorem [9] we derive the
following result.

Theorem 15. Assume that (2.3) holds, a > 1 and 7(t) > 6(t). Furthermore,
assume that H € C(D,R) has the property P and there exists a function p €

C1([tg, ), (0,00)), for all sufficiently large t; > to, there is a ty > t1 such that

(3.9) holds and

(3.10) hilisogp Ht, t2 / Gy(t, s)

where

Gt o) B PO (L ED) (h_(t,5) |
) (2 5 4 p(s) (B2(5(s), 1)) Bu(6(s), 1) (s)

h_(t,s) := max{0, —h(t,s)}. Then is almost oscillatory.

From Theorem 8] similar to the proof of that of Theorem [0} we give the following
result.

Theorem 16. Assume that (2.3) holds, 0 < a <1 and 7(t) > §(t). Furthermore,
assume that H € C(D,R) has the property P and there exists a function p €
C*([to,00), (0,00)), for all sufficiently large t; > to, there is a ty > t1 such that

(3.5) holds and

¢
(3.11) hﬁs;}pH(tl,tg)/tz Fy(t,s)ds = o0,
where

ps)Q(s)  (L+B5) (h_(t,5))?

Fy(t,s) := H(t,s)

2071 o p(s) (B2(6(s), 1)) B1(6(s),11)8'(s)
h_(t,s) := max{0, —h(t,s)}. Then is almost oscillatory.

Remark 4. From Theorems |9 we can obtain some oscillation criteria for
with different choices of p and H.

4. EXAMPLES
In this section, we will give two examples to illustrate our main results.

Example 1. Consider the third-order quasi-linear neutral differential equation

(4.1) [t([x(t) ero:c(%ﬂ”)?)]l + t%x?’(%) =0, A>0.
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Let a(t) =t, p(t) =po > 0, 7(t) = §(t) = t/2, a = 3, q(t) = A\/t® and & = 1/2.
Then, we have Q(t) = q(t) = \/t® and

ol fl 2/3
t,t1) = ———ds = ——ds >t
51(7 1) /t; al/a(s) S /tl 81/3 S = 9

for t sufficiently large. It is easy to see that (2.3]) holds. Set p(t) = t>. We obtain
/t [p(S)Q(S) _ O+ 5 ((p'(s))) "
o207t (a+ 1)t (p(s)B1(7(s),t1)7'(s))”

A 5425 (14 2pg3)T . t1
>3- i }h?iitlp/bsdszoo

lim sup

t—oo

| as

if
4,95 3
43
Hence by Theorem [1} (4.1) is almost oscillatory when
5425 (14 2po?)
43 '

A >

When py =1/3,
54 . 25 . (1 + 2])03) 93
43 NER
Thus, our results improve results of [2]; see [2, Example 1].
Also, since fa(t,t1) > %t%, we have

t 1+ po® /
iy [ [221900) _ 15 (62 as
t—oo Ji, b 2 dor (p(s)B2(7(s5), 1))~ Br(7(s), t1)7"(s)
t
A 5.25(1 +2p0
2 {Z B 3-42 tﬂOO/ ds =
if A> %. Hence by Theorem 3, equation(4.1) is almost oscillatory when
A > % However for this example Theorem 1 is better than Theorem 3.

Example 2. Consider the third-order quasi-linear neutral differential equation

(4.2) [t([m(t) +pox(§>}”)3}/ + t%xg’(%) =0, A>0.
Let a(t) = t, p(t) = po > 0, 7(t) = 3t/2, 6(t) = t/2, « = 3 and q(t) = \/t5.
Then, we have §(t) = 5o = 1/2, Q(t) = q(t) = \/t5,

t tq 2/
Pu(t tr) == /t1 a7 (s) dS:/t st>t

tos 2
Bo(t,t ::/ / ——duds > =¢%/3
2( 1) o S al/a(u) 5

and
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for t sufficiently large. It is easy to verify that (2.3]) holds. Set p(t) = t°>. We get
t 14 22 / 2
i [ o928 (+50) (/(3))+)
to

B ds
22T T da () (B2000), )™ T Bi(8(5), 1) (5)

>[i (225)2~25-(1+2po3)}

SV 12

t—o0

“1
limsup/ —ds =00,
tzs

t—oo

if

()25 (14 2p®)
3 .

Hence by Theorem is almost oscillatory when

(3)°-2°- (1+2p0%)
- |

A >

A >

Also, we have

(
2071 (a+1)o* (p(s)B1(6(s),t1)0"(s))*

4 95 3
> [A_M} hm/ldszoo

lim sup
t—o00

/t )20 C+50)  (PE)D)™ 4.

4 44 t—o0o S
ta

. 54.25(142p3)

lf )\ >4547330
5%-22(142

x> 22 02e) 20)

. Hence by Theorem 5, equation(4.2) is almost oscillatory when

. For this example Theorem 5 is better than Theorem 7.

5. CONCLUSIONS

In this paper, we have established some new oscillation theorem for for
the case when 0 < p(t) < pg < co. Our results can be applied when 7(¢) > t; see
Theorems @ It would be interesting to study under the
cases when p(t) < —1, lim; o p(t) = oo or p(t) is an oscillatory function. Moreover,
it is interesting to find another method to remove the restrictions 7o d = § o 7 and
5(t) < t.
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