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Abstract. We study some classes of summing operators between spaces of integrable
functions with respect to a vector measure in order to prove a factorization theorem for
1-summing operators between Banach spaces.
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1. INTRODUCTION

Let (Q, X, 1) be a positive finite measure space, where 2 is a set, X is a o-algebra of
subsets of  and p is a finite positive measure. A set function m: ¥ — X defined on
a Banach space X is called a vector measure whenever it is g-additive. Throughout
this work A will stand for a Rybakov’s control measure for m. Further references
about vector measure theory can be found in [5].

Integrability of scalar functions with respect to a vector measure was first studied
by Dunford, Bartle and Schwartz in [1]. Several years later, Lewis gave an equivalent
definition in [8]. He showed that a real A\-measurable function f is integrable with
respect to m if the following two conditions hold. The function f is (m, z*)-integrable
for every z* in the dual of X, X* where (m,z*) is the scalar measure defined by
(m,x*)(A) := (m(A),z*) for A € ¥. Moreover, for each set A in 3 there is a unique
element my(A) € X such that (my(A),z*) = [, fd(m,z*) for every 2* € X*. In this
case mys(A) corresponds to the integral of f over the set A with respect to the measure
m, and it is denoted by [ 4 Jdm. We denote by L'(m) the space of equivalence
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classes of (M-a.e. equal) functions that are integrable with respect to m. The space
L'(m) endowed with the norm given by ||f|zim) = sup [, |f]d[(m,a*)| for
r*€B(X*)

f € LY(m) is a Banach function space over the measure space (2,3, ) and the
norm is order continuous. The constant function yq is a weak order unit. These
spaces are particularly interesting because they represent a large class of Banach
lattices; G. Curbera proved in [4, Theorem 8] that every order continuous Banach
lattice X with weak order unit is lattice isomorphic and isometric to L!(m) for m
an X-valued vector measure. Further properties of these spaces can be found in [9]

For p = oo, the space L®(m) counsists of the real valued functions that are ¥-
measurable and m-essentially bounded. When equipped with the essential supremum
norm || - ||z (m), L>(m) is a Banach function space over (£2,%,)). Bounded ¥-
measurable functions are integrable with respect to m.

The aim of this article is to characterize the 1-summing operators as those that
factorize through a space of integrable functions with respect to a vector measure.
The operators that appear in the decomposition will have particular properties of
summability. We will begin by introducing a space of summable sequences in the
space L!(m), the space of m-r-summable sequences. This space is an intermediate
space between the classical spaces of strong and weakly summable sequences in Ba-
nach spaces and has been already studied in a more general setting in [2], [3]. The
reference for the study of classical spaces of summable sequences on Banach spaces is
[6]. As usual we will denote by ¢,(X) and ¢ (X) the spaces of strongly and weakly
summable X-valued sequences, respectively. The ideal of r-summing operators is
denoted by II,, and we write m,.(T) for the norm of an operator T in the space of
r-summing operators. We use standard Banach space notation; if Y is a Banach
space, B(Y') denotes its unit ball and Y™ its topological dual.

2. DEFINITIONS

Let V: X xY — Z be a bounded bilinear map and X,Y and Z Banach spaces.
In [3, Section 2.2] the author defines the space (Y (X) of X-valued sequences (),
so that (U(x,,y))n is strongly r-summable in Z for every y € B(Y). This space is
endowed with a norm naturally defined by

(2.1) (@ )nlleg x) = sup{[|(¥(@n, ¥))nlle.(2): y € BY)}.

The space X is U-normed whenever there is K > 0 such that

2]l x < Ksup{[[¥(z,y)llz: y € B(Y)}.

786



The following proposition is proved in [2] for » = 1 and in [3] for r > 1.

Proposition 2.1. Let X be a Banach space, V: X XY — Z a bounded bilinear
map and 1 < r < oo.

i) X is W-normed if and only if £,(X) C £¥(X) C (*(X).

ii) If X is W-normed then ¢Z(X) is a Banach space when endowed with the norm

- Mle2 (x)-

In order to study the sequences in L!(m), let ® be the bilinear map defined by:

®: L'(m) x L=(m) — X,

(f,9) — /Q fgdm.

A sequence (f,), C L'(m) is m-r-summable whenever for each g € L>°(m), the
X-valued sequence (®(f,,g))n is strongly r-summable in X. In what follows we
denote by ¢™(L'(m)) the space of m-r-summable sequences in L'(m). Following the
previous definitions we have that a suitable norm is given by

£m(LY(m)) ‘= sup { <Z
n

By [9, Proposition 3.31 (i)] we have that the norm of f € L!(m) can be computed
as

r\1/r
22) () X) . geB(L (m))}.

I fllLrom) = sup H/fgde

gEB(L>(m))

therefore the space L!(m) is ®-normed. By Proposition 2.1 we conclude that

(@ (L (m)), || -

inclusions holds:

¢m(L1(m))) is a Banach space. Moreover, the following chain of

Ce(LY(m)) € 67 (LY(m)) C 6L (m).

In the following we will study those operators that transform m-r-summable se-
quences of (a closed subspace of) L*(m) into strongly r-summable sequences in a Ba-
nach space Y and also those that transform weakly r-summable sequences in Y into
m-r-summable ones into L*(m).

We say that T: L'(m) — Y is m-r-summing if there is a constant C' > 0 such
that for every natural number n and regardless of the choice of functions fi,..., fn

J

in L'(m) we have

(23) (gnﬂmn;)l/kc up (

geB(L>(m))
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The least C for which the inequality (2.3) always holds is denoted by 7)"(T"). We
shall write II"*(L'(m),Y) for the set of m-r-summing operators in Z(L'(m),Y).
We clearly have that II"*(L!(m),Y) is a linear subspace of .Z(L'(m),Y) and that
7™ defines a norm in II"* (L (m),Y) with ||T|| < #™(T) for each T € 1™ (L'(m),Y).

Remark 2.2. Let L be a closed subspace of L!(m). We say that T: L — Y is
m-r-summing if for every finite choice of functions f1,..., f, in L, inequality (2.3)
holds for some positive constant C'.

Notice that for m a scalar measure the notion of m-r-summability coincides with
classical r-summability; for a general vector measure m the inclusion II,.(L'(m),Y) C
7 (LY (m),Y) always holds.

In [6, p. 36] the authors proved that the weak norm of a sequence can be computed
by taking the supremum in a norming subset. Moreover, by [7] we know that the
set T := {(®(-,9), *): g € B(L*®(m)), 2* € B(X*)} C L*(m)* is norming. Then
it is easy to conclude that each bounded linear operator T: L'(m) — Y induces
a bounded linear map 7': (f,)n — (T'(fn))n between the spaces ¢7(L'(m)) and
2 (Y).

The following result shows that m-r-summing operators are exactly those that
transform m-r-summable sequences in L!(m) into strongly r-summable ones in the
range Y. We present the proof for completeness.

Theorem 2.3. An operator T € £(L'(m),Y) is m-r-summing if and only if
T (LY(m))) C £,(Y). Moreover, |T|| = =™ (T).

Proof. Suppose first that T is m-r-summing. Then for each finite collection

fi,--+, fx € L'(m) we have
r \1/r
[ fgam| )"
Q b'e

k 1r k
(Sirw) <m@ s (3
i=1 i=1
Take a sequence (f,), € £™(L'(m)). We claim that T'((fn)n) € £-(Y), hence

gEB(L>(m))

) 1/r
I fdnllenory = N Cfn)nllenory = sup <Z ||T(fn)||§>

n<k

r\1/r

m(T)sup  sup (Z /fngdm )
Q X

r\1/r

J

N

keN ge B(L>°(m)) n<k

i /ang dm

n=1

" (T)  sup (
gEB(L>(m))

=1 (D (fr)n

£ (L (m))>

therefore | T|| < «™(T).
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We prove the converse implication by a closed graph argument. Suppose that
T (LY(m))) € £,(Y). Since T: £¥(L'(m)) — £,(Y) is continuous and the
¢,.(Y) norm dominates the ¢¥(Y) norm we have that the corresponding operator
T: ¢7(L'(m)) — £,(Y) has closed graph and is bounded. Thus for a finite sequence

(f)k_, c LY(m) we get

1T i)z lle,ory < NTINCE)i

em.(Ll(m))

Therefore T is m-r-summing and 7™ (T) < ||T. O
It is direct, as a consequence of the previous characterization, that the space of

m~r-summing operators endowed with their respective norms are Banach spaces.
Theorem 2.4. Let Y be a Banach space, and 1 < r < oo. The space of m-r-

summing operators, II™(L'(m),Y’) endowed with the norm 7" is a Banach space.

We say that an operator T: Y — L'(m) is weakly m-r-summing if there is a con-
stant C' > 0 such that for every finite set of elements y1,...,y, € Y,

ey s (3] [ 1w r>m< sup (Dyz, )/

gEB(L>(m)) \ ;1 y*€B(Y
We write 72~ (T) for the least constant such that the inequality above holds and

denote by II¥~™(Y, L*(m)) the space of weakly m-r-summing operators. Applying
arguments similar to those used in the proof of Theorem 2.3 we get that weakly m-
r-summing operators are exactly those that transform weakly summable Y-valued
sequences into m-r-summable sequences in L'(m). As a consequence, the space
¥=™(Y, L*(m)) is a Banach space when endowed with the norm 7%~™(-).

Remark 2.5. Notice that every r-summing operator T: Y — L!(m) is weakly
m-r-summing, and 7~ ™ (T) < 7(T). For a linear and continuous operator T be-
tween spaces of integrable functions with respect to a vector measure, T': L'(m;) —
L'(m3), we have that T is weakly m-r-summing whenever it is m-r-summing.

Examples of weakly m-r-summing operators are easy to find. More interesting
are spaces L!(m) such that the identity map has this property. The canonical case
happens when m is a scalar positive finite measure y. Clearly, the identity Id:
L'(u) — L'(u) has this property since in this case the integrals in the left hand side
term of inequality (2.4) give exactly the usual duality, the one that appears in the
right hand side term.

In the following we present a characterization of weakly m-r-summing operators
in terms of a Pietsch type domination theorem. As we will show, it is required that
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the composition of T" with the integration map for every g € L>°(m) be r-summing,
together with some sort of uniform behavior of the associated r-summing norms.

Proposition 2.6. Let T: Y — L'(m) with Y be a Banach space. The following
statements are equivalent.
(i) T is weakly m-r-summing.
(ii) There is a constant C' > 0 such that for every g € B(L*(m)), the operator
IgoT: Y — X is r-summing, and

mr(lgoT)<C.

(iii) There is a constant C' > 0 such that for every g € B(L°°(m)), there is a proba-
bility measure 1, defined on the o-algebra of Borel subsets of B(Y™*) (endowed
with the weak*-topology) such that, for every y € Y,

(25) H/QT(y)gdeX < C</B(Y*) |<y,y*>lrdng(y*))l/r~

Moreover, the least C' appearing in (i), (ii) and (iii) coincides with

sup w(lgoT)=m'""(T).
gEB(L>(m))

Proof. For the implication (i) = (ii) it is enough to use the definition of an
r-summing operator. The converse is also obvious. The equivalence between (iii)
and (ii) is obtained just by applying the Pietsch Domination Theorem to each one
of the maps I; oT. The formula for the norm is also a direct consequence of the
definitions. O

Remark 2.7. The lattice properties of the sets of Pietsch measures appearing in
(iii) of Proposition 2.6 provide a criterion for an operator to be weakly m-r-summing.
In fact, a weakly m-r-summing operator T: Y — L!(m) is r-summing if and only
if the set of Pietsch measures is order bounded. Indeed, let 7' € II¥~™(Y, L'(m)).
If #(B(Y*)) is the usual space of Radon measures over the o-algebra of Borel
subsets of B(Y™*), where Y* is endowed with the weak*-topology, then .Z (B(Y™*)) =
€ (B(Y™))*. As a consequence of Proposition 2.6 there is a set of Pietsch measures
{ng: g € B(L>(m))} associated with the operator T" such that for each g € L>°(m)
inequality (2.5) holds. Assuming that the set {n,: g € B(L*°(m))} is order bounded
in #(B(Y*)) by an element 7, we obtain that for every y € Y,

o <& ( | |<y,y*>|’"dn>1/r.

B(Y™*)
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Consequently, T' is r-summing. The converse is also obvious, since every r-summing
operator T: Y — L'(m) is weakly m-r-summing.

Remark 2.8. When the previous argument is applied to the identity map I;:
L'(m) — L'(m), we obtain that it is weakly m-r-summing with a set of Pietsch
measures that is uniformly order bounded if and only if L*(m) is finite dimensional.
This is a consequence of the Dvoretsky-Rogers Theorem and the following calcula-
tions. If 7 is the required order bound, for every f € L'(m) we have

Iflleiomy = sup H/fgdm”
NIJa X

gEB(L>(m

1/r
<K sw ( / . h>|’“dng)
gEB(L>°(m)) B((L*(m))*)

1/r
< K(/ It h>|’“dn) |
B((L(m))*)

The previous remark shows that wuniform boundedness of the integrals
I Jo()g dmllx by an integral ( [5 110y (M7 dn)l/r only holds for finite di-
mensional L'(m) spaces. In the same direction, the following result shows that

L'(m) spaces where m-r-summable sequences and weakly r-summable sequences
coincide (i.e. the identity map is weakly m-r-summing) for some 1 < r < oo, have
strong restrictions on the properties of the integration maps [, (-)gdm, g € L>(m).

Recall that an operator T" between Banach spaces X and Y is said to be strictly
singular if, for every infinite dimensional (closed) subspace M of X, the restriction
T'|as is not an isomorphism into Y.

Proposition 2.9. IfId: L'(m) — L'(m) is weakly m-r-summing for some 1 <
r < 00, then for every g € L°°(m) the integration operator I, is strictly singular.

Proof. Let ¢ € L*°(m). Suppose that there is a subspace S such that
the restriction Iy|s: S — X is an isomorphism into the range. Let us write ¢
for the inclusion map i: S — L!'(m) and R: I;|s(S) — S for the inverse map
(Iyls)~t: I,|s(S) — S. Since Id is weakly m-r-summing, each I, is r-summing as
a consequence of (ii) in Proposition 2.6. Therefore, Iy|s = I, 0i: S — L'(m) — X
is an r-summing isomorphism into the range, and since the identity in S can be

factorized as
Rol,ls: S —I,(i(S)) = S,

the ideal property of the r-summing operators and the Dvoretsky-Rogers Theorem
yield that S is finite dimensional. O
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3. MAIN RESULT

Recall that, by Remark 2.2, the definition of an m-r-summing operator can be
extended to the operators defined on closed subspaces of L!(m) in a natural way.
Therefore the composition T'= R o U of a weakly m-r-summing operator U: Y —
L'(m) and an m-r-summing one R: S — Z, where S is a subspace of L!(m) such that
U(Y)C S, is r-summing. The main result characterizes the 1-summing operators as
those that factorize through a space of integrable functions with respect to a vector
measure m. It shows that in a sense, regarding the structure properties of L!(m)
spaces and factorizations through them, 1-summability can be decomposed in m-1-
summability and weakly m-1-summability.

Theorem 3.1. Let T: Y — Z be an operator between Banach spaces. The
following statements are equivalent.

(i) T is 1-summing.
(ii) There is a vector measure m such that T factorizes through a subspace of L*(m)
asT = RoU, where U is weakly m-1-summing and R is m-1-summing.

Proof. For the proof of (i) = (ii), consider the factorization of T as a 1-
summing operator through the map i: €(B(Y*)) — LY(B(Y*),n) given by the
classical Pietsch domination theorem. Recall that we consider B(Y™*) endowed with
the weak*-topology. Here 7 is a Radon probability measure and i(f) = f is the
identification map of continuous functions as integrable functions. Take the vector
measure defined on %, the o-algebra of the Borel subsets of B(Y™*), with range in
LY(B(Y*),n) given by m(A) = xa, A € #. Then L*(m) = L*(B(Y*),n) isometri-
cally. Consider the map U: Y — F C L'(m) given by U(y) = (y, ), where F is the
closure of the functions (y,-) in L'(n). Recall that L>°(m) = L*°(n). The following
calculations show that U is weakly m-1-summing. For a finite set y1,...,y, € Y,

/U(yi)gdm /<yi,->gdm o

= sup Z/B(Y) Yi, )9 dn

gEB(L>(n

) d
Z/B(Y* (Yi, )| dn
< sup ZIyu

y*€B(Y™*) ;1

n

sup Z

geEB(L>(m)) ;7

n

= sup Z

L1(n) gEB(L>(m)) ;4
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Now take the map R: F' — Z given by R((z,-)) = T'(z) and extended by density
to the elements of the closure of the range of U. Let us show that it is m-1-summing.
It is enough to prove it for the elements of the range of U. Take (y1,-),..., (Yn, ).
Then, having in mind that there is a constant K such that for everyy € Y, [|T'(v)]z <
KI[{y, )|l (), we obtain

> IR Dz = L ITwI < K 3D Wi v

<K sup Z [1<yi 9l L1y
geEB(L>(m)) ;41

Consequently, the map is m-1-summing.
Implication (ii) = (i) follows directly by the definitions of m-r-summing and
weakly m-r-summing operators. O
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