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Abstract. The main purpose of this paper is using the mean value formula of Dirichlet
L-functions and the analytic methods to study a hybrid mean value problem related to
certain Hardy sums and Kloosterman sums, and give some interesting mean value formulae
and identities for it.
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1. INTRODUCTION

Let ¢ be a natural number and d an integer prime to c. The classical Dedekind

v st~ ((2)(2))
with

r—[x] — 5, if 2 is not an integer;
((x)) = N
0, if  is an integer
describes the behavior of the logarithm of the eta-function (cf. [5]) under modular

transformations. B. C.Berndt [1] gave an analogous transformation formula for the
logarithm of the classical theta-function

+oo
0(z) = Zexp (nin*z), Im(z) > 0.
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Put Vz = (az + b)(cz + d) with a,b,¢,d € Z, ¢ > 0 and ad — bc = 1. Then

1 1 1
(2) logf(Vz) =logf(z) + 5 log(cz +d) — Zni + ZniSl(d, ),

where
c—1

Si(d ) = Y (~1p b/,
1

J

The sums S;(d,c) and certain related ones are sometimes called the Hardy sums.
They are closely connected with Dedekind sums. Many authors studied various
properties of S(d,c), and obtained a series of interesting results. For example,
L. Carlitz [2] obtained a reciprocity theorem of S(d,c). J.B. Conrey et al. [3] stud-
ied the mean value distribution of S(d, ¢), and proved the following important and
interesting asymptotic formula:

2m p
3) le (d, ¢) 2m = fnle )(E> +O((Cg/5 +62m—1+1/(m+1))10g3 o),

where 3"/, denotes the summation over all d such that (d,c) = 1, and

f C2(2m) C(s+4m—1)
Z C(4m) . C?(s+2m) <(s),
¢(s) being the Riemann zeta-function.

Qm’_l) provided m > 2.

Jia Chaohua [4] improved the error term in (3) to O (c
Zhang Wenpeng [7] improved the error term of (3) for m = 1, and proved the
asymptotic formula

[Lepe ((L+1/p)* = 1/pPtt) dlnc
Z|Sdc m cple) I1,.A+1/p+1/p?) +O(CeXp(ln1nc>)’

where p® || ¢ denotes that p® | ¢ and p®*! ¢ c.
In this paper we find that there are some close relationships between S;(d, ¢) and
the Kloosterman sums S(m, n; ¢), which are defined as follows:

S(m,n;c) = i%(@»
b=1

where e(y) = e*™¥ and b denotes the solution of the congruent equation x - b = 1
(mod ¢). In fact, for any positive integer k and some special integers ¢, we can use the
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estimates for character sums and the mean value theorem of Dirichlet L-functions to
get some interesting hybrid mean value formulae and identities for

C c
1, / —
(4) ZZSQ(m,a;C)SQ(m,b; c¢)S¥(2ab, c).
a=1b=1
We will prove the following several assertions:
Theorem 1. Let p be a prime with p = 1 (mod 4), then for any fixed positive
integer k we have the identities

p—1p—1

> S8%(a,1;p)S%(b,1;p)S7F ! (2ab, p) = 0

a=1b=1

and

p—1p—1
ZZSQ a, S2(b,1; p)S2*(2ab, p)

a=1b=1
p—1 p—1
=@’ -2 =3p—1)- ) Si*(Qa,p) -p* ) (p)ka@a,pL
a=1 a=1

where (%) is the Legendre symbol.
Theorem 2. Let p be a prime with p = 3 (mod 4), then for any fixed positive
integer k we have the identities

p—1lp—

1
S%(a, 1;p)S?(b, 15 p) S7*(2ab, p)

a=1b=1
p—1
=4 PP (P -2 —3p—1)- 231%(2@,]))
a=1
and

p—1p—1

S° 3 5%(a, 15 p)S2(b, 13 ) S2F (2ab, p)

a=1b=1

p—1
—92h=1 3 2 ( )S2k L(2a,p).

=1

Q

It is clear that from our theorems we can establish an asymptotic formula for (2).
Especially for £ = 1, we have:
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Corollary 1. Let p be a prime, then we have the asymptotic formula

p—1p—1

>3 5%(a, 159)S2(b, 1;p)S3(20B,p) = 3 9 + O (p* - exp S )

ot Inlnp

where exp(y) = €Y.

Corollary 2. Let p be a prime with p = 3 mod 4, then we have the identity

e _ 16p3 (2
Zih%umﬁwmwwmm:wh-ﬂ-@)H@ﬁﬁ
a=1 b=1

where Xgp denotes the product of the Legendre symbol and the principal character
Ao mod 2.
2. SOME LEMMAS

In this section, we give some lemmas which are necessary in the proof of our
theorems.

Lemma 1. Let ¢ > 2 be an integer, then for any integer a with (a,q) = 1 we

have the identity

x modd
x(—1)=-1

Sen) =53 2 X M@,
dlq

where ¢(q) is the Euler function, >,  denotes the summation over all odd char-

x modd
x(—1)=-1
acters modulo d, L(s,x) denotes the Dirichlet L-function corresponding to x mod-

ulo d.

Proof. For the proof of Lemma 1 see [8]. O

Lemma 2. Let p be an odd prime, then we have the identity

p—1 I '
S1(2,p) = Z(_l)j+1+[2j/p] _ 2, ifp=3mod4;
g=1 0, ifp=1mod4.
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Proof. For all integers 1 < j < p — 1, it is clear that [2j/p] = 0if 1 < j <
(p—1),and [2j/p] =1if 1(p+1) <j <p— 1. So we have

-1
S1(2,p) = pz:(_l)jJrlH?j/p]
j=1
(r—1)/2 p-1
— Z (=1)7*! + Z (—1)7+1+1
J=1 j=(p+1)/2
(r=1)/2 (p—1)/2

= (—1)7F 4 Z (_1)pfj

(p—1)/2 )
If 3(p—1) is an even number, then '21 (—=1)7*1 = 0. If (p—1) is an odd number,
j=
(p—1)/2

then >, (—1)/*! = 1. This proves Lemma 2. O
j=1

Lemma 3. Let k > 0 and (h, k) = 1. Then we have the identity

Sy (h, k) = —8S(h + k, 2k) + 45 (h, k).

Proof. This formula is an immediate consequence of (5.9) and (5.10) in [6]. O

Lemma 4. Let p be an odd prime, then for any integer h with (h,p) = 1 we have
the identity

16p

- R)L(1, M2, if2 | h,
2p—1) X;:dp X(R)[L(L, xA2)| |
Sl(hvp) = x(—1)=-1
0, if24h,

where Ay denotes the principal character mod 2.
Proof. It is clear that the divisors of 2p are 1,2, p and 2p. So from Lemma 1,
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Lemma 3 and the fact that for any character x mod p, x(h + p) = x(h), we have

2
——izﬁ S )L, P

2
T
p d|2p x modd
x(=1)=-1

4 ip 3 % S WL )P

d|p x modd

x(=1)=-1
4 (2p)° ,
= T 2. oy x(h+p)|L(1, x
2 o2) mZ (h+p)|L(1, )|
x(=1)=-1
16
— S b+ (b4 P)L (L)

2(p —
T (p 1) x modp

x(—1)=-1

Note that x(h+p)Aa(h+p) = x(h) if 2| h; and x(h+p)X2(h+p) =0if 2t h. From
(5) we immediately deduce Lemma 4. O

Lemma 5. Let p be an odd prime, x any non-real character modulo p, then we
have the identities

p—1
(a) > 8%, Lip)=p* —p—1,
a=1

(b) (%)52(& L;p) =p,
a=1
© L x@S* (0 1ip) = T

p—1
where () denotes the Legendre symbol modp, 7(x) = > x(a)e($) is the Gauss
a=1

sum, and e(y) = e?™¥.

Proof. We only prove formula (c). Similarly, we can deduce (a) and (b). From
the definition of Kloosterman sums and the properties of Gauss sums we have

p—1 p—1 p—1 p—1

(6) X(G)SQ(aJ;P):ZX(a)ZZ@(a(m""n)‘Fm—f—ﬁ)

a a=1 =1n=1 p

3
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m=1n=1a=1 p
=T p_lp_l_m nje mtn
= (x);;x( +ne( . )
=700 Y0 3 wlmn+mje(TEE)
i (m+1)
T(X);;X(n)x(mw%)e( )
p—1
=7(x) Y _X((m+1)(m+1))

On the other hand, since Y is a non-real character modulo p, so x2 # ng the principal
character modulo p. Therefore, from the properties of the Gauss sums we also have

™) 200 = Y Y xlan®)(*7)
Zil;i ab—+b
= 3> xabn(v) (=)
a=1 b=1 p
G bla+ 1)
- ;x<a>;x2<b>e( g )
=7(x*) ) _x(@)X*(a+1))
=70 ) _X((a+1)(@+1))

This proves Lemma 5. O
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3. PROOF OF THE THEOREMS

In this section we shall complete the proof of our theorems. First we prove The-
orem 1. Note that if x1, x2, .., X2k—1 are any 2k — 1 odd characters mod p, then
X1X2 - -- X2k—1 is an odd character mod p. And if p = 1 mod 4, then y1x2- .. X2k-1
is not a real character mod p. So from Lemma 2, Lemma 4 and Lemma 5 we have

p—1p—1
S%(a,1;p)S?(b, 1;)S? 1 (2ab, p)
a=1b=1
16p 2k—1 - 2
= (—m> Z Z le)(g...ng_l(a)SQ(a,l;p)
p x1 modp X2k—1 modp 'a=1

xi(=1)=-1 X2k—1(—1)=—1
X x1X2 - - X2k1(2) |L(1, x1x2)|? - |L(1, xaXo)|? . . .| L(1, xor—1A2)|?
= 16p >+t ™ (X1X2 - - X2k-1) ‘2
7( 7'[2(])—1)) Z Z ‘T(X2X2---X2,)
x1 mod p X2k—1 modp 1A2 2k—1

x1(=1)=-1 Xa2k—1(—1)=—1

X X1X2 -+ X2k-1(2) [L(1, x1A2)[* - [L(L, x2A2) [ |L(1, Xar—1)2)[?

2k—1
P(mils T @)

x mod p
x(=1)=-1

=p’sP* N2 p) = 0.

This proves the first formula of Theorem 1.

If x1, x2,---, X2k are any 2k odd characters mod p, then x1x2...x2r is an even
character mod p. So if x1x2...x2k is a real character mod p, then it must be the
principal character or the Legendre symbol mod p. Let Xf) denote the Legendre
symbol, then from Lemma 2, Lemma 4 and Lemma 5 we have

p—1 p—1
S(a,1;p)S*(b,1;p) St*(2ab, p)
a=1 b=1
16p 2k 2 ) ’
= (_m) Z Z ZX1X2 -X2k(a)S*(a, 1;p)

x1 mod p X2k mod p a=1

x1(=1)=-1  xa2r(-1)=-1
X X1X2 - - - X2k(2) [L(1, x122)[* - |L(1, x2A2) [ - |L(1, xorA2)

766



— ( 16p >2k ‘T4(X1X2---X2k) 9
S \Rp-1) Z Z 2.2 2
" (p 1) x1 mod p x2r modp T(X1X2 .. .sz)
x1(=1)=-1 Xar(—1)=—1

X1X2---X2k#X0, X3

X x1Xz - X2k(2) [L(L xaA2) [P - |L(L, x2A2)[* . |L(L, xarA2)|?
16p 2k 5 5
- —p—1
+ (TEQ(p _ 1)) Z Z (p p )
x1 modp X2k modp
x1(—1)=-1 X2k (—1)=-1
X1X2---X2k=X0
X IL(1, x1A2)? - |[L(L, x2X2)[* - [L(1, xardo) [?
16p 2k 5 5
- —p—1
+ (TEQ(p _ 1)) Z Z (p p )
x1 modp X2k modp
x1(—1)=-1 X2k (—1)=-1
X1X2--X26=X3

X x5(2) [L(1,xa22)” - [L(L, x2Xa) 2 ..

>

=p3< 16p
m(p—1)

|L(1, x2kA2)|?

X(Q)IL(LXAQ)IQ)

x modp
x(—1)=-1
16p 2k 2 2 .3
Hapon) X DORIGE RV
X1 mod p X2, modp
x1(=)=-1  x2x(-1)=-1
X1X2---X2k=X0
X |L(17X1>‘2)|2 : |L(1a X2A2)|2 ce |L(17X2k>\2)|2
p 2k 2 .3
+(n2(p—1)) Z Z " —r’]
X1 mod p X2, modp
x1(=)=-1  x2x(-1)=-1
X1X2~~~X2k=X§.

X Xp(2) [L(1, x1A2)” - [L(L, x2Xa) ...

p—p—l
= P52 (2,p) +

L1, x2rX2)|?

3 p—1 2
—D

p®—2p® —3p—

—-bp p
ZS a,p p—1
p—1
1)2512 (2a,p) —p Z( )
a=1

(2a,p)

DL

(2a,p).

This proves the second formula of Theorem 1.
Now we prove Theorem 2. If x1, x2, - .
then y1x2 ..

., X2k are any 2k odd characters mod p,

. X2k 1s an even character mod p. And if p = 3 mod 4, then y1x2 ... X2k

767



is not a real non-principal character mod p. So by the method of proving the second
formula of Theorem 1 we can easily deduce that

p—1p—1
ZZSZ(G,1;P)S2(b,1;p)5fk(2a5,p)
a=1b=1
p—1 2
:(nz(;(sfl))% Do 2 Do xxexak(a)S%(a, 1sp)

x1 modp x2r modp 'a=1

x1(=1)=-1 X2k (—1)=-1
X x1x2 - X2k(2) [L(L, x1A2)]? - |[L(1, x2A2) [ |L(1, xarA2) 2

:(%yk ) ‘M‘z

—1 OGN X2
p x1 mod p X2k mod p (X1X2 XQk)
x1(=1)=-1  xar(-1)=-1
X1X2--- X2k ZX0

X x1Xz -+ X2k(2) [L(1, xaA2)* - [L(1, x2A2) | . [L(1, x2rA2)]?

+(%>2k Z Z (p?> —p—1)>2

P X1 modp X2k mod p
x1(=1)=-1 Xzk(—1)=-1
X1X2---X2k=XO0

X |L(1, x1A2)|? - |L(1, x222) [ . - |L(1, xarAo) 2

p—1

=p*St*(2,p) + (0® —20° = 3p— 1)) Si*(2a,p)
a=1
p—1
=4Fp 4+ (0 - 20 - 3p—1)>_ SP*(2a,p).
a=1

This proves the first formula of Theorem 2.
Similarly, we can deduce the second formula of Theorem 2.
Note that by virtue of the asymptotic formula (see [9])

p_1 2 1
¢@2m)(1 - =) _ 6Ilnp
2m — 2m> \FANT 4m ) 2m—1
;5& (a,p) =p CAm) (1T o) —l—O(p eXp(lnlnp))’

where ((s) is the Riemann zeta-function and exp(y) = €Y, from the second formula
of Theorem 1 we may immediately deduce Corollary 1.
Corollary 2 follows from Lemma 4 and the second formula of Theorem 2.

This completes the proof of our theorems. O
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