
Czechoslovak Mathematical Journal

Magdalena Sobczak-Kneć; Katarzyna Trab̧ka-Wiȩcław
On typically real functions which are generated by a fixed typically real function

Czechoslovak Mathematical Journal, Vol. 61 (2011), No. 3, 733–742

Persistent URL: http://dml.cz/dmlcz/141634

Terms of use:
© Institute of Mathematics AS CR, 2011

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz

http://dml.cz/dmlcz/141634
http://dml.cz


Czechoslovak Mathematical Journal, 61 (136) (2011), 733–742

ON TYPICALLY REAL FUNCTIONS WHICH ARE GENERATED

BY A FIXED TYPICALLY REAL FUNCTION
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Abstract. Let T be the family of all typically real functions, i.e. functions that are analytic
in the unit disk ∆ := {z ∈ C : |z| < 1}, normalized by f(0) = f ′(0) − 1 = 0 and such that
Im z Im f(z) > 0 for z ∈ ∆.

In this paper we discuss the class Tg defined as

Tg := {
√

f(z)g(z) : f ∈ T}, g ∈ T.

We determine the sets
⋃

g∈T
Tg and

⋂

g∈T
Tg . Moreover, for a fixed g, we determine the

superdomain of local univalence of Tg , the radii of local univalence, of starlikeness and of
univalence of Tg .

Keywords: typically real functions, superdomain of local univalence, radius of local uni-
valence, radius of starlikeness, radius of univalence

MSC 2010 : 30C45, 30C55

1. Some properties of the class T

Let A be the family of all functions which are analytic in the unit disk ∆ := {z ∈
C : |z| < 1} and normalized by f(0) = f ′(0) − 1 = 0. Let T denote the well-known

class which consists of all typically real functions. Recall that a function f ∈ A

belongs to T if and only if the condition Im z Im f(z) > 0 for z ∈ ∆ is satisfied.

Moreover, let us denote T(2) := {f ∈ T: f(−z) = −f(z)}.
Rogosinski [4] gave the explicit relation between a function f ∈ T and a probability

measure µ defined on [−1, 1]. Namely,

f ∈ T ⇐⇒ f(z) =

∫ 1

−1

kt(z) dµ(t), where kt(z) =
z

1 − 2tz + z2
.
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In this paper we determine the radii of starlikeness rST , of local univalence rLU

and of univalence rS , and the superdomains of local univalence in certain classes.

Let us recall some definitions.

Definition 1. We say that rST (A) is the radius of starlikeness in the class A, if

it is the maximum of the numbers r such that the inequality Re(zf ′(z)/f(z)) > 0

holds in |z| 6 r for each function f ∈ A.

Definition 2. The set G ⊂ ∆ is called the set of local univalence in the class A,

if ∀f∈A ∀z∈G f ′(z) 6= 0 and ∀z∈∆\G ∃f∈A f ′(z) = 0.

We say that rLU (A) is the radius of local univalence in the class A, if it is the

maximum of numbers r such that every function f ∈ A is locally univalent in |z| 6 r.

Remark 1. If for a class A the following condition

(1) f ∈ A ⇒ F (z) :=
f(tz)

t
∈ A, −1 6 t 6 1

is satisfied, then the set of local univalence is a domain (starlike domain).

Definition 3. We say that rS(A) is the radius of univalence in the class A, if

it is the maximum of the numbers r such that every function f ∈ A is univalent in

|z| 6 r.

In the class A the following inequality is satisfied:

(2) rST (A) 6 rS(A) 6 rLU (A).

P.Todorov in [5] gave an estimate for the operator Re(zf ′(z)/f(z)) for f ∈ T.

Theorem 1 [P.G.Todorov]. For each typically real function we have

(i)

Re
zf ′(z)

f(z)
>

1 − 6r2 + r4

1 − r4
for 2 −

√
3 6 r = |z| < 1

with equality for the function f(z) = z(1 + z2)/(1 − z2)2 at the points z = ±ir;

(ii)

Re
zf ′(z)

f(z)
>

1 − r

1 + r
for 0 6 r = |z| 6 2 −

√
3

with equality for the functions k1(z) and k−1(z) at the points ±r.
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2. Some properties of the class Tg

For typically real functions f, g ∈ T and ε ∈ [0, 1] we have fεg1−ε ∈ T, ε ∈ [0, 1].

In this paper, we investigate functions fεg1−ε for ε = 1
2 , i.e.

√

f(z) · g(z) := z ·
√

f(z)

z
· g(z)

z
.

Denote

(3) Tg := {
√

f(z)g(z): f ∈ T}, g ∈ T.

Observe that the class Tg defined by (3) is not empty, because the function g belongs

to Tg. In the next two theorems we introduce successively important properties of

the class Tg.

Theorem 2. The class Tg is convex.

P r o o f. Recall that the class A ⊂ A is convex if

∀f1,f2∈A ∀ε∈[0,1] εf1 + (1 − ε)f2 ∈ A .

Assume that F1, F2 ∈ Tg. This means F1(z) = z ·
√

(f1(z)/z) · (g(z)/z), F2(z) =

z ·
√

(f2(z)/z) · (g(z)/z), where f1, f2 ∈ T. Notice that

εF1(z) + (1 − ε)F2(z)

= z ·

√

ε2f1(z) + 2ε(1 − ε)
√

f1(z)
√

f2(z) + (1 − ε)2f2(z)

z
·
√

g(z)

z
.

From the facts that the class T is convex and f1 ∈ T, f2 ∈ T,
√

f1

√
f2 ∈ T and

ε2+2ε(1−ε)+(1−ε)2 = 1, it follows that ε2f1 + 2ε(1 − ε)
√

f1

√
f2 + (1 − ε)2f2 ∈ T.

Hence, εF1(z) + (1 − ε)F2(z) ∈ Tg. �

Theorem 3.

(i)
⋃

g∈T

Tg = T.

(ii)
⋂

g∈T

Tg =
{ z

1 − z2

}

.

Proving Theorem 3 we use the following lemmas:
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Lemma 1.

∀g∈T
z

1 − z2
∈ Tg.

P r o o f. It is known ([2], [4]) that for g ∈ T we have:

(4) g(z) =
z · p(z)

1 − z2
, p ∈ PR,

where PR denotes the family of all functions p analytic in ∆ such that they have real

coefficients and satisfy the conditions Re p(z) > 0 and p(0) = 1. From (4) and the

fact that p ∈ PR ⇔ 1/p ∈ PR we obtain

1

p(z)
=

z

(1 − z2) · g(z)
∈ PR.

Let h(z) ∈ T. Then

h(z) =
z

1 − z2
· 1

p(z)
=

( z

1 − z2

)2

· 1

g(z)

and
√

h(z) · g(z) =
z

1 − z2
· 1
√

g(z)
·
√

g(z) =
z

1 − z2
.

Hence, z/(1 − z2) ∈ Tg. �

Lemma 2.

(i) If F (z) = z + A2z
2 + . . . ∈ Tk1

, then A2 > 0.

(ii) If F (z) = z + A2z
2 + . . . ∈ Tk

−1
, then A2 6 0.

P r o o f. Let F (z) = z + A2z
2 + . . . ∈ Tk1

. From the definition of the class Tk1

it follows that

F (z) =
z

1 − z

√

f(z)

z

for f(z) = z +a2z
2 + . . . ∈ T. We have A2 = 1

2a2 +1. Since a2 ∈ [−2, 2], we conclude

that A2 > 0.

Analogously, if F (z) = z + A2z
2 + . . . ∈ Tk

−1
, then

F (z) =
z

1 + z

√

f(z)

z

and A2 = 1
2a2 − 1. Therefore, A2 6 0. �
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P r o o f of Theorem 3. Observe that Tg ⊂ T. Hence,
⋃

g∈T

Tg ⊂ T. Furthermore,

g ∈ Tg, T = {g : g ∈ T} ⊂ {Tg : g ∈ T}. This means that T ⊂ ⋃

g∈T

Tg. From these

facts we conclude
⋃

g∈T

Tg = T.

Now we prove the second part of Theorem 3.

From Lemma 1 it appears that {z/(1− z2)} ⊂ ⋂

g∈T

Tg. Notice that
⋂

g∈T

Tg ⊂

Tk1
∩Tk

−1
. From Lemma 2 we obtain that if F ∈ Tk1

∩Tk
−1
, then A2 = 0. Assume

F ∈ Tk1
and A2 = 0. The definition of the class Tk1

gives F (z) =
√

zf(z)/(1 − z),

where f(z) = z+a2z
2+. . . ∈ T. Since A2 = 0, from Lemma 2 we have a2 = −2. This

fact is equivalent to f(z) = z/(1 + z)2. Hence, we obtain F (z) = z/(1 − z2). �

For some fixed functions g ∈ T, let us determine the superdomain of local univa-

lence of Tg, the radii of local univalence, of starlikeness, and of univalence of Tg.

3. The class Tid

Let us consider the class Tg, where g(z) = z. Denote this class as Tid. Then for

F ∈ Tid we have

(5)
zF ′(z)

F (z)
=

1

2

(zf ′(z)

f(z)
+ 1

)

, f ∈ T.

From (5) and from Todorov’s inequalities given in Theorem 1 (i) and (ii) we get

2 Re
zF ′(z)

F (z)
= Re

(zf ′(z)

f(z)
+ 1

)

>















1 − r

1 + r
+ 1 for 0 6 r < 2 −

√
3,

1 − 6r2 + r4

1 − r4
+ 1 for 2 −

√
3 6 r < 1.

Therefore, Re(zF ′(z)/F (z)) > 0 for 0 6 r < 1
3

√
3. Thus, rST (Tid) > 1

3

√
3. Observe

that min Re(zF ′(z)/F (z)) is reached by the function F0(z) = z
√

1 + z2/(1 − z2) for

z = ir, r ∈ [2−
√

3, 1). This follows from the fact thatmin Re(zf ′(z)/f(z)) is reached

by the function f given in Theorem 1 (i) for z = ir, r ∈ [2 −
√

3, 1).

Moreover, we have F ′
0(

1
3

√
3i) = 0. Hence, we obtain that rLU (Tid) 6 1

3

√
3. But

the inequality (2) and the above facts give rST (Tid) = rLU (Tid) = rS(Tid) = 1
3

√
3.

From (5) we obtain F ′(z) 6= 0 ⇔ zf ′(z) + f(z) 6= 0. Putting into this inequality

f(z) = εk1(z) + (1 − ε)k−1(z), ε ∈ [0, 1]

we get ε2z/(1− z)3 + (1 − ε)2z/(1 + z)3 6= 0. Therefore,

1 + z

1 − z
6= 3

√
−1 · λ, λ =

3

√

1 − ε

ε
∈ [0,∞).
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Let us find the set which is represented by the equality (1 + z)/(1 − z) = 3
√
−1λ for

λ ∈ [0,∞). For 3
√
−1 = −1 we have z = (λ + 1)/(λ − 1) /∈ ∆. For 3

√
−1 = eiπ/3 we

get z = (λeiπ/3 − 1)/(λeiπ/3 + 1), λ > 0. This is the circle {z : |z + 1
3

√
3i| = 2

3

√
3}.

If 3
√
−1 = e5iπ/3 we have z = (λe5iπ/3 − 1)/(λe5iπ/3 + 1), λ > 0 and this is the circle

{z : |z − 1
3

√
3i| = 2

3

√
3}. Hence, the set which we have found is the following lens:

{z : |z − 1
3

√
3i| 6 2

3

√
3} ∩ {z : |z + 1

3

√
3i| 6 2

3

√
3} (see Figure 1).

−1.0 −0.5 0 0.5 1.0

−1.0

−0.5

0.5

1.0

Figure 1. The boundary of the superdomain of local univalence of Tid.

Since the class Tid has the property (1), so the set of local univalence is a domain

containing the origin. Hence, the domain of local univalence is included in this lens.

We have proved the following theorem:

Theorem 4.

(i) rST (Tid) = rLU (Tid) = rS(Tid) = 1
3

√
3.

(ii) The superdomain of local univalence of the class Tid is the set

{

z :
∣

∣

∣
z −

√
3

3
i
∣

∣

∣
6

2
√

3

3

}

∩
{

z :
∣

∣

∣
z +

√
3

3
i
∣

∣

∣
6

2
√

3

3

}

.

4. The class Tg for g(z) = z/(1 − z2)

Let us study the class Tg, where g(z) = z/(1 − z2). Then for F ∈ Tg we have:

zF ′(z)

F (z)
=

1

2

(zf ′(z)

f(z)
+

1 + z2

1 − z2

)

, f ∈ T.
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Taking into account Theorem 1 (i) and (ii) we obtain

2 Re
zF ′(z)

F (z)
= Re

(zf ′(z)

f(z)
+

1 + z2

1 − z2

)

>















1 − r

1 + r
+

1 − r2

1 + r2
for 0 6 r < 2 −

√
3,

1 − 6r2 + r4

1 − r4
+

1 − r2

1 + r2
for 2 −

√
3 6 r < 1,

=















(1 − r)(2 + r − r3)

(1 + r)(1 + r2)
for 0 6 r < 2 −

√
3,

2(r4 − 4r2 + 1)

1 − r4
for 2 −

√
3 6 r < 1.

Therefore, Re(zF ′(z)/F (z)) > 0 for 0 6 r <
√

2 −
√

3. Thus, rST (Tg) >
√

2 −
√

3.

Observe that min Re(zF ′(z)/F (z)) is reached by the function

F0(z) =
z

1 − z2

√

1 + z2

1 − z2
for z = ir, r ∈ [2 −

√
3, 1).

This follows from the fact that min Re(zf ′(z)/f(z)) is reached by the function f

given in Theorem 1 (i) for z = ir, r ∈ [2 −
√

3, 1).

Furthermore, we have F ′
0

(

√

2 −
√

3i
)

= 0. Hence we obtain rLU (Tg) 6
√

2 −
√

3,

but the inequality (2) and the above facts give rLU (Tg) = rST (Tg) = rS(Tg) =
√

2 −
√

3.

We have proved the following theorem:

Theorem 5. For g(z) = z/(1 − z2) we have rLU (Tg) = rST (Tg) = rS(Tg) =
√

2 −
√

3.

5. The class Tg for g(z) = z(1 + z2)/(1 − z2)2

Let us study the class Tg, where g(z) = 1
2k1(z) + 1

2k−1(z) = z(1 + z2)/(1 − z2)2.

Then for F ∈ Tg we have

zF ′(z)

F (z)
=

1

2

(zf ′(z)

f(z)
+

1 + 6z2 + z4

1 − z4

)

, f ∈ T.
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Taking into consideration Theorem 1 (i) and (ii) we get

2 Re
zF ′(z)

F (z)
= Re

(zf ′(z)

f(z)
+

1 + 6z2 + z4

1 − z4

)

>















1 − r

1 + r
+

1 − 6r2 + r4

1 − r4
for 0 6 r < 2 −

√
3,

1 − 6r2 + r4

1 − r4
+

1 − 6r2 + r4

1 − r4
for 2 −

√
3 6 r < 1,

=















r4 − r3 − 2r2 − r + 1

1 − r4
for 0 6 r < 2 −

√
3,

2(r4 − 6r2 + 1)

1 − r4
for 2 −

√
3 6 r < 1.

Therefore, Re(zF ′(z)/F (z)) > 0 for 0 6 r <
√

2 − 1. Thus, rST (Tg) >
√

2 − 1.

Observe that min Re(zF ′(z)/F (z)) is reached by the function

F0(z) =
z(1 + z2)

(1 − z2)2
for z = ir, r ∈ [2 −

√
3, 1).

This follows from the fact that min Re(zf ′(z)/f(z)) is reached by the function f

given in Theorem 1 (i) for z = ir, r ∈ [2 −
√

3, 1).

Moreover, we have F ′
0((

√
2−1)i) = 0. Hence, we obtain that rLU (Tg) 6

√
2−1, but

the inequality (2) and the above facts give rST (Tg) = rLU (Tg) = rS(Tg) =
√

2 − 1.

We have proved the following theorem:

Theorem 6. For g(z) = z(1 + z2)/(1 − z2)2 we have rLU (Tg) = rST (Tg) =

rS(Tg) =
√

2 − 1.

6. The class T
(2)
g for g(z) = z/(1 + z2)

We can investigate an analogous problem in the class T
(2)
g , i.e. T

(2)
g = {

√

f(z)g(z):

f ∈ T(2)} for g ∈ T(2).

Let us study the class T
(2)
g for g(z) = z/(1 + z2). From [3] we know that f ∈ T(2)

is given by f(z) = (1 + z2)h(z2)/z for some h ∈ T. So T
(2)
g = {

√

h(z2) : h ∈ T}.
For F ∈ T

(2)
g we have F (z) =

√

h(z2) and

zF ′(z)

F (z)
=

z2 · h′(z2)

h(z2)
, h ∈ T.
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Taking into consideration Theorem 1 (i) and (ii) we get

Re
zF ′(z)

F (z)
= Re

z2 · h′(z2)

h(z2)
>















1 − r2

1 + r2
for 0 6 r <

√

2 −
√

3,

1 − 6r4 + r8

1 − r8
for

√

2 −
√

3 6 r < 1.

Therefore, Re(zF ′(z)/F (z)) > 0 for 0 6 r <
√√

2 − 1. Thus, rST (T
(2)
g ) >

√√
2 − 1.

Observe that min Re(zF ′(z)/F (z)) is reached by the function

F0(z) =
z
√

1 + z4

1 − z4
for z = r

√
i, r ∈

[

√

2 −
√

3, 1
)

.

This follows from the fact that min Re(zf ′(z)/f(z)) is reached by the function f

given in Theorem 1 (i) for z = r
√

i, r ∈ [
√

2 −
√

3, 1).

Moreover, we have F ′
0(

√√
2 − 1 ·

√
i) = 0. Hence, we obtain that rST (T

(2)
g ) =

rLU (T
(2)
g ) = rS(T

(2)
g ) =

√√
2 − 1.

Let us observe that for F ∈ T
(2)
g we have F ′(z) = z · h′(z2)/

√

h(z2) and

(6) F ′(z) 6= 0 ⇔ h′(z2) 6= 0.

We know (see [1]) that the domain of local univalence for the class T is the set

(7)
{

z ∈ ∆:
∣

∣

∣
z +

1

z

∣

∣

∣
> 2

}

.

From (6) and (7) we get that the domain of local univalence for the class T is given

by
{

z ∈ ∆:
∣

∣

∣
z2 +

1

z2

∣

∣

∣
> 2

}

.

Putting z = reiθ, r < 1, θ ∈ [0, 2π] into the equation |z4 + 1| = 2|z|2, we get the
boundary of the domain of local univalence (see Figure 2), which is given by the

following parametrical equation:







x = 4

√

2 − cos 4θ −
√

(3 − cos 4θ)(1 − cos 4θ) · cos θ,

y = 4

√

2 − cos 4θ −
√

(3 − cos 4θ)(1 − cos 4θ) · sin θ,

θ ∈ [0, 2π].

Hence, we have proved the following theorem:
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Figure 2. The boundary of the domain of local univalence of T(2)g (solid line) and |z| =
√√

2 − 1 (dot line).

Theorem 7. For the class T
(2)
g where g(z) = z/(1 + z2) we have

(i) rLU (T
(2)
g ) = rST (T

(2)
g ) = rS(T

(2)
g ) =

√√
2 − 1;

(ii) the domain of local univalence is the set which is bounded and symmetric with

respect to both axes, whose boundary in the first quadrant of the complex plane

is of the form







x = 4

√

2 − cos 4θ −
√

(3 − cos 4θ)(1 − cos 4θ) · cos θ,

y = 4

√

2 − cos 4θ −
√

(3 − cos 4θ)(1 − cos 4θ) · sin θ,
θ ∈

[

0,
π

2

]

.
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