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Abstract. In this paper, by using the Composition-Diamond lemma for non-associative
algebras invented by A.I. Shirshov in 1962, we give Grobner-Shirshov bases for free Pre-
Lie algebras and the universal enveloping non-associative algebra of an Akivis algebra,
respectively. As applications, we show I. P. Shestakov’s result that any Akivis algebra is
linear and D. Segal’s result that the set of all good words in X** forms a linear basis of the
free Pre-Lie algebra PLie(X) generated by the set X. For completeness, we give the details
of the proof of Shirshov’s Composition-Diamond lemma for non-associative algebras.

Keywords: non-associative algebra, Akivis algebra, universal enveloping algebra, Pre-Lie
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1. INTRODUCTION

A.G. Kurosh [11] initiated the study of free non-associative algebras over a field
proving that any subalgebra of a free non-associative algebra is free. His student,
A.1. Zhukov, proved in [22] that the word problem is algorithmically decidable in the
class of non-associative algebras. Namely, he proved that the word problem is decid-
able for any finitely presented non-associative algebra. A.I. Shirshov, also a student
of Kurosh, proved in [16], [20], 1953, that any subalgebra of a free Lie algebra is free.
This theorem is now known as the Shirshov-Witt theorem (see, for example, [12]) for
it was proved also by E. Witt [21]. Some time later, Shirshov [17], [20] gave a direct
construction of a free (anti-) commutative algebra and proved that any subalgebra
of such an algebra is again free (anti-) commutative algebra. Almost ten years later,
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Shirshov came back to, we may say, the Kurosh programme, and published two pa-
pers [18] and [19]. In the former, he gave a conceptual proof that the word problem
is decidable in the class of (anti-) commutative non-associative algebras. Namely, he
created the theory that is now known as Grébner-Shirshov bases theory for (anti-)
commutative non-associative algebras. In the latter, he did the same for Lie algebras
(explicitly) and associative algebras (implicitly). Their main applications were the
decidability of the word problem for any one-relator Lie algebra, the Freiheitsatz (the
Freeness theorem) for Lie algebras, and the algorithm for decidability of the word
problem for any finitely presented homogeneous Lie algebra. The same algorithm is
valid for any finitely presented homogeneous associative algebra as well. Shirshov’s
main technical discovery in [19], [20] was the notion of the composition of two Lie
polynomials and implicitly two associative polynomials. Based on it, he gave the
algorithm to construct a Grobner-Shirshov basis for any ideal of a free Lie algebra.
The same algorithm is valid in the associative case. This algorithm is in general
infinite as well as, for example, the Knuth-Bendix algorithm [10]. Shirshov proved
that if a Grobner-Shirshov basis of an ideal is recursive, then the word problem for
the quotient algebra is decidable. It follows from Shirshov’s Composition-Diamond
lemma that it is valid for free non-associative, free (anti-) commutative, free Lie
and free associative algebras (see [18], [19], [20]). Explicitly the associative case was
treated in the papers by L. A. Bokut [3] and G. Bergman [2].

Independently, B. Buchberger in his thesis (1965) (see [7]) created the Grobner
bases theory for the classical case of commutative associative algebras. Also, H. Hi-
ronaka in his famous paper [9] did the same for (formal or convergent) infinite series
rather than polynomials. He called his bases the standard bases. This term has been
used until now as a synonym of Grébner (in commutative case) or Grébner-Shirshov
(in non-associative and non-commutative cases) bases.

There are a lot of sources of the history of the Grobner and Grébner-Shirshov
bases theory (see, for example, [8], [4], [5], [6]).

In the present paper we are dealing with the Composition-Diamond lemma for
a free non-associative algebra, calling it the non-associative Composition-Diamond
lemma. Shirshov mentioned in [18], [20] that all his results are valid for the case
of free non-associative algebras rather than free (anti-) commutative algebras. For
completeness, we prove this lemma in Section 2 in this paper. Then we apply this
lemma to the universal enveloping non-associative algebra of an Akivis algebra and
the Pre-Lie algebra to obtain the Grobner-Shirshov bases for such algebras, respec-
tively. In particular, as applications, we show I. P. Shestakov’s result that any Akivis
algebra is linear (see [14]) and D. Segal’s result that the set of all good words in
X** forms a linear basis of the free Pre-Lie algebra PLie(X) generated by the set X
(see [13]).

708



An Akivis algebra is a vector space V over a field k endowed with a skew-
symmetric bilinear product [z,y] and a trilinear product (z,y,z) that satisfy the
identity [[z,y],2] + [[y, 2], 2] + [[z, 2], 9] = (2,9,2) + (z,2,9) + (y,2,2) — (z,2,9) —
(y,z,2) — (z,y,z). These algebras were introduced in 1976 by M. A. Akivis [1] as
tangent algebras of local analytic loops. For any (non-associative) algebra B one
may obtain an Akivis algebra Ak(B) by considering in B the usual commutator
[z,y] = zy — yx and associator (x,y,z) = (xy)z — x(yz). Let {e;}; be a linear
basis of an Akivis algebra A. Then the nonassociative algebra U(A) = M ({e;}r |
eie; —eje; = [e;,ej], (eiej)er — ei(ejer) = (ei,ej,ex), i,4,k € I) given by the gen-
erators and relations is the universal enveloping non-associative algebra of A, where
lei,ej] = %:ozi”jlem, (ei,€e5,er) = Zn:@”jken and each o}, 87 € k. The linearity
of A means that A is a subspace of U(A) (see [14]). Let us remark also that any
subalgebra of a free Akivis algebra is again free (see [15]).

A Pre-Lie algebra A over a field & is a non-associative algebra with identity:

(z,y,2) = (z,2,y), =y,z€A

2. COMPOSITION-DIAMOND LEMMA FOR NON-ASSOCIATIVE ALGEBRAS

Let X = {x;: i € I} be a set, X* the set of all associative words v in X, and
X** the set of all non-associative words (u) in X. Let k be a field and M(X) a
k-linear space spanned by X**. We define the product of non-associative words in
the following way:

(u)(v) = ((u)(v))-
Then M (X) is a free non-associative algebra generated by X.

Let I be a well-ordered set. We order X** by the induction on the length |((u)(v))|
of the words (u) and (v) in X**:

(i) I |((w)(v))] =2, then (u)=xz; > (v) =x; if and only if 7> j.
(ii) If |((u)(v))] > 2, then (u) > (v) if and only if one of the following cases holds:
(a) [(w)| > |(v)]-
(b) It [(w)] = |(v)] and (u) = ((u1)(u2)), (v) = ((v1)(v2)), then (u1) > (v1) or
((u1) = (v1) and (ug) > (v2))-
It is easy to check that > is a monomial ordering on X** in the following sense:
(a) > is a well ordering.
(b) (u) > (v) = (u)(w) > (v)(w) and (w)(u) > (w)(v) for any (w) € X**.
Such an ordering is called deg-lex (degree-lexicographical) ordering and we use this
ordering throughout this paper.
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Given a polynomial f € M(X), it has the leading word (f) € X** according to
the deg-lex ordering on X** such that

f = Oé(?) + Za’i(u’i)7

where (f) > (u;), a,a; € k, (u;) € X**. We call (f) the leading term of f. f is
called monic if o = 1.

Let S € M(X) be a set of monic polynomials, s € S and (u) € X**. We define
an S-word (u)s by induction:

(i) (s)s = s is an S-word of S-length 1.
(ii) If (u)s is an S-word of S-length k and (v) is a non-associative word of length [,
then

(u)s(v) and  (v)(u)s

are S-words of length &k + [.

Note that for any S-word (u)s = (asb), where a,b € X*, we have (asb) = (asb).
Let f, g be monic polynomials in M (X). Suppose that there exist a,b € X* such

that (f) = (a(g)b). Then we define the composition of inclusion

(f, 9)(}) = [ — (agb).

It is clear that

(f,9)F €ld(f,g) and (f.9)F) < (f)

where Id(f, g) is the ideal of M (X) generated by f, g.
The composition (f, g) ) is trivial modulo (S, (f)), if

(f,9) ) = Z i(a;sib;)

where each a; € k, a;,b; € X*, s; € S, (a;s;b;) is an S-word and (a;(5;)b;) < (f). If
this is the case, then we write (f,g) 7 =0 mod(S, (f))- In general, for p,q € M(X)
and (w) € X**, we write

p = q mod(S, (w))

which means that p — ¢ = > «a;(a;s;b;), where each «; € k, a;,b; € X*, 5, € S,
(a;8:b;) is an S-word and (a;(5;)b;) < (w).

Definition 2.1 ([18], [20]). Let S C M(X) be a nonempty set of monic poly-
nomials and let the ordering > be defined as before. Then S is called a Grébner-
Shirshov basis in M (X) if any composition (f, g)(?) with f,g € S is trivial modulo

(Sv (7))7 i‘e'v (fv g)(?) =0 mOd(Sa (f))
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Lemma 2.2. Let (a151b1), (a2s2b2) be S-words. If S is a Grobner-Shirshov basis
in M(X) and (w) = (a1(57)b1) = (a2(52)b2), then

(a151b1) = (az282b2) mod(S, (w)).
Proof. We have a151b; = a252b2 as associative words in the alphabet X. There
are two cases to consider.
Case 1. Suppose that subwords 5; and 53 of w are disjoint, say, |az| > |a1| + |51
Then we can assume that
az = a151¢c and by = ¢S2bs

for some ¢ € X*, and so, w = (a1(51)c(52)b2). Now,

(alslbl) — (GQSng) = (alslc(Eg)bg) — (a1(§1)682b2)

= (alslc((Eg) — 52)()2) =+ (a1 (81 — (51))682()2).

Since ((32) — s2) < (52) and (s1 — (31)) < (51), we conclude that

(a181b1) — (azs2be) = Zai(uislvi) + Zﬂj(ujswj)
i J

for some o, 8; € k, and S-words (u;s1v;) and (u;s2v;) such that

(ui(81)vi), (us(82)v;) < (w).

Thus,
(a151b1) = (az2s2b2) mod(S, (w)).

Case 2. Suppose that the subword 5; of w contains 55 as a subword. We assume
that

(1) = (a(52)b), a2 =aia and by =bby, thatis, (w)= (a1a(52)bby)
for some S-word (aszb). We have

(alslbl) — (GQSng) = (a151b1) _ (al(a/SQb)bl)
= (a1(s1 — (as2b))by)
= (a1(51,32)(§)b1).
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Since S is a Grobner-Shirshov basis, (s1,52) @) = > i(cisid;) for some a; € k, and

7
S-words (¢;s;d;) with each (¢;(8;)d;) < ($1). Then

(a151b1) — (azsab2) = (a1(s1, 52)z)b1)

= Z ai(ai(eisid;)br) = Zﬂj(ajsjbj)

for some (; € k, and S-words (a;s;b;) with each (a;(5;)b;) < (w) = (a1($1)b1).
Thus,
(a181b1) = (azs2b2) mod(S, (w)).

Lemma 2.3. Let S C M(X) be a subset of monic polynomials and let Irr(S) =
{(u) € X**: (u) # (a(5)b), a,b € X*, s €S and (asb) is an S-word}. Then for any
feM(X),

f= ailu)+ > Bilags;by)
(u)<() (a; (55)b5)<(f)

where «;, B; € k, (u;) € Irr(S) and (a;s;b;) is an S-word.

Proof. Let f=> a;(u;) € M(X), where 0 # a; € k and (u1) > (u2) > .... If
(u1) € Irr(S), then let f1 = f — a1 (uy). If (ug) € Irr(S), then there exist s € S and

a1,b1 € X* such that (f) = (u1) = (a1($1)b1). Let f1 = f — a1(a18161). In both
cases, we have (f1) < (f). Then the result follows by the induction on (f). O

The proof of the next theorem is analogous to the one in Shirshov [18]. For
convenience, we give the details.

Theorem 2.4 (A.I. Shirshov [18], [20], Composition-Diamond lemma for non-
associative algebras). Let S C M(X) be a nonempty set of monic polynomials,
Id(S) the ideal of M(X) generated by S and let the ordering > on X** be defined
as before. Then the following statements are equivalent.

(i) S is a Grobner-Shirshov basis in M (X).
(i) f € Id(S) = (f) = (a(3)b) for some s € S and a,b € X*, where (asb) is an
S-word.
(ili) Irr(S) = {(u) € X**: (u) # (a(5)b), a,b € X*, s € S and (asb) is an S-word}
is a linear basis of the algebra M (X|S).
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Proof. (i) = (ii). Let S be a Grobner-Shirshov basis and 0 # f € Id(S). Then

we have .
f=) " ailaisib)
i=1
where each «; € k, a;,b; € X*, s; € S and (a;s;b;) is an S-word. Let
(i) = (ai(30)bi),  (w1) = (w2) = ... = (wi) > (wi41) = ...

We will use the induction on I and (w;) to prove that (f) = (a(3)b) for some s € S
and a,b € X*.

If | = 1, then (f) = (a151b1) = (a1(37)b1) and hence the result holds. Assume
that [ > 2. Then, by Lemma 2.2, we have

(alslbl) = (GQSng) IIlOd(S7 (wl))

Thus, if @1 + ag # 0 or [ > 2, then the result holds. For the case oy + a2 = 0 and
[ = 2, we use the induction on (w;). Now, the result follows.
(ii) = (iii). Suppose that > o;(u;) = 0 in M (X|S), where a; € k, (u;) € Irr(S5).

7

It means that > a;(u;) € Id(S). Then all o; must be equal to zero. Otherwise,
i

> ai(u;) = (u;) € Irr(S) for some 7, which contradicts (ii).
Now, by Lemma 2.3, (iii) follows.
(ii) = (i). For any f,g € S, by Lemma 2.3 and (iii), we have (f,9) )

0 mod(S, (f)). Therefore, S is a Grobner-Shirshov basis.

o

3. GROBNER-SHIRSHOV BASIS FOR THE UNIVERSAL ENVELOPING ALGEBRA
OF AN AKIVIS ALGEBRA

In this section, we obtain a Groébner-Shirshov basis for the universal enveloping
non-associative algebra of an Akivis algebra.

Theorem 3.1. Let (A,+,[—,—],(—,—,—)) be an Akivis algebra over a field k
with a well-ordered k-basis {e;: i € I}. Let

[eiaej] = Zag}em; (eivejvek) = Zﬂ%kena
m n
where o}, 37 € k. We denote  «ajien and ) B e, by {eie;} and {eiejex},
m n
respectively. Let
U(A) = M({ei}r | eie; — ejei = {eiej}, (eiej)er — eilejer) = {eiejext, 1,5,k € 1)
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be the universal enveloping non-associative algebra of A. Let

S ={fij = eie; — ejei — {eie;} (i > j),
gijk = (eiej)er — ei(ejer) — {eiejer} (i, 4, k € I),
hijk = ei(ejek) — ej(eiek) - {eiej}ek - {ejeiek} + {eiejek} (Z > j, k 2 j)}

Then

(i) S is a Grobner-Shirshov basis in M ({e;}r).

(i) Irr(S) = {u: v € {e;: ¢ € I}* and u does not contain one of the words e;e;
(t>J), (eiejlex (4,5, k € I), ei(ejexr) (i > j, k > j) as a subword} is a linear
basis of the universal enveloping non-associative algebra U(A) of A.

(iii) A can be embedded into its universal enveloping non-associative algebra U(A).

Proof. (i) It is easy to check that

fij =eiej (1 >7), Tk = (eiej)er (i,5,k € 1), hy = eilejer) (i > j, k= j).

So, we have only two kinds of compositions to consider:

(Gijks fig)eiepyer (0>, 3 < k) and  (Gijks fij)(eie;)en (0> 7 > k).

For (gijka fij)(eie‘j)ek (Z > jv .7 < k)v we havev mOd(‘S7 (eiej)ek)7

(Gijks fij)(esepyer = (€j€i)er — ei(ejer) + {eiejter — {eiejer}
—e;(ejer) +ejleser) + {eiejter + {ejeien} — {eiejer}
0.

For (gijk; fij)(eie;)er (@ > > k), by noting that, in A,

[[eiv ej]v ek] + [[eja ek]v ei] + [[ekv ei]v ej]

= (eiaejvek) + (ekveiaej) + (ejaekvei) - (eiaekvej) - (ejveiaek) - (ekaejvei)a
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we have, mod(S, (eje;)er),

(Gijks fij)(eie;)en
= (eje;)er —ei(ejer) + {eie; ter — {eiejer}
= —ei(ejer) +ej(eier) + {eie; ter + {ejeien} — {eiejert
—e;i(enej) —ei{ejer} +ej(eier) + {eiejter + {ejeien} — {eiejer}
ej(eier) —ex(ee;) — {eiexte; + {eiejter, —ei{ejer}t
— {ereie;} + {eiene;} + {ejeien} — {eiejer}
ej(erei) +ej{eier} —enleje;) —ep{eie;} — {eiente; + {eiej e
—e{ejer} — {eweiej} + {eiene;} + {ejeier} — {eiejer}
=ep(eje) +{ejente; + {ewejei} —{ejere;} + ej{eier}
—ep(ejei) —ex{eie;} — {eiente; + {eie;ter — ei{ejer} — {exeie;}
+ {eieve;} + {ejeier} — {eiejer}
= {ejerte; —ei{ejer} +ej{eien} — {eiente; + {eiejter — en{eie;}
+ {exejei} + {eiene;} + {ejeien} — {ejene;} — {eneie;} — {eiejer}
= {ejerte; —ei{ejer} + {ere; tej —ej{eei} + {eiejter — er{eie;}
+ {exeje; } + {eiene;t + {ejeien} — {ejene;} — {eneie;} — {eiejer}
= {{ejertei} + {{ereite;} + {{eie; ter}
+ {exeje;} + {eiene;} + {ejeien} — {ejene;} — {eneie;} — {eiejer}
=0.

Thus, S is a Grobner-Shirshov basis in M ({e;}r).
(ii) follows from Theorem 2.4.
(iii) follows directly from (ii).

This completes our proof. O

4. GROBNER-SHIRSHOV BASES FOR FREE PRE-LIE ALGEBRAS

In this section, we represent the free Pre-Lie algebra by considering the free non-
associative algebra and give a Grobner-Shirshov basis for a free Pre-Lie algebra. As
a result, we re-show that the set of all good words in X™** forms a linear basis of the
free Pre-Lie algebra PLie(X) generated by the set X (see [13]).

The proof of the next theorem is straightforward and we hence omit the details.
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Theorem 4.1. Let M (X) be the free non-associative algebra generated by X and
let

S = {((w)()(w) = (W) ((v)(w)) = ((w)(w))(v) + (W)(wW)(v)): (u), (), (w) € X**
and (v) > (w)}.

Then the algebra M (X |S) = M (X)/1d(S) is the free Pre-Lie algebra generated by X .

We now cite the definition of good words (see [13]) in X** by induction on length:
1) z; is a good word for any z; € X.
Suppose that we define good words of length < n.

2) A word ((v)(w)) is called a good word if and only if
(a) both (v) and (w) are good words,
(b) if (v) = ((v1)(v2)), then (v2) < (w).

We denote (u) by [u], if (u) is a good word. Let

So = {([u][o]) [w] = [u](fo][w]) = ([ul[w]){v] + [ul([w][v]): [u], [v], [w]

are good words and [v] > [w]}.

Lemma 4.2. Let W be the set consisting of all good words. Then

Irr(So) = {(u) € X**: (u) # (a(3)b), a,b € X*, s € Sy and (asb) is an s-word}
=W.

Proof. Suppose that (u) € Irr(Sp). We will show that (u) is a good word by
using induction on |(u)| = n. If n = 1, then (u) = x; which is already a good word.
Let n > 1 and (u) = ((v)(w)). This case has two subcases. By induction, we see
immediately that (v), (w) are both good words.

Subcase 1. If |(v)| = 1, then (u) is a good word.

Subcase 2. If |(v)| > 1 and (v) = ((v1)(v2)), then (ve) < (w) for (u) € Irr(Sp).
Hence (u) is a good word.

It is clear that every good word is in Irr(Sp) since every subword of a good word
is still a good word. ([

The following lemma follows from Lemmas 2.3 and 4.2.
Lemma 4.3. In M(X), any word (u) has the presentation

() =3 aufu] + 3By a3,0),

where «;, 3; € k, [u;] are good words, (a;s;b;) are So-words, s; € So, [uw;] < (u),
(a;(55)b;) < (u). Moreover, each [u;] has the same length as (u).
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Lemma 4.4. Suppose that S and Sy are the sets defined as above. Then in M (X),
we have

1d(S) = 1d(S,).

Proof. Since Sy is a subset of S, we only need to prove that M (X|Sy) is a
Pre-Lie algebra. In fact, we only need to prove that the following holds in M (X|Sy):

((w)()(w) = (w)((v)(w)) = ((u)(w))(v) + (u)((w)(v)) =0

where (u), (v), (w) € X** and (v) > (w). By Lemma 4.3, it suffices to prove that for
good words [u], [v], [w] with [v] > [w],

([u][o]) [w] = [u](fo][w]) = (ful[w)[v] + [u]([w][v]) = 0.
This is trivial by the definition of Sp. (]

Theorem 4.5. Let the ordering > be defined as before and

So = {([ul[v])[w] = [u]([o][w]) = ([wl[w]){v] + [u]([w][v]): [v] > [w]

and [u], [v], [w] are good words}.

Then Sy is a Grobner-Shirshov basis in M (X).

Proof. To simplify our notation, we shall use u for [u] and wjus...u, for
(((urug) ... )uy). Let

Suvw = uvw — u(vw) — vwv + u(wwv)

where u, v, w are good words and v > w. It is easy to check that fiu, = uvw.
Suppose that fu,v,w, is a subword of fuuew. Since u, v, w are good words, we have
UIVIW] = UV, u = uiv, v = wy and v > wi; = v > w. We will prove that the
composition (fuvw, fuiviw, )uvw 1 trivial modulo (Sy, uvw).
First, we prove that the following statements hold mod(Sy, uvw):
up (nw)v — ug (v1ww) — wrv(viw) + ug (v(viw)) =0,
2) ugwrv — wrw(v1v) — wwevr + vrw(ver) = 0,

3) wui(wvr)v — ug(wov) — ugv(wor) + ug(v(wwy)) =0,
4 (v1v)) =0,
5) upvviw — ugv(viw) — ugvwur + urv(wor) = 0,

6) ui(vvr)w —ug(vorw) — uyw(vey) + ug (w(v

v1)) =0,
7) ui(vw)vy — ug (vwvy) — uyv (vw) + ug (v (vw)) = 0,
0

1)
)
) u
) ur(v1v)w — ug(nvw) — wvyw(viv) + ug (w
)
) u
) u
8) wivi(wv) — ug(v1(ww)) — ur(wo)vr + ur (wovy) =
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We only prove 1). 2)-8) can be proved similarly. Denote ¢ = wuj(viw)v —
up(viwv) — ugv(viw) + ui(v(viw)). By Lemma 4.3, we have

Mw = Zaiui + Zﬁj(ajsjbj)
i J

where u; are good words, (a;s;b;) are So-words, s; € Sy, u;, (a;(55)b;) < viw. More-
over, each u; has the same length as v;w.
By noting that ui(a;s;b;)v, ui((a;$;b;)v), uiv(a;$;b;), u1(v(a;$;b5)) < uvw, we
have
g= Z a;g; mod(Sp, uvw)
7

where ¢g; = uru;v — ug (u;v) — urvu; + ug(vu;). Now g; = 0 or g; < uvw implies that
gi = 0 mod(Sp, uvw) and so g = 0 mod(Sy, uvw).
Secondly, we have

(.fuvwa fulvlwl)uvw = fuvw - (.fulvlwl)w
= — uv1 (vw) — urvrrwo + urvr (wo) + ug (V1v)w

+ upvviw — ug (VU )w.
Then by 1)-6) we have, mod(Sp, uvw),

—ugnwo = — ug(viw)v — ugwvrv + ug (woy v

— up ((vw)v) — wpv(viw) + ug(v(viw)) — urw(viv) — uywovy

+ urw(vvy) + ug(worv) + urv(wvr) — ug (v(wwy))
= — w1 ((nw)v) —uv(viw) + ug (v(rrw)) — urw(viv)
— uywovy + urw(vvy)

+ ur(w(vrv)) + ur (wovy) — ug(w(ver)) + wrv(wor) — ug (v(wovr)),

up(v1v)w = ug(vivw) + vyw(v1v) — ug (w(v1v))

up(v1 (vw)) + ug (vrww) — ug (v (ww)) + wvrw(viv) — ug (w(viv)),

upvviw = urv(viw) + uvwvy — urv(woy)

urv(viw) + (ug(vw))vy + ugwovy — ug (wo)vy — uyv(we ),

—up(vv)w = — ug(vrw) — wyw(ver) + ug (w(vvy))

—ui(v(vw)) — ug(vwoy) + ug(v(wvr)) — uyw(vor)

+ up (w(vvy)).
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So, by 7)-8) we have, mod(Sy, uvw),

(fuv'w; fulvlwl)uvw = —uiv1 ('Uw) + ul(vl (Uw)) + ul(vw)vl — U1 (Uwvl)

+ uyv1 (wo) + ug (wovy) — ug (v (wo)) — ug (wo)vy = 0.

This completes the proof. ([

The following corollary follows from Lemmas 4.2, 4.4 and Theorems 4.1, 4.5, 2.4.

Corollary 4.6. Let PLie(X) be the free Pre-Lie algebra over the field k generated

by X. Then the set of all good words in X** is a linear basis of PLie(X).
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