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Abstract. Inspired by a problem in steel metallurgy, we prove the existence, regularity,
uniqueness, and continuous data dependence of solutions to a coupled parabolic system in
a smooth bounded 3D domain, with nonlinear and nonhomogeneous boundary conditions.
The nonlinear coupling takes place in the diffusion coefficient. The proofs are based on
anisotropic estimates in tangential and normal directions, and on a refined variant of the
Gronwall lemma.
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1. INTRODUCTION

We present here a study of the following system of parabolic equations, in the
domain Q7 = Q x (0,T), Q C RN:

(1.1) 0: — AG =r(6,c),
(1.2) ¢ —div(D(0,¢)Ve) =0

with boundary conditions on 02

(1.3) % + h(z,0,0r(z,t)) =0,
(1.4) —D(G,C)% = b(x,t)

* The support by the GA CR Grant P201/10/2315 is gratefully acknowledged.
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and initial conditions

(1.5) 0(x,0) = 6°(x),
(1.6) c(x,0) = ().

The properties of the nonlinearities v, D, and h, as well as the hypotheses on the
data b, Or, 8°, and ¢® will be specified in the next section.

The original motivation for the study of this system comes from an industrial
process, named gas carburizing. This is a heat treatment of steel with the peculiarity
of adding a certain amount of carbon to the surface of the workpiece. In this method,
the surface composition of the low carbon steel changes by diffusion of carbon and
results in a hard outer surface with good resistance properties. In the above system,
0 represents the absolute temperature and c is the carbon concentration.

In literature, there are many different approaches to model such processes. In
general, the phenomenon can be described as follows: first, the steel is heated up to
reach a certain temperature, high enough to allow a good diffusion of carbon into the
steel, at this temperature carbon is supplied to the surface, afterwards—but still at
high temperature—there is a diffusion stage for the carbon into the steel, and finally
the workpiece is rapidly cooled down.

We do not intend to go into the details of the process, but, for an accurate de-
scription of gas carburizing and its modeling, we refer to [4] and references therein.

The analysis carried out here does not cover the complete model proposed in [4],
where also the evolution of phase fractions in the steel was taken into account.
Nevertheless, the system of equations considered in the present paper still describes a
very general situation, taking into account the interactions between the temperature
evolution and the diffusion of carbon, in all the possible stages of the process. This is
reflected in the carbon diffusion coefficient D (6, ¢) and in the heat source term (8, ¢).

Another relevant issue for applications based on this model is the fact that the
boundary condition for the temperature # encompasses heat exchanges by conduc-
tion, convection, and radiation. Indeed, during the diffusion period after carburizing,
in principle the stage in which the desired carbon profile is achieved, the workpiece
remains at a very high temperature and neglecting the thermal radiation effect could
be too simplifying. This is why we require no growth restriction on h(x,#,6r), and
the boundary condition (1.3) thus includes also the case

% +a(z) (0 — Or) + B(x) (0" — 68) =0,

with coeflicients a(x), 5(x) > 0, a(z) + 5(x) = ao > 0.
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The function 6 is the external temperature of the atmosphere. The flux of car-
bon through the surface of the workpiece is expressed by the function b(z,t). This
quantity can be adjusted by an operator, therefore, from the point of view of further
applications, can be seen as a control parameter for an optimal control strategy.

The original motivation for this paper was to prove the uniqueness, in three di-
mensions, of a solution to (1.1)—(1.6), and its continuous dependence on the data fr,
b, #°, and cy. We have achieved this goal using a certain number of auxiliary steps
which turn out to be perhaps of more general interest than the uniqueness result
itself.

The outline of the proof is the following. First, under appropriate regularity
assumptions, we prove existence of a generalized solution (6, ¢) of the system (1.1)-
(1.6), with

0 € L>=(0,T; H () N H*(0,T; L*()),
ce L*(0,T; HY(Q) NH'(0,T; (H'(Q))").

By a maximum principle and Moser iteration we also prove that the solution 0(x, t)
is positive and uniformly bounded from above in Q7 only assuming linear growth
of r(6,c).

Secondly, we show by elementary means that 6 has the additional regularity

Vo € L*(0,T;C(Q)).

To this aim, we proceed in several steps. Due to the nonlinearity in the boundary
condition (1.3), we first regularize the boundary condition with a parameter 6 > 0
that we eventually let tend to zero. We follow the estimation technique proposed
in [10] for elliptic equations with linear boundary conditions. Here, however, we
obtain different estimates in tangential and normal directions, and it seems neces-
sary to use an embedding theorem for anisotropic Sobolev spaces. In Appendix, we
propose a setting of the anisotropic embedding theorem, which we believe to be new,
and where the spectral radius of the inverse exponent matrix plays a crucial role.

The last part contains the proof of uniqueness and stability for the whole system.
The argument is based on an LP-variant of the Gronwall lemma (Lemma 5.2), which
might also be new to our knowledge.

A similar (degenerate) system with applications in biology has recently been con-
sidered in [2] under homogeneous Neumann boundary conditions. Other applications
of quasilinear parabolic systems with coupling in the diffusion coefficient can be found
e.g. in [11], [12].

The paper is organized as follows: in Section 2 we present the set of assumptions
and state the main results of the paper. In Section 3 we prove existence of a weak
solution. In Section 4 we treat regularity of the solution and in Section 5 we conclude
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with the uniqueness and stability result for the whole system in 3D. The Appendix
is devoted to the proof of an anisotropic embedding theorem.

2. MAIN RESULTS

We denote by V the Sobolev space H(Q) = W12(Q), by V' its dual that we
represent in terms of the Hilbert triplet V C L2(Q) = (L?(Q2))’ C V', and state
for system (1.1)—(1.6) two sets of hypotheses: Hypothesis 2.1 for existence and its
stronger version 2.2 for regularity and uniqueness. Note that we do not assume any
upper bound for the growth of h.

Hypothesis 2.1. The domain Q C RV, N < 3, is bounded and has Lipschitzian
boundary. We prescribe the data b € L?(0Q x (0,T)), &® € L2(Q2), 8° € V N L>(Q),
and assume that inf ess,cq Ho(m) =: 0, > 0. The function h is measurable in x and
locally Lipschitz continuous in 6 and 6r, with the properties

h(z,0,0r)(0r —0)T <0 ae,
Ja>0Ym>03C,, >0: p <m, 0 >0= h(x,0,0r) =2 ab — C,,, a.e.,

where 2T = max{0, z} denotes the positive part of z € R. Furthermore,
e Or € L>®(0Q x (0,T)), (6r): € L*(9Q x (0,T)), Or > 0. a.e.,
e 1, D are Lipschitz continuous in both variables, r(6,¢) > 0 for all arguments,
and there exist constants dy, dy such that

0<dO<D(970) < di.

Hypothesis 2.2. In addition to Hypothesis 2.1, we assume that the domain € is
of class C?!, that is, the outward normal vector has Lipschitz continuous derivatives.
There exist connected relatively open subsets I; of 9Q, j = 1,...,n, which are C*!-
diffeomorphic to open bounded subsets of R?, and a function hg € W2>°(9)) such

n
that h(x,0,0r) = ho(z)(6 — 6r) on 00\ |J I;. Furthermore,
j=1

o 00 c W22(Q),

e h is of class Wli’coo with respect to all variables,

e O € L?(0,T; W22(09)), (6r); € L*(0,T; WhH2(09)),

r, F,0p F are globally Lipschitz continuous with respect to both variables 6 and

¢, where we set
c
F(0,c) :/ D(9,c)dd,
0
0o F' is globally bounded.
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We deal with the following weak formulation of (1.1)—(1.4):
(2.1) /(Gtgo—i—VH Vo —r(0,c)p)dz + h(z,0,0r(x,t))pdS =0,
Q o0

(2.2) /Q(ctw +D(0.0Ve- Vo)dr+ [ bavds =0

for every test functions ¢, € V.
Theorem 2.3 (Existence). Let Hypothesis 2.1 hold. Then there exist Ky > 0 and
a solution (0, ¢) to the system (2.1)—(2.2) with initial conditions (1.5)—(1.6), with the

regularity ¢ € L*(0,T;V), ¢ € L*(0,T;V"), 0, € L*(Q7), VO € L>(0,T; L*(1)),
and such that 0, < 0(z,t) < Ky a.e.

I

Figure 1. An admissible domain 2. Thick lines denote the nonlinear boundary regions.

Theorem 2.4 (Regularity). Let Hypothesis 2.2 hold. Then every solution (0, c)
to (2.1)—(2.2) from Theorem 2.3 has the additional regularity V6 € L*(0,T; C*(Q2)N
L>(Q)) for some a > 0.

To simplify the notation, we introduce the symbol

(23) ol = ( [ |w<x,t)|pdx>1/p for t € (0,7T),

to denote the partial LP(Q)-norm of a generic function w: Qr — R¢, d > 1, with an
obvious modification for p = co.

The main goal of this paper is the following uniqueness and continuous dependence
result. It will be based on the partial Kirchhoff transform

(2.4) u=F(b,c)
with F' from Hypothesis 2.2.
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Theorem 2.5 (Uniqueness and continuous data dependence). Let Hypothesis 2.2
hold, and let (61,c1), (02,c2) be two solutions with the regularity from Theorem 2.4
corresponding to the same h(z,-,-), and to different data 6, ¢, Or;, b;, i = 1,2,
satisfying Hypothesis 2.2. Let u; = F(0;,¢;), i = 1,2, be defined by the Kirchhoff
transform (2.4). Set @ = 01 —02, @ = uy —ua, & = ) —c3, 00 = 60909, Or = O —br2,
b = by — by. Then there exists a constant M > 0 depending only on 9(1), c(l), Or1, by
such that the inequality

2

(2.5) 10(2)]3 + ‘V/O a(r)dr +/O (IV0)3 + |a)3) (1) dT < Ma(t)

2

holds for every t € [0,T], where we set

t t
(2.6) a(t)=|603+|503+// |§p(m,r)|2deT+// 1B, 7)|? dS dr.
0 JoQ 0 JoQ

We will see in Section 5 that the dependence of M on the data is quite involved
and does not allow for a conclusion about local Lipschitz continuity. This problem
is, however, interesting and deserves further analysis. Note that the method of [2]
yields a slightly different estimate, where |V fot u(7) dr|, is replaced by |&(t)|y.

3. PROOF OF EXISTENCE
We fix some K > 0 that will be specified later, and set
hi(x,0,0r) = h(z, max{0., min{f, K}},6r).

Instead of (2.1)—(2.2), we consider the decoupled and truncated problem

(3.1) /(L‘)tgo +V0-Vo—r(0,¢)p)dx + / hi(z,0,0r(z,t))pdS =0,
Q To)

(3.2) /Q(ctz/) + D(0,8)Ve - Vi) da + / b(a, ) dS = 0

[219]

for every test functions ¢, € V, with given functions é,é € L*(Qr), and with
initial conditions (1.5)—(1.6). We now use the Schauder fixed point theorem. For
me, mg > 0, we fix the set

(3.3) Z(mg, me)
T T
={<e,c>eL2<QT>xL2<QT>: [ oogar < m, | |c<t>|3dt<mc}.
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Approximating the functions # and ¢ by Faedo-Galerkin expansions into the system
of eigenfunctions of the Laplacian with homogeneous Neumann boundary conditions
(see [8]), we obtain by compactness argument the existence of solutions to (3.1)—(3.2),
as well as the estimates

T
(3-4) / (lee(®) 3 + [Ve)3) dt + sup |e(t)]5 < R,
0 te(0,T)
(3.5) / (16:(1)]5 + [A68(1)[3) dt + sup (|VO(1)[3 + |6(2)]3)
0 te(0,T)

T
< 32(1 +f |e<t>|§dt)7
0

where Ry, R are constants independent of 6 and é. Tt now suffices to choose me =
TRy and mgp = TR2(1+ TRy) to check that the solution (6, ¢) belongs to Z(mg, m.)
whenever (é, ¢) € Z(mp, me). The set Z(mg, m.) is convex, closed, and the solution
mapping associated with (3.1)—(3.2) is compact in L?(Qr) x L?(Qr), hence it has a
fixed point, which is a solution to (1.5)—(2.2) with & replaced by hx.

It remains to find uniform bounds 6, < 0 < K independent of K. Choosing
K > Ky, we eventually obtain the assertion.

To do so, we first choose in (3.1) ¢ = — (0, — )™, and obtain

13/ (6, —9)+|2dx+/ V(0. — 0)*2de < 0,
2dt /o, 0
hence 6(z,t) > 0. a.e.

The upper bound is obtained by Moser iterations similarly to [7]. Set f(z,t) =
r(6(x,t),c(z,t)) and O = min{f, K}. Estimates (3.4)-(3.5), Sobolev embeddings,
and interpolations in Lebesgue spaces yield f € L?(0,T; L5(Q)) N L>(0,T; L3(R)) C
L1(Qr) for ¢ = 10/3. The function 6 is a solution of the equation

(3.6) /Q(Gtgo +V0- Vo flr.t)p)dr+ | hr.Ox (e 1)pdS =0

for every ¢ € V. We may choose in particular ¢ = pH’;{l for p > 1, with the
intention to let p tend to co. In the remaining part of this section, we denote by C'
any constant independent of K and p. Setting v, = 91;(/ 2, we obtain from (3.6) after
integration with respect to ¢ that

t t
(3.7) loxp(t)2 + / Vory ()2 dr + ap / / loep (. 7)[2 S dr
0 0 Jon

t t
<cp+cp( | [ 1wy azar+ [ |va<x,T>|2/p’deT),
0JQ 0 Jon
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where prime denotes here and in the sequel the conjugate exponent. Using Holder’s
inequality, we eliminate the boundary integrals and obtain

t t
(38) loxp()2 + / Voky ()2 dr < CP + Cp / / | Fllosep 27 (2,7) dzdr
0 0JQ
< CP + Op|l fllallvrs 1327

where we use for simplicity the notation

ot = ' / |v<x,t>|'“dxdt)1/r

for v e L"(Q2x (0,T)) and r > 1. Set o = 4N + 1. Then ¢y < ¢, and we define
0 > 0 by the formula ¢ = (14 0)¢’. From the Gagliardo-Nirenberg inequality we
obtain the estimate

t
lonpliy, < (s forp@B+ [ Vol ar ).
te(0,T) 0

hence, by virtue of (3.8) and Young’s inequality, we obtain

(3.9) [vrpll3q < Cpmax{1,C?, [[vrp|3,},
that is,
(3.10) 0% [lpg; < (Cp)"? max{C, |0k |lpq' }

with a constant C independent of K and p. We now set p; = (14 9)7, 2; = 10k 1p; 4>
and y; = max{C, z;} for 7 =0,1,2,.... Then (3.10) has the form

(3.11) y; < (Cpy)/Piy; 1 for jeN.
This can be rewritten as
(3.12) logy; < C(1+0) 7 (1+j) +logy; 1 for jeN,

hence the sequence y; is bounded by a constant C independent of K. Consequently,
there exists K such that

(3.13) 10|, < Ko

independently of p and K, which is the desired estimate that enables us to complete
the proof of Theorem 2.3.
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4. PROOF OF REGULARITY

We give here a straightforward proof of Theorem 2.4, which will follow from a
regularity result for the linear heat equation with a nonlinear boundary condition

(4.1) /Q(vtgo + (A(z)Vv + B(x,t)) - Vo — f(z,t)¢) dz

—|—/ h(z,v,vr(z,t))edS =0
o9

for every test function ¢ € V, with an initial condition v(z,0) = v%(z), where
A= (Ay)Ni—y: @ — REXN is a symmetric matrix function such that there exists

Kk > 0 with the property
(4.2) VEESRY: Ax)E-€ > k|E]? ae.,

and f: Qr — R, B: Qr — RY, h: 9Q x R? — R, and vr: 99 x (0,T) — R are
given functions.

The reasons for introducing the functions A(z) and B(x,t), which do not appear
in (2.1), are purely technical. They arise as a result of deformations of the domain
and the partition of unity.

Consider a set Q C RY of the form

(4.3) Q={(",zn) e RN x R: 2y > g(2')},

with a given function g, and assume that there exists a ball Q, centered at 0 of
radius kg > 0 such that

(4.4) B(z,-) = f(z,:) = h(z,,-) =0 for z € Q\ Qy,.
The regularity results read as follows.

Theorem 4.1. Let Q be as in (4.3), and let g € W*>(RN~1). We make the
following assumptions:

e h is a globally Lipschitz continuous function in all variables; furthermore, with
v,or € R fixed, the functions h(-,v,vr), O;h(-,v,vr) belong to L?(9Q) for all

l=1,...,.N—1;
o Ac Whee(q; Rg,;;N), B € L*0,T; WL2(Q; RY)), By € L2(Qr; RY);

e W eV, feL?*Qr), vr € L*(0,T; WH2(0R)), (vr): € L*(0,T; L?(99)).
Let v € L%*(0,T;V) be such that v, € L?(0,T;V") is a solution to (4.1). Then v has
the regularity v, € L*(Qr), v € L*(0,T; W22(Q)), and Vv € L*°(0,T; L*(12)).
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Theorem 4.2. Let ) be as in (4.3), and let g € W3>°(RN~1). For 2/ € RN-1
v,or € R set h9(z',v,vr) = h(a’, g(2'),v,vr). We make the following assumptions:
e h is of class W2 with respect to all variables; furthermore, with v, vr € R fixed,
the functions h9(-,v,vr), O;h9(-,v,vr), 0;0mh9(-,v,vr) belong to L2(RN~1) for
alllm=1,...,N —1;
o Ae WH™(Q; RQ;,N) B e L*(0,T; W*2(Q;RY)), By € L*(Qr; RY);
o W e W22(Q), f € L?(0,T;V), vr € L?(0,T; W%2(09)),
(vr); € L2(0, T; WH2(09)).
Letv € L*(0,T;V) be such that v, € L*(0,T; V") is a solution to (4.1). If N < 3, then
v has the regularity v; € L*(Qr), v € L?(0,T; W22(Q)), and Vv € L?(0,T; C(Q)).

The authors do not know of any reference for Theorem 4.2. It is true that the
boundary nonlinearity is quite weak, but it cannot be easily removed, because the
trace of v; would come into play, for which no estimate is available. An extension
of the general parabolic regularity theory from [6], [7], [9], or more modern methods
of [5] involving Sobolev-Morrey spaces, are likely to work here, too, but we propose
instead an elementary proof based on the method from [10] designed originally for
elliptic equations with linear boundary conditions.

We first consider the case that € is a half-space of the form

(4.5) Q=RY ={(,yn): ¥ eRN"! yy >0}

For a general function w € Wl’Q(Rf ), we have the identity

YN
Wy yn) — w?(y,0) = 2 / Wy, 2)oww(y, =) dz,
0

hence, for every M > 0, integrating w.r.t. yn, we have by Fubini’s Theorem that

0,0 <07 [ wrWam)a 2 [ ol 2ol ) as
Letting M tend to oo, we obtain the trace interpolation formula
(4.6) w0, 0) a1y < 2l [Onwla,
or, as a consequence,

(4.7)  Ve>03C.>0vVwe WH(RY): |'LU(',O)|%2(RN—1) < C: w3 + | Vwl3.
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For domains of the form (4.3) with a Lipschitzian function g, after substitution in
the integrals this inequality reads

(4.8) Ve>03C.>0VweV: lw(z)|? dS < Ce|w|? + €| Vwl3.
o0
By a partition of unity argument, we obtain (4.8) for every Lipschitzian domain {2,
see also [10].
In the context of (4.5), we rewrite Eq. (4.1) as

(4.9) /RN(vtga + (AVv+ B) - Vo — fo)dy

+

+ / Wy, o(y,0,8), vr(y/, ))o(y',0) dyf = 0.
RN—1

We will also deal with the regularized problem

(4.10) /R (v 4+ (AVv 4+ B) - Vo — fo)dy

N
+/ (5Vy’v(y,7 Oat) ' Vy’w(ylv O)
RN—1

+h(y', vy, 0,t), v (Y, 1)e(y',0)) dy’ = 0

with some § > 0, where V,/ denotes the partial gradient Vv = (1v,...,0n_1v),
which has to be satisfied in the case § > 0 for every test function p(y’, yy) from the
space

W= {p e WH2RY): o(,0) € WH2(RN 1)},

Our goal is to derive bounds for its solution independent of §, which then imply the
corresponding estimates for the solution of (4.9).

Lemma 4.3. Let v° € WH2(RY), f e LA(RY x (0,T)), A € WL (RY; RYXN),
B e L*0,T; WY2(RY; RY)), and vr € L?(0,T; WH2(RV~1)) be given. Let there
exist a function hy € L?(RN=1) N L>(RN~1) such that h together with all its first
derivatives is bounded above by hy. Then there exists a constant Cy > 0 independent
of & > 0 such that the solution v to (4.10) satisfies for all t € [0, T the estimate

T T
(4.11) |aw(t)|§+/ |Valv(t)|§dt+5/ / |010mv(y’,0,1))% dy’ dt < Oy
0 0 JRN-1

forallllm=1,...,N — 1.
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Proof. A solution v € L?(0,T;W) to (4.10) such that v; € L?(0,T; W’) can be
constructed e.g. as follows. For k > ko (cf. (4.4)), we denote by R the intersection
of [Rf with the ball Qx, and by F,g, Fkl the flat and the curved part of the boundary
of RQI , respectively. Instead of (4.10), we consider the problem

(4.12) /RN(vtga + (AVv+ B) - Vo — fp)dy

k

+/ (6Vyv(y',0,t) - Viyo(y',0) + h(y', v(y',0,t), o0 (', £))e(y', 0)) dy’ =0,
e

with zero Dirichlet boundary condition on I'}. We define the spaces
Wi ={p e WHA(RY): ¢(-,0) € WH(IY), ¢ = 0 on I},

Using Faedo-Galerkin approximations, the compactness lemma in [8, Section 1.5],
and the compact embedding of W}, in the space Hy = {¢ € L*([RY): ¢(-,0) €
L*(T9)}, we prove the existence of a solution vy, to (4.12), which we extend by 0
to Rf . The solution is unique, and satisfies the bound

T T
(4.13) o (T) |3 +/ |Vvk(t)|§dt+5/ / |Vyvk(y', 0,02 dy’ dt < C
0 0 JRN-1

by virtue of (4.7), (4.4), and Gronwall’s lemma, with a constant C independent of &
and k. This and the fact that the nonlinear term has compact support independent
of k enable us to pass to the limit as k — oo and find a solution v to (4.10) satisfying
the estimate (4.13).

To obtain higher order estimates, we denote by e; for [ = 1,..., N the [th unit
coordinate vector, and by D' for s # 0 the linear mapping

D)y, 1) =~ (vly + set, 1) — vy, 1)),

Let ¢ € W be given. In (4.10), we choose consecutively test functions ¢(y) = ¢(y)
and @¢(y) = p(y — se;) for some [ = 1,..., N — 1, and subtract the two identities.
This yields, after a suitable substitution, that

(4.14) / (Dlvip + (A(y + se))V(DLv) + (DLA)Vo + DLB) - Vo
RY

+ f(y.t)D" ) dy
[ OV Dh0.0 - Tye(s'0
RN—1
+ Di (h(y/a v(y', 0, t)v Up(y/, t)))sﬁ(y/, 0)) dy, =0.
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For ¢(y) = DLluv(y,t), we have in particular the estimate

1d
2dt
< VA Vo) 2| V(Do ()2 + (1f )]z + [VB(1)]2)|V(DLo(t) 2

+/ hi(y') (1 + [Dor(y', t)| + |Div(y', 0,4))| Div(y’,0,¢)| dy'.
RN—1

(@.15) 5D OB+ KIVDLOIE+5 [ 19, Dkt 0.0 dy

We can pass to the limit as s — 0 and obtain from (4.13), (4.7), and Gronwall’s
lemma the bound

T T
(4.16) |alv(t)|§+/ |vaw(t)|§dt+5// IV, Ay, 0, 1) dy’ dt
0 0 RN -1

T
< 0(1 LIV + VAR, + / (£ + [VB()2) dt

T
R
0

with a constant C' independent of §, which we wanted to prove. ([

Lemma 4.4. Under the hypotheses of Lemma 4.3, assume in addition that (vr); €
L*(RN=1 % (0,T)) and B; € L*(RY x (0,T); RY). Then there exists a constant Cy
independent of § > 0 such that the solution v to (4.10) satisfies for every t € [0, T
the estimate

T
(417) 6/RN_1 |Vy/’[)(y”0,t)|2 dy’—|—|v’0(t)|§+/0 (|’U(t)|%/v2,2([Rf)+|Ut(t)|%) dt < C2.

Proof. We discretize Eq. (4.10) in time, test by the time increment of v, and
let the time step tend to 0. In the limit we obtain the identity
, d 1
(4.18) (lve|* = foe — By - Vu)dy + — (—A(y)Vv + B) -Vudy
Rf dt Rf 2
d

S, /
+ dt RN,I(QWZI’M + h(y 7U7Ur)> dy

= / 8Urﬁ(ylavavr)(vl—‘)t dy/7
RN—1

where

ﬁ(y,7v7vr):/ h(y',u,vr) du.
0

We have b
h(y', v, 0r) < S 0® 4 Jol(afor | + R (y',0,0)])
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and
|avrh(y/v v, vF)| < h1|v|'

This yields the estimate
t
(4.19) 5/ |Vy/v(y',0,t)|2dy’+/ oy (P2 dr + |Vt 2
RN -1 0

t
<c(1+|w03+/ If(7)|3d7+/ for(y/, 0)2 dy/
0 [RN*I

+/Ot/RN1 |(vr)e(y, 1))? dy’dr)

with a constant C' independent of § and ¢ as a consequence of (4.7) and Gronwall’s
lemma. By Lemma 4.3, we have VJjv € LQ(Rf x (0,T)) foralll =1,...,N — 1.
To complete the proof, we now choose in Eq. (4.10) any test function ¢ = g €
L?(0,T; Wl’Q(Rf)) with a compact support in [Rf. We integrate by parts in all
terms except for Ay nyInvOne, and obtain an identity of the form

T T
(4.20) /0 /R | AN DNl )y = /0 /R VoDl dyat

with a function ¥ € L*(RY x (0,T)). Hence, On(Ann(y)Onv(y,t)) belongs to
L*(RY x (0,T)). By (4.2) we have Ayn(y) > k, and since Axyy € WHe(RY), we
obtain the L2-bound for 9% v, and the proof of Lemma 4.4 is complete. ([

Lemmas 4.3 and 4.4 enable us to rewrite Eq. (4.10) in strong form
(4.21) vy — div(A(y)Vv + B(y,t)) — f(y,t) =0 ae. in RY x (0,7),

N
(4.22) Z AN;Ojv + By — 6Ayv + h(y',v,or (v, 1)) =0 ae. in RN x (0,7),
j=1

where A, is the Laplacian with respect to y'.

Lemma 4.5. Let N < 3 and § > 0. Under the hypotheses of Lemma 4.4, assume
in addition that

o0 € WR(RY), f e L0, T WH2A(RY)),
A€ W (RY;RNEN), B e L2(0,T; W>*(RY; RY)),

op € L2(0, T; W(RN™Y),  (vr)e € L2(0, T; W (RN ),

and that there exists a function hy € L*(RN~1) N L>®(RN~1) such that h together
with all its first and second derivatives is bounded above by ho. Then there exists a
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constant Cs > 0 independent of § such that the solution v to (4.10) satisfies for all
t € [0,T] the estimate

T
(4.23) |0m Oy (t)]3 + / |V0,,0pv(t)|3 dt
0

T
+5/ / 10, 0mOkv(y’,0,1))? dy’ dt < Cs
0 JrRN-1
forall im,k=1,..., N —1.
Proof. Passing to the limit in (4.14) as s — 0, we obtain

(4.24) / (O + (AVOW + (L A)Vo + 8, B) - Vo — O1f (y, £)p) dy
RN

+

+ / (6Vy 0w - Vo + (MY, v(y',0,8),vr (¥, 1)) e(y',0) dy’ = 0.
RN—1

We proceed as in (4.14), applying to (4.24) the operator D7 withm € {1,..., N — 1},
and set p(y) = DIOw(y,t), with the intention to proceed as in the proof of
Lemma 4.3. Here, the situation is more delicate because the second derivatives of
the nonlinear term h(y’, v, vr) will be involved. We obtain the inequality

1d
(4.25) S IDTaw®)]3 + K[V(DTow(t))5 + 5/ |Vy D 0w (y’, 0, 4)|* dy’
RN—1

2dt
<)+ C’/ (|1010|0mv] + 1010mv|)|010mv| (v, 0,t) dy’
RN—1

<%ﬂ+0/ (1800]* + [B]* + [018m0]?) (W 0,2) dy,
RN—1

where v € L'(0,7T) includes all terms that have already been estimated above, and
C is a constant independent of ¢ and §. The right hand side of (4.25) is in L'(0,T)
by virtue of Lemmas 4.3 and 4.4 and of the interpolation inequality

1/2 1/2
(426) |w|L4([RN*1) < C(|¢|L2([RN*1) + |¢|L/2(RN—1)|Vy/w|L/2(RN—1))

for every ¢ € WH2(RV~1). Actually, the bound still depends on §, and this depen-
dence has to be removed. Passing to the limit in (4.25) as s — 0 and using (4.26),

we obtain

1d
(4.27) §E|8m8w(t)|§ + K| VOm0v(t)|3 + 5/ |V OmOyo(y’, 0, 1) 2 dy’
R

N-—1

<7®+C/ (9, 0l" + 0100 ) (4. 0, 1) dy’
RN—l

<Y (t) + C(1010mv (-, 0,8)[F2v—1) + Vv (-, 0, 6) L2 pry
+ |Vy"U(', 0, t)|2L2([RN*1)|Ay"U('a 0, t)|2L2([RN*1))a
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with a possibly different function v € L'(0,T) and different constants C independent
of t and §. Formula (4.6) enables us to estimate the term in parentheses on the right
hand side of (4.27) from above by

C(|810m0]2|0n 00|z + [V v]310n Vyrv[5 + [Vyrv]2|On Vyrv]a| Ay v]2|On Ayrol2).

By Lemma 4.3, we have |V, v|s < Cy, and 3(t) := |0nV, v(t)|2 belongs to L*(0,T).
Hence, by Young’s inequality, we obtain from (4.27) the estimate

2 2
d 2 2
(4.28) " l%; |8 By (1)|2 + %21 V8, 00(t)[2
2
<) +C Y (100mvls + B2(2)| Ay 0]3),
l,m=1
and by Gronwall’s argument we obtain (4.5). O

We now let d tend to 0 and prove the following step.

Lemma 4.6. Under the hypotheses of Lemma 4.5, there exists a constant Cy > 0
such that the solution v to (4.9) satisfies for all t € [0,T] the estimate

T
(4.29) OO (t)]2 + / Vonaw(t)Rdt < C
0

foralll=1,...,N — 1.

Proof. From Lemma 4.5 it follows that the solution v to (4.9) satisfies (4.21)—
(4.23) with § = 0. Let us consider now test functions ¢ with compact support in [Rf ,
and apply the operator DY to Eq. (4.9). As a counterpart of (4.14), we obtain

(130) [ (DYoio+ (Aly + sen) V(DY) + (DY A0+ DYB) - Vip
[RN

+

—DY f(y,t)¢) dy = 0.

Passing to the limit as s — 0 yields

(4.31) /R (O + (W) Voo + (0w AW)) Vo + wBly. 1)) - Ve

—Onf(y,t)p) dy = 0.
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Let 1} denote the space W()I’Q([Rf). We choose any g € Vj, set ¢ = Anjpo in (4.24),
© = ANNyo in (4.31), and obtain, using the formula

AV@w . V(A]\”(po)
= AV(ANlalv) . V(po + (AVé)lv . VA]\”)(,OO — 8lv(AVANl . Vgﬁo),

that

(4.32) / (Anirvrpo + AV (AN1Ow) - Voo — AniOif (y,t) o
RY

+ (Avaﬂ) . VA]\”)(,OO - 8lv(AVANl . V(po)
I II
+ (&AVU + &B) . V(ANlQD()) ) dy=0

117

N

foralll = 1,...,N. Consider now the function w = >  Ayx;0v. Summing up the
=1

above identities over [ and using (4.22), we see that w is a solution of the nonhomo-

geneous Dirichlet problem

(4.33) / (wepo + A(y)Vw - Vo — f1(y,t)po)dy =0 Vo € Vo,
RN

+

with the boundary condition
(4.34) w(y’,0,t) + By (y',0,t) + h(y',v(y',0,%), vr(y',)) = 0

on RV~=1 x (0,T) as a consequence of (4.22) with § = 0. The function f; in (4.33)
has the form

N
(4.35) h=> (— AV - V Ay, — div((9v) AV AN
=1 I 7
+ An div((8,A)Vo + 8, B) +Ani, f),
IIT

hence it belongs to L*(RY x (0, T)). The symbols I, I1, I1T denote the corresponding
terms in (4.32) and (4.35). We now fix a smooth function g with compact support
in R4+ and such that p(0) = 1, and set

(4.36) wi(y,t) = Bn(y,t) + o(yn) by, v(y, t), vr (v, t)).
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The function wg := w — w; is a solution to the homogeneous Dirichlet problem for
the following counterpart of (4.33):

(4.37) /[RN ((wo)tgao + A(y)Vwg - Voo — fg(y,t)gao) dy=0 Vg e,
where
(4.38) f2 = f1 — (wl)t + div A(y)Vw1

Let us check that f> € L*(RY x (0,T)). By virtue of Lemmas 4.4-4.5, this will be
the case provided we prove that

(4.39) Vo € LY(RY x (0,7)).

To this end, we refer to [3, Theorem 10.2], see also Remark A.3, which states that
there exists a constant C' > 0 such that for every function ¢ € L2(RY x (0,7)) with
the regularity 92¢,On¢ € L2([Rf x (0,7)) for all l = 1,...,N — 1, and for every
o € (0, 1] we have the inequality (note that N < 3!)

N—-1
(4.40) el < C<01/2|€|2 oV (|8Ne|2 £ |a?§|2)).

=1

This can be equivalently written as

N-1 1/2
(1.41) el < c(|e|2 n |§|§/2(|8Ne|2 +3 |8?e|2) )
=1

In (4.41), we choose & = Opv(t) for k = 1,..., N and a.e. t. From Lemmas 4.4-4.5
we obtain (4.39), hence f> € L*(RY x (0,T)).

Following the same idea as in the proof of Lemma 4.3, we now apply the opera-
tor DL to Eq. (4.37) for [ =1,..., N — 1 and test by ¢o = Dlwy. Using the identity
J(DLwy)¢Diwo dy = [(w1)¢ D' Dlwg dy, we may let s tend to 0 and conclude that
dVwy belongs to LQ(Rf x (0,7)) foralll=1,...,N — 1. By Lemma 4.5 and since
ANN > K, we obtain that 9;0%,v € LQ([Rf x (0,T)) foralll=1,...,N — 1, and the
proof is complete. O

We now define the anisotropic spaces

50 p/q
XPa = {w € LY(RY): / (/ |w(y',yN)|qdy/> dyn < OO}'
0 RN -1
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We can extend the functions defined on [Rf by symmetry to R", and use Corol-
lary A.2 in Appendix to obtain the embedding

(4.42) Y :={w € LYRY): oyw € X% V,w e XPr0} ¢ O*(RY) N L= (RY)

in the space C*(RY) N L>(RY) of bounded a-Hblder continuous functions for some
a > 0, provided
‘ 1 1
P
P ¢ N-1

where pj, is the conjugate exponent to pg. As a direct consequence, we have

Lemma 4.7. In the situation of Lemma 4.5, we have Vv € LQ(O,T;C’Q(RQY) N
L=(RY)).

Proof. The functions djv for [ = 1,..., N — 1 belong to L?(0,T; W2’2(Rf)),
which is embedded into L?(0, T’; LOO(Rf )) by classical Sobolev embedding theorems,
see [1], [3]. For w(y,t) = Onv(y,t) and a.e. t € (0,T), we have

|Oiw(t)| xe.6 = |Qw(t)]e < C(|Oyw(t)|2 + |VOw(t)|2) for I=1,...,N —1,
[Onw(t)|x20 < C(|0nw(t)]2 + [Vy Onw(t)]2)
with a constant C' > 0 and for every ¢ > 2. Hence, (4.42) is fulfilled with py = 2,
qo = ¢, p1 = 1 = 6, and it suffices to integrate over ¢. (I

This enables us to prove here Theorems 4.1 and 4.2.

Proof of Theorems 4.1 and 4.2. We substitute in (4.1) new variables y' = 2/,
yn = xn — g(z'), and obtain for the new unknown function o(y’,yn) = v(v',yn +
g(y')) the equation
(4.43) / (B + (AVi+ B) - Voo — fo) dy

RY

+ / Ry, 50y, 0,1), or (' D)(y/,0) dy = 0
RN—l

for every p € W12(RY), where

W yn,t) = F yn +9(), 1),

or(y',t) = vry', 9(y). 1),
h(y', v, or) = by, g(y'), v, 00)\ /14 [Vyg(y)]?,
AW yn) = L") AW yn + 9() L),
By yn,t) = L () By, yn + 9(4/), 1),
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and where the matrix L has the form

1 0 ... 0 —81g
0 1 0 —dag
L=|: S
o1 —8N,1g
00 ... 0 1

Theorem 4.1 now follows from Lemma 4.4, Theorem 4.2 is a consequence of
Lemma 4.7. U

We are now ready to prove Theorem 2.4.
Proof of Theorem 2.4. The nonlinear boundary condition is active only on

n —

the subsets I'; of 0 for j = 1,...,n. We choose a covering [J ©Q; D Q of Q with
j=1

the property that I; € Q; and I; N Q; = @ for i # j. We now find a smooth

n —

partition of unity 1 = Y A;(z) on € such that supp\; C Q;, and set v; = 6);,
j=1

flx,t) = r(0(x,t),c(x,t)). After suitable deformations and rotations, we may assume

that each set Q N Q; can be extended to a domain Q; of the form (4.3) such that
I; C 8S~7j. To derive the equation for v;, we test the equation

(4.44) /Q(tho +V0-Vo— flz,t)p)dr + /89 h(x,0,0r(z,t))pdS =0

by ¢ = A;¢, and obtain

(4.45) / (03)eB + (Vo; + By) -V — (2, 1)p) da

2
+ h(z,vj,vrj(z,t))pdS =0
o0
with B; = =0V, f; = fA; — V0 -V)\;, vr; = 0r);. Here we have used the fact
that A\; = 1 on I}, and that h is linear on 8Qj \Ij.

The assumptions of Theorem 4.1 are satisfied; hence, each v; has the regularity
n

(vj)r € L2(Q; x (0,T)), v; € L*(0,T; W22(Q;)). From the formula 6§ = >~ v, it fol-
j=1

lows that 6, € L2(Q2x (0,T)), 6 € L?(0,T; W?2(2)). Consequently, we may use The-

orem 4.2 and obtain Vv; € L?(0,T; L°°(Q;)) for each j, hence VO € L?(0,T; L>°(12)).

(I
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5. PROOF OF CONTINUOUS DATA DEPENDENCE

Let the hypotheses of Theorem 2.5 hold. In terms of (6;,u;), Egs. (2.1)—(2.2) have
the form

(5.1) / (6:)e0 + V0, - Vo — RO u)p)de+ | hiw, 0:, 0pi(z, 1)) dS = 0,
Q o

(5.2) /Q (G0 + V- V0= HO,u)V0,- Vi) do+ [ bia.j0ds =0

for every test functions ¢, € V, where G, H, and R are defined by the identities

8F

0,G(0,u)), R(,u)=r(0,G(0,u)).

Hypothesis 2.2 implies that G, H, R are Lipschitz continuous in both variables, H is
globally bounded, 1/d; < 9,G < 1/dp.
Set U;(z,t) = fot wi(z,7)dr, u? = F(6?,¢

1 ’L

9, U = U; — Uy. We consider the
difference of the equations (5.1) for i = 1 and i = 2, tested by ¢ = 0, integrate
the difference of the equations (5.2) for ¢ = 1 and ¢ = 2 from 0 to ¢, and test by
) = U;. We denote by C any constant independent of the solutions, and by ¢ a small
parameter, which will be suitably chosen. Since ; and 0p; are uniformly bounded,
we may assume that h is Lipschitz continuous in 6 and fr. Hence, using (4.8) for an
appropriate €, we obtain

(5.4) /Q(étm VO2) de < /Q(R(Gl,ul) — R(0, u2)) du
+c/ (60| + 103 ds
o0

< c/(|é|+ T)16] da:—i—C/ 1902 dS,
Q oN

(5.5) /( (01, Une) — G0, U)o (. 1) da:+——/ VT2 (a

(/ 91,U1t Vgl (92,U2t)V92)(x,7) dT> 'VUt(iL',t) d{E
Q 0

o (/ T, T dT>Ut(x t)dS‘F/Q(G(L‘)(f,u?)

— G609, ud)U(x,t)dz
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d ¢ B
= & ; (/0 (H(Gh U1t)V91 - H(eg, U2t)ve2)($, 7') d7-> . VU(J?, f,) dz

— / (H(@l, Ult)Vé)l — H(@Q, Ugt)vgg) . VU({E, t) dx
Q

d ¢ _ -
St m(/o b(fc,r)dr>U(x,t)ds+ mb(x,t)U(a:,t)dS

—1—/(0(1) — U (x,t) da.
Q

Integrating (5.4)—(5.5) with respect to ¢ and using the hypotheses on the data, we
obtain

(5.6) %/Q|§|2(a:,t)dx+/0/Q|V§(x,7-)|2da:dr
<c [ [ @+ T ndrdr

t _ 1 _
+c// |9p|2deT+—/ 10°)2 () du,
0 Joq 2 Jg

1 L 1 _
(5.7) —/ /|Ut(x,7')|2dxd7'+—/ |VU|*(x,t) dx
o Ja 2 Jo

dy
< C/Q(/Ot((|<9|+|m|)|v91|+ |V9|)(x,7’)dr>|VU(x,t)|da:
+ C'/Ot/ﬂ((|9| + |UN)IVOL] + |VO)) (2, 7)|VU (2, 7)|dwdT
+/m (/Ot |l_)(x,7)|d7>|U(x,t)|dS

t
+// bz, 7)||T (2, 7)| S dr
0 JoN
t
+C//|9_(x,7)||Ut(x,7)|dxdT+C/ 10|[T (x, 1)] da.
0 JQ Q

Using Holder’s and Young’s inequalities, we may rewrite (5.6)—(5.7) as
— t —
6 B+ [ Vo) Bar
0

< C’(a(t) + /Ot 10(7)|3 dT) + E/Ot |U(7)|3dr,
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59 [ Tgar+ V00
< c/ﬂ(/ot(qm TV + |V9|)(a:,r)dr>2da:
+ C/Ot((|§|2 +|U]2)|Vb:|oo +[VO]2) (1) VU (7) |2 d7
+C(oz(t)+/0t |tt9(7')|§d7')
g(|ﬁ(t>|§+/0 /BQ|U(J:,T)|2deT+/89 |U(a:,t)|2d5’>,

with «(t) defined by (2.6). The first two integrals on the right hand side of (5.9) will
be estimated using Minkowski’s inequality,

(5.10) (/Q (/Ot((|9| T V6] + [V)) (2, ) dT)Q dx)1/2
<[ t ([ 061+ ienl + 198w dx)w dr

t
< [ (012 + T2 9811 + V8ls) (7 d,
0

and Holder’s and Young’s inequalities,

(5.11) / (182 + [T412) V61 |ow + [VO12) (1) VT ()] dr
<cf (1 (VO )V T () 2 dr
0

t
e / (812 + T2 + |V82)(r) dr.
0

respectively. For the boundary terms in (5.9), we refer to the trace embedding (4.8).
Using the inequality (d/dt)|U(¢)|2 < |U(t)|2 a.e., we have in (5.9)

poi< ([ L), [Tngar< [@ ATk
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Choosing ¢ sufficiently small, we thus obtain from (5.8)—(5.10) the inequality

(5.12) OB+ VTR + [ (V08 + T ar
< c(aos) + [0+ 190008 + IVTR)) df)
n c( / (14 VO o) (V02 + T[22 () dT> |

Inequality (5.12) is of the form

(5.13) v(t)—f—/otsQ(T)d ( /52 dr+</ B(r ))

with

(5.14) B=1+|Vbi|e € L*(0,T), o(t)=10(t)]5+[VU(1)3,
s2(t) = [VO)[3 + [U(t)]3.

To estimate v(t) and s(t), we derive below in Lemma 5.2 a refined variant of the
Gronwall lemma. Recall first the classical Gronwall estimate.

Lemma 5.1. Let a € L>(0,T) and v € L'(0,T) be given nonnegative functions,
and let a nonnegative function v € L>°(0,T) satisfy for a.e. t € (0,T) the inequality

Then for a.e. t € (0,T) we have

¢
v(t) < aflt) +/ a(r)y(r)els 7@ 97 47 L sup ess a(r)elo (@) 4o,
0 o< <t

Sketch of the proof. The assertion follows directly by integrating the
inequality

t
% (e Jo v(@)do /0 ~y(T)v(T) d’T) < e Jor@dog )y ().
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Lemma 5.1 can be viewed as a result of the fact that the L°°-norm of the function v
is bounded above by its weighted L'-norm. We now show that an LP-Gronwall
estimate still holds if the L>-norm on the left hand side is replaced by an LP-norm
for p > 1.

Lemma 5.2. Let p > 1 and its conjugate exponent p’ = p/(p—1) be fixed, and let
ae L®(0,T), v € L*(0,T), and vo € L* (0, T) be given. Let nonnegative functions
v e L>®(0,T), s e LP(0,T) satisfy for a.e. t € (0,T) the inequality

v(t) + /Ot sP(r)dr < aft) + /Ot v (m)v(r)dr + </Ot ~2(7)s(T) d’T)p.

Then there exists a constant M such that for a.e. t € (0,T) we have

t
(5.15) v(t) + / sP(1)dr < M supess a(r).
0 0<r<t
Proof. Set Gy = (fo 72 dr) Y% We fix § such that for every t € [0,T] we
have

t , 1/1”/ 1
( / 22 () dr) <1
(t—6)+ 2

and consider first ¢ € [0, 4]. By Holder’s inequality we have

(/Ot Yo (7)s(7) dT)p < (/Ot ¥ (1) d7>p_ /Ot P(r)dr <277 /Ot & (r)dr,

and the assertion follows from Lemma 5.1. Assume now that inequality (5.15) is
proved for ¢t € [0, kd] with a constant M = My, and consider ¢ € (kd, (k + 1)d]. We
carry out the induction step over k by estimating

([ etmstmar] = (/Omm )s(r )d”/t a(r)s(ryar |
o ([ ] [ )

t—4
<2p_1G’2’/ sP(r)dr + = / sP(r)dr
0 2 /s

1

1 t
< 2P GH My supess a(T) + = / sP(7)dr.
0<T<ks 2 Jo

Using Lemma 5.1 again, we obtain

t
v(t) +/ sP(7) dr < 2edo 1) o1 4 2P=1GE ML) sup ess o).
0 o<r<t
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Hence, with
(k+1)8

My = 2¢Jo v(o) dU(l + 2;0—1GI23 M)
we complete the proof by induction over k. O

We are able now to complete the proof of Theorem 2.5. Indeed, inequality (5.13)
has the same form as in Lemma 5.2, with p = 2, a replaced by Ca, 71 = C3?%, and
ve = CY?P3, with v and s given by (5.14). The assertion of Theorem 2.5 therefore
follows from inequality (5.13) and Lemma 5.2.

APPENDIX A. AN ANISOTROPIC EMBEDDING THEOREM

We prove here an embedding theorem for anisotropic Sobolev spaces that is needed
in Section 4. For a vector p = (p1,...,pn), 1 < p; < 00, we define the space LP(RY)
as the subspace of L'(R™) of functions u such that the norm

(A1) ulp= (/R (/R(/R Ju(z)[P* dx1>p2/p1 dxg...>pN/pN_lde>1/pN

is finite. For a matrix P = (Pij)f\fj:l, P; = 1/pij, 1 < pij < oo, we define the

anisotropic Sobolev space
(A.2) WLP(RN) = {u e LY(RM): g—“ e LPRN), i=1,... ,N},

T4

where p; = (pi1,...,pin). We want to avoid here the technical difficulties which
arise if we do not exclude the values p;; = 0o, but the methods of [3] might probably
work as well.

We denote by I the identity N x N matrix, and by 1 the vector 1 = (1,1,...,1).
The spectral radius o(P) of P is defined as

(A.3) o(P) = max{|A|: A € C, det(P — \I) = 0} = limsup [P"|'/".

n—oo

Theorem A.1. Let o(P) < 1, and let
(A.4) I-P) '1=b=(by,...,bn).

Then WHP(RY) is embedded in L>°(RY), and there exists a constant C > 0 such
that each u € WHF(RYN) has for all z, 2 € RY the Hélder property

N
(A.5) Ju(2) = u(2)] < Cllullwre @y Y 1z — il

i=1
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The identity (A.4) can be written as
b=(I+P+P?+.. )1

Since all entries of P are positive, we obtain b; > 1 for all ¢, so that the right hand side
of (A.5) is meaningful. Note also that in the isotropic case p;; = p, Theorem A.1 gives
the well-known embedding condition p > N with Holder exponent 1/b=1— N/p.

Proof. Following [3], we fix a smooth function ® with compact support in RY
such that [,y ®(z)dz =1, and for o > 0 and u € WHP(RY) set

X

(A.6) u’(z) = o~ P . ‘b( _by)u(y) dy,

g

N
where |b| = Y b; and
i=1

x—y:<x1—y1 CEN—yN)

ob gbr T gbw

By substitution, we have the identity

(A.7) u’(x) = / O(2)u(xr — oPz)dz,
RN

which implies that

(A.8) lirr%) |u? —uly = 0.

We differentiate u” with respect to o, integrate by parts with respect to y, and obtain

ou(z) & —b|—1+b; r —y\ Ju(y)
(A.9) 5o ——;U /RN \I/z( g ) i dy,

where
Wi(2) = bz;®(z) for z € RV,

By the anisotropic Holder inequality we have

ou
yi

v ()
(2 O'b
where pj is the componentwise conjugate of p;. By substitution, we have

am Gl

)
do p; Pi

- N
(A.10) ‘8u (x) ‘ < Z o—Ibl—1+b;
i=1

= O'Z;\;l bj/p;j

0|y, = ol

\I’i||p§'
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This and (A.4) yield the following estimate independent of o and x:
N
IE) b;—(Pb); au H
< : : e
<2 "oy

For o > ¢ > 0 we have
|u? () —u’(2)| < (0 - &)U,

(A.12) ‘au (

hence u? converge uniformly in L (R™) as o — 0. In view of (A.8), their limit is u,
which thus belongs to L>(RY) N C(RY), and we have for all ¢ > 0 the embedding
inequality

(A.13) lu(z)| < [u”(z)| + oU < |®|ooo™ Pluly + oU.

To prove the Holder estimate, we replace u(x) in (A.13) by u(x + he;) — u(x), where
e; is the ith unit coordinate vector and h > 0 is arbitrary. We obtain

(A.14) lu(z + he;) —u(z)| < |u(x + he;) —u’(z)| + 20U,
where
(A15) w7 (z + he;) — u”(z) = o~ 1P| / @(f”—_by)( (y + he:) — u(y)) dy
—af‘b‘/ / u(y—i—se)dyds.
RN Ay
This and (A.11) entail
. ou
o N\ 4,0 *|b| R e —
(A.16) u® (z + he;) — u’ (2)] < ho H@(Ub) /
<ho ou

We thus conclude from (A.14) that there exists a constant C' > 0 such that for all
u € WHP(RN), 2 € RN, 0 >0, and h > 0 we have

(A7) [u(a -+ heg) = u(@)| < Clho™ P + o ZH(‘)yJ

In particular, for o = h!'/% we obtain, by virtue of (A.4), the formula

(A.18) |u(z + he;) —u(z)] < C

and (A.5) follows from the triangle inequality. O
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Corollary A.2. The space Y defined in (4.42) satisfies the condition in Theo-
rem A.1 if and only if
‘ 1 1

Do
A.19 ER R —
( ) pigg ¢ N-—1

Proof. The matrix P — AI has the form

g - 1/qag ... 1/q 1/p1
Vg 1/g—-Xx ... 1/q 1/p1
P-= : : - : : ,
1/Q1 1/q1 1/ql—)\ 1/p1
1/q0 /o ... 1/  1/po—A

and its determinant is

det(P — AI) = (—A)N—Q((Nq: L /\> (i - /\> - ZZO;:).

We easily check that all roots of the equation det(P — AI) = 0 are in absolute value
smaller than 1 if and only if condition (A.19) holds. d

Remark A.3. The embedding formula (4.40) in R® can be derived in a straight-
forward way from (A.6), where we set by = by = %, bs = 1. Put u(y’,yn) = £(¥, yn)
for yny > 0, u(y',yn) = £(¥/, —yn) for yy < 0. Assuming that ®(z) = &(—=z), we
may set \ifl(z) = ff;o Uy (s, 29, 23) ds, \ilg(z) = ffio Uy(21,8,23)ds. Then Ty, U,
have compact supports and we may integrate by parts in (A.9) to obtain

ou’ 2 . . (= y\ Puly)
()= — —|b|—=1+2b; Y (a4
o () ;U /[R3 \I/z( ob ) 0y dy

_ —Ib|-1+bs r —y\ Ju(y)
7 /Rs\IIB( ob ) 8y3 dy.

Integrals of the form [, . ((z — y)/0®)u.(y) dy with u, € L?*(R®) can be estimated
in L*(R3) using the Young inequality for convolutions as

/[R3 U, (;—by)u*(y) dy

Hence, by virtue of the choice of b, we have

(A.20)

< 0(3/4>\b‘|\11*|4/3|u*|2.
4

9%u 9%u ou

ol <o (gl 5l
< Co 5 5 ——
4 Oy?lz  10y2l2  10ysl2

do

N

(A.21)

) Il < Co 2 ul,
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and (4.37) follows from the inequality

(A.22) |u)a < |u|a+ }/
0

ou’’
97 do’

4
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