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Abstract. Conditions, under which the elements of a locally convex vector space are the
moments of a regular vector-valued measure and of a Pettis integrable function, both with
values in a locally convex vector space, are investigated.
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1. INTRODUCTION

The Hausdorff moment problem [1], [6], [7], [9], [11] reads as follows: given a
prescribed set of real numbers {a, }§°, find a bounded non-decreasing function w(t)
on the closed interval [0, 1] such that its moments are equal to the prescribed values;
that is,

1
/ t" du(t) = an, n=0,1,2,....
0

The integral is a Riemann-Stieltjes integral. Equivalently, find a nonnegative measure
4 on borelian subsets in [0, 1] with

/ t" du(t) = ay, n=20,1,2,....
(0,1]
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We shall need the operator V¥ (k =0,1,2,...) defined by

0 1
Via, =an, V- a,=a, — ant1,

k k
V¥a, = an — (1)an+1 + (z)an+2 — ...+ (—1)kan+k, n=12....

for any sequence of real or complex numbers {a, }§°.
Note that we confine ourselves to the interval [0, 1] for simplicity, this is, however,
no limitation of generality, the results hold for any bounded interval [a, b].

Definition 1.1. For each f € Ly([0,1]), the elements

1
(1.1) an:/ t"f(t)dt, n=0,1,2,...
0

are called the moments of f. For a measure p on [0, 1], the elements

1
(1.2) an:/ t"u(dt), n=0,1,2,...
0

are called the moments of p.

Put )
leym = ( )Vk_mam (k,m=0,1,2,...).

m

See [11] where A*a,, = (—1)*V*a,, is used.
For a sequence of (scalar, possibly vector) elements {a,}, define an operator
Ly(t)[a] by
Ly(t)a] = (1 + N)lnqngy(a) (N =1,2,...).

[Nt] means the largest integer contained in Nt. We have

1 N-1
N+1
[ el = S S e N =12,

If fisin Lq1([0,1]) (similarly a measure p) and a,, are its moments, then
1

(1.3) lim t"Ly(t)[a]dt = an, n=0,1,....
N—oo /g

Hence for every continuous function g(t) there exists
1

Jim [ a@Lx@iat= [ o au.
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If a,, are moments of f (similarly of u), then

(14) /OlLNos)H (N +1) / / ( Nt) N (1 — NIV £ () ds dt

//KNtsdtf() (N=1,2,..., 0<s,t<1)

where
Ky(t,s)=(1+ N) ([]]\fvt]>5[Nt](1 _ S)N,[Nt] .

It is easy to show that, for every ¢,

N-1

1 N1 1
/KN(tS)dS ; Z/ ( ) '(1—s)N"™mds < M < o0,
0 0

m=0

and, for every s,

(1.5) /OIKN(t,s)dt N“Z/Ol() (1—s)N""dt < M < oo,

for N=1,2,...
We shall use a part of the following theorem (see [11], pp. 100-114, [4], Theorem 1)
giving four equivalence statements.

Theorem 1.2. Given a sequence a,, n = 0,1,2,..., of complex numbers, there
exists
(la) a function f € Ly such that a,, are the moments of f;
(2a) a function f € L,, 1 < p < oo, such that a,, are the moments of f;
(3a) a complex, regular Borel measure ;1 such that a,, are the moments of y;
(4a) a nonnegative regular Borel measure y such that a,, are the moments of y;

if and only if the functions Ly (t){ayn}

(1b) converge in the Li-norm;
(2b) are bounded in the Ly-norm;
(3b) are bounded in Li-norm;
(4b) are nonnegative.
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2. VECTOR-VALUED MEASURES

Let X be a quasi-complete, locally convex topological vector space. For each IV,
let x5 : C([0,1]) — X be a linear mapping. The set of maps @ is said to be weakly
equi-compact if there is a weakly compact subset W of X such that

{on(¥); ¥ € C[0,1]), [l <1, N=1,2,...} CW.

Let #([0, 1]) stand for the o-algebra of all Borel sets in [0, 1].

Definition 2.1. Given a sequence a,, n = 0,1,2,... of elements of X, we say
that a,, n = 0,1,2,... are the moments of a regular measure u: %([0,1]) — X if

1
an:/ t" p(de).
0

First we derive a necessary and sufficient condition for a sequence a,,, n = 0,1,2,...

a, are of the form

to be the moments of a regular measure p.

Theorem 2.2. Given a sequence a,,, n =0,1,2,... of elements of X, there exists
a regular measure u: %([0,1]) — X such that a,, are the moments of y if and only
if the set of maps ®n: C([0;1]) — X, N =1,2,... defined by

:/0 W)Ly (t)dt, e C([0,1))

is weakly equi-compact.

Proof. Necessity. Suppose that such a measure exists. Then, for each ¢ €
C(]0,1]), see (1.4),

<1>N(w)=/ /KNts) (ds) dt = / (/ Kn(t, )0 dt) (ds).

Let now R(u) = {u(A4): A € #([0,1])}, the range of 11, and let @ be the closed, abso-
lutely convex hull of R(p). Then R(u) is relatively weakly compact in X (see [10]) and
so by the Krein theorem (e.g., [10]), @ is weakly compact. Now, for all ¢ € C([0,1]))
with ||¢|| < 1, we have, for s € [0, 1], by (1.5),

‘/ K (t, s)0 dt‘ |\1p||/|KNts|()dt<M.

But for every measurable ¢ with |p(t)| < 1 for all ¢ € [0,1], we have

/0 p(Du(dt) € Q.
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Therefore, ®n(¢)) is in MQ for all N and all ¢» € C([0,1]) with ||¢|| < 1. That is,
the set of @ is weakly equi-compact.

Sufficiency. Suppose now that the set of @y is weakly equi-compact. Then there
exists a weakly compact subset W of X such that {®x(¢): ¢ € C([0,1]), ||| <1
N =1,2,...} C W. Take 2’ € X', the dual of X. Then there exists a constant c,
such that

| <‘I>N(¢)7$'> | < 7%
for all N and all ¢ with ||¢|| < 1. Therefore, for each N,

/0 V() (Ly(t), o) dt| < aur;

/ | LN |dt Qg

Therefore, part (3a)—(3b) of Theorem 1.2 implies that there exists a scalar-valued

sup
llpli<1

that is

measure i, such that

(2.1) (an,x') = /O t" pig (dt)

and by (1.3),

(2.2) h,{,n (Pn (¢ /w o (dE)

for all ¢ € C([0,1]). That is, for each fixed ¢, {{®Pn(¢)),2)} is convergent for all
' € X'. Thus {®Py(¢))} is weakly Cauchy and therefore weakly convergent since
{®n(¢p): N =1,2,...} is contained in the weakly compact set ||¢)||TV. Denote its
weak limit by ®(¢). Then, for all ¢ with ||¢| < 1, ®(¢p) € W. Since W is weakly
compact, ¢ is weakly compact (i.e., it takes the unit ball of C([0, 1]) to a relatively
weakly compact set). So, by extensions [3], [8] of a theorem of Bartle, Dunford and
Schwartz, [2], Proposition 1, to (quasi-complete) locally convex spaces, there exists a
regular measure p: %4([0,1]) — X such that

1
v) = [ wina
0
for all ¢ € C([0,1]). Taking ¢ = t™ gives, for all 2’ € X',

@WMﬁ:£WWWMW
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But, by (2.1) and (2.2)

1
@) = [ @) = ().
Hence 1
an:/ t" p(de).
0
O

Now we shall prove a theorem concerning moments of Pettis integrable functions.
Recall that a function f(t): [a,b] — X is called Pettis integrable if to every Borel
set E in [a, b] there corresponds an element zp € X such that for all 2/ € X’

o(op) = [ 1)t

We then write

/Ef(t)dt =zp.

In particular, if the space X is reflexive, then f(t) is Pettis integrable if and only if
2'[f(t)] € Ly for all ' € X'.

If f: [0.1] = X is a Pettis (or Bochner) integrable function, then the members of
the sequence a,, of elements in X are called the moments of f if they are of the form

1
an:/ PR AL, n=1,2,...
0

Theorem 2.3. Given a sequence a,,, n =0,1,2,..., of elements of X and a Pettis
integrable function f, then a,, are the moments of f if and only if

(2.3) ti [ w0 (t) = F(0)dt =0

for all ¢ € C(]0,1]) with [|¢| < 1.

Proof. Suppose that the a, are the moments of f. Let V be an absorbent
neighborhood of 0 in X. For all ¢ € C([0,1]),

/ O L(t) — £ dt = / 1 w(o( / Kn(ts)f(s) ds f(t)) w

-/ 1 s [ Kot syete) i — b)) ds.
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Also, there exists a constant ¢ > 0 such that for all v with || < 4,

/l'yf(s)dse V.
0

But for each ¢ € C([0,1]) with ||| < 1, there exists an integer No(¢) such that
for all N > Ny(v),

1
[ mtesan - v <
0
Hence, if ¢ is in C([0,1]) with ||¢|| <1, N > No(¢) implies

/0 V() (L (t) — f(t))dt € V.

Conversely, define

By() = [ DOLOd N =12
1
B(y) = / POf@)dt, e C(0,1]),

and suppose that li]{]n Oy (1) = ®(¢) for all ¢ € C([0,1]) with ||¢]] < 1. Then, for
all ' € X’ and all such 1,

lim (@ (), ) = (2(¥), 7).

So, for every z' € X',

1 1
(an @) = lim Ly g (an, ) :hm/ £ (L (t), ') dt = </ t”f(t)dt,:c’>
N N 0 0
and hence .
an = / (1) dt.
0
0

For the sake of completeness we shall introduce here the theorems concerning the
problems of moments for vector measures with finite variation and Bochner integrable
functions with values in a Banach space X ([4]).
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Theorem 2.4. Given a sequence a,,, n =0,1,2,... of elements of X, there exists
a regular measure p: %([0,1]) — X of finite total variation such that a,, are the
moments of p if and only if there exists a finite constant H such that

1
[ ims@la<n v=12,..
0

Recall the definition of a Bochner integrable function. If f: [a,b] — X is simple,
n
ie., f(s) = > x& (s)z;, where x g denotes the indicator function of the set E C [a, b,
i=1
x; € X, then for any E € %([a,b])

2 i=1

where A is a probability measure on [a,b]. Such functions are A-measurable. Any
function f: [a,b] — X which is the A-almost everywhere limit of a sequence of simple
functions is (called) A-measurable.

A A-measurable function f: [a,b] — X is called Bochner integrable if there exists
a sequence of simple functions (fy,) such that

lim ] [[fn(s) = f(s)] dA(s) = 0.

la,b

In this case [, fd\ is defined for each measurable set £ in [a,b] by

/EfdA:hrrln[EfndA.

A M-measurable function f: [a,b] — X is Bochner integrable if and only if
Jrun IFdA < o0 ([5]).

Theorem 2.5. Given a sequence a,, n = 0,1,2,..., of elements of X, there exists

an X-valued Bochner integrable function f on [0,1] such that a, are the moments
of f if and only if

lim / |Ln(t)(a) — Ls(t)(a)] dt =o.

N,J—o0
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