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Abstract. In this paper, we consider the global existence, uniqueness and L°° es-
timates of weak solutions to quasilinear parabolic equation of m-Laplacian type wus —
div(|Vu|™2Vu) = ufu/?~! Jo lu|* dz in Q x (0,00) with zero Dirichlet boundary condi-
tion in 9Q. Further, we obtain the L°° estimate of the solution u(t) and Vu(t) for ¢t > 0
with the initial data ug € LY(Q) (¢ > 1), and the case a + 3 < m — 1.
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1. INTRODUCTION

In this paper we study the global existence, uniqueness, and L>° estimates of the
solution for the initial boundary value problem for the parabolic equation of m-

Laplacian type with a nonlocal term

uy — div(|Vu|™2Vu) = ulul’ 7! [, [u|*dz, z€Q, t>0,
(1.1) u(z,0) = up(x), x € Q,
u(z,t) =0, z e, t>0,

where 2 < m < N, @ >0, 3 > 1 and  is a bounded domain in RY (N > 3) with
the smooth boundary 9Q. If a + 3 > m — 1 and || or ug(z) is properly large,
we know the problem (1.1) need not have a global solution, see [9]. So we mainly
consider the problem (1.1) with @ + 8 < m — 1. Many results concerning global
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existence, uniqueness, blow-up and asymptotic behavior of the solution for (1.1)
have been established. In particular, it is well known that (1.1) admits a unique
global solution if a = 0 and ug € Wy " (Q).

Many physical phenomena were formulated as non-local mathematical models and
studied by many authors (cf. [1],[5], [9]). Li and Xie in [9] considered the problem

up — div(|Vu|"2Vu) = [, [u[*dz, z€Q, t>0,
(1.2) u(z,0) = up(x) =0, x € 9,
u(z,t) =0, z e, t>0,

by making use of super-subsolution techniques with 2 < m < N,a > 1, uy €
L(Q) N W, ™ () and dug/dv < 0 on JQ, where v denotes the unit outer normal
vector on the boundary 9€2. Under the appropriate hypotheses, they developed local
theory of the solution and obtained that the solution either exists globally or blows
up in finite time.

Rouchon in [14] proved the existence of a universal bound for all nonnegative
global solutions of (1.2) with m = 2, where a > 1 and ug € L>(Q).

In [3] Chen considered the nonlocal problem (1.1) with & = 0 and up € L7 (1 <
q < 2), proved the global existence of u(¢) and gave an L> estimates of u(t) and
Vu(t) for t € (0,T]. However, as far as we know, there are few results concerning
the L estimates of u(t) and Vu(¢) for ug € L1(Q) (¢ > 1) for the problem (1.1).

In this paper we are interested in the global existence and the uniqueness of solu-
tion for (1.1) with ug € L9(Q) (¢ > 1), o + 8 < m — 1, and give L™ estimates for
u(t) and Vu(t) with ¢ > 0. For L™ estimates, we use Moser’s technique as in [2]-[4],
[11]-[13]. To obtain an estimate of || Vu(t)||o, we also make the assumption that the
mean curvature H (z) of 9N at z is non-positive with respect to the outward normal;
such assumption is made also in [2], [7]. We know that H () < 0 if 2 is convex.

This paper is organized as follows. In Section 2, we state the main results and
present some lemmas which will be used below. In Sections 3 and 4, we use these
lemmas to derive L estimates for u(t) and Vu(t), respectively. The proof of the
main results will be given in Sections 3 and 4.

2. PRELIMINARIES AND RESULTS

Let ||-||, and ||-||1,, denote the LP(2) and W1P(Q) (1 < p < 0o) norms respectively.

Definition 1. A measurable function u(x,t) on  x RT is said to be a weak
solution of the problem (1.1) if u = u(z,t) € L>=((0, 00), Wy ™) NL™ L (R+, Wy ™)
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and the equality
t
(2.1) //{—ugps + [Vu|" " 2VuVe — [Ju(s)||%ul’tup} dz ds
0Ja

_ /Q{uo(x)ga(a?,()) —u(z, t)p(x, 1)} do

is valid for any ¢ > 0 and ¢ = p(z,t) € CY(RT,C}(2)), where RT = [0, +00).
We make the following assumptions.
(Hy) uwo € LI(QY), ¢ > 1;
H)) N>m>2, a>20,>1,anda+8<m-—1;
(H3) the mean curvature H(x) of O at x is non-positive with respect to the outward
normal.

Remark 1. Since 2 is a bounded domain, we have L?(Q) C L4(Q2) for p > ¢ > 1.

Our main results read as follows.

Theorem 1. Assume (H;)—(Hs) hold. Then (1.1) admits a unique global solution
u(t) which satisfies

(2:2) u(t) € L=(R*, L) N Lis.((0,00), Wy ™) N Lin H(RY, W™ ™),

loc

u € LIQOC((O’ OO), L2)7

and the estimates

(2.3) lu()|l, < Cp(l ¢t/ me 2)) t>0, Vp>gq,
(2.4) lu(t)]|oo < Cot™", 0<t<T,
(2.5) VU)o < Cot=OXIm 0 <y,

where A = N/((m — 2)N + mq), Co = Co(|Q|, T, ||uollq) > 0 and C,, depends on p.

Theorem 2. Assume that (Hy)—(Hs) hold. Then the solution u(t) of (1.1) has
the gradient estimate

(2.6) ([Vu(t)]|oo < Cot™, 0<t<T.
Further, if ug € W™ (Q) and 23 < m* = Nm/(N — m), we have
(2.7) IVu®)llm < [ Vuolme™* +Co, t>0

with some A\; >0 and p = (2(1 + 2\ (a + B8)) + N?)/(2m + (m — 2)N?).

To obtain the above results, we will use the following lemmas.
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Lemma 1 ([11], [16]). Let 8 20, N >m > 1, f+1 < gand 1 <r < p <
(B+1)Nm/(N —m). Then for |u|’u € W™ (Q) we have

1 +1 —0 0 +1
ullg < CL/PFD |l 170 ] P 40+

with § = (8+ 1)(r~! —p™1)/(N"1 —m~! + (8 + 1)r~ 1), where C; is a constant
independent of p, r, 3 and 6.

Lemma 2 ([13]). Let y(t) be a nonnegative differentiable function on (0,T] sat-
isfying
y'(t) + ANy < Bt Ry () + Ot 0
with A,0 >0, \0 > 1, B,C >0, k < 1. Then we have

y(t) < ATVO@A 4+ 2BT RV A poc (N + BT VR 10 0<t < T

Lemma 3 ([15]). Let y(t) be a nonnegative differentiable function on (0, 00)
satisfying
y'(t) + Ay TH(t) < B, t>0,

with A, p > 0, B > 0. Then
y(t) < (BA™HY ) 4 (Aut)=Ve, > 0.
Further, if y(t) is continuous on [0, +00) then

y(t) < (BATHY O 4 (y(0) ™" + Apt) =M1, t> 0.

3. L°° ESTIMATE FOR u(t)

Let ug; € C2(2) — ug in L9(Q2) (¢ > 1) as i — oo. For i = 1,2, ..., we consider
the approximate problem of (1.1):
up — div((|[Vul? + i) m=2/2Vy) = ulu|?~! [, [u[*dz, z€Q, t>0,
(3.1) u(z,0) = ugi(x), x €,
u(z,t) =0, x €09, t>0.
Then the problem (3.1) has a unique smooth solution u;(x,t) (see [8]). For simplicity

of notation, we write u instead of u; and u? for |u[P~'u when p > 0. Also, let C, Cj,
t; be generic constants independent of ¢ and p, and changeable from line to line.
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Proposition 1. Assume (H;)—(Hz) hold and u(t) = u(z,t) is the solution of (3.1).
Then u(t) € L= (R, L1).

The proof of Proposition 1 is similar to that of Propsition 1 in [3] and is omitted
here.

Proposition 2. Under the assumptions of Proposition 1 and p > g > 1, the
solution u(t) of (3.1) also satisfies

(3.2) lu(ll, < Cp(1+¢1 02 £>0, ¥p > g,

and for any T > 0,

(33) [u(®)]oo < C1t™ 0<t<T,
(3.4) [Vu(t)|[m < Crt™ 1+2A<a+ﬁ>>/m 0<t<T,
T
(3.5) | s ias < o
0

where C,, depends on p, A\ = N/((m —2)N +mgq), C1 = Ci(|Q, T, |lwollq), ¥ >
A2 —¢)T, and (2 — ¢)* = max{0,2 — ¢}.

Proof. Multiplying (3.1) by uP~! (p > ¢ > 1), we have

1d
(3:6) ~ gl B+ pop! VT (@) [ < e ||a/ u(t)|P*P  dz =

By the Sobolev inequality, we get

IFa®Hm=2m > =3

where pg, 1 > 0 are independent of p.
Since a + 8 < m — 1, we use Young’s inequality and get

le% — « — /'[/Olu’l m
(37 Ju®) / [ do = Ju@lllu(®) 7555 < Sl Ipin =3 +

Then (3.6) becomes

d KoM o,
(38) o)l + L )l < o
Note that
(3.9) lut)|Pim=3 > Collu(t)|5tm—>
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with Cy = Cy(|©2]) > 0. Then, the application of Lemma 3 to (3.8) gives
(3.10) Ju®)|, < Cp(1+ =2y ¢ > 0.

In order to derive (3.3), we must treat carefully the differential inequality (3.6).
Since 0 < a < m, it follows from the Sobolev’s inequality that

[u()lla < Collu®Fm=2/m (g) |/ PEm=2) < Co||VulPm=2/m )|/ wtm=2)
Further, by Lemma 1 and Proposition 1, we get

03

A= u@) g1 < la@) Il @l Il (@)l

< ol [VuPHm=2/m (@) [/ Hm=2) [l ()| | u (1) 2

= m
< Collu)| 9| VuPHm=2)/m ()| mlet0a)/ (ptm=2)

VA
N =

pop! " [VuP DM @)+ Cp u(n)]

in which 0 = A, p* = N(p+m —2)/(N —m) and (01, 62, 63) is the positive solution
of the following system

0 +02+0;5=p+p—1,
p q N(p+m-2)
0 0

v Osta

p p+m-—2

:]_7

It is easy to obtain

g, - Pprm—=2—a)[N(m—2)+mg —pN(p+m—2)(f-1) —pNalp —q)
! (p+m — 2)[N(m — 2) + mq ’
b2 =qalp+m—2)"+mg[B—1+ap—q)(p+m—2)""][N(m—2)+mg "
fs = [N(p+m—2)(8—1)+ Na(p — q)][N(m —2) +mq]~".

Y

Then (3.6) becomes
d 1 2—m (p+m—2)/m m 140
(11 Sl + 2 Cop Va2 ) < Cop D)
Let r > mq~', p1 = ¢, pp = Pp—1 —m~+2, 0, =rN(1 —p,'pp_1)(m+ Nr—N)~1,

Bn = (pn+m—2)0,1 —p,, n=2,3,.... By Lemma 1 we know that

1_977,
Pn—1

[[u(t)

< Cm/(pn+m—2)||u(t)

vy ntm=—2)/m () ||men/(pn+m—2).

Pn
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Putting this into (3.11) (p = p,,) we find that for 0 <t < T,

d —m —m m—i— o
(3:12) L llu(®)lp, + CoC™™ e pim ™ u(®) 15,23 u®) [ < Copr 7 lult)

Pn-

We claim that there exist a bounded sequence {&,} and a convergent sequence
{An} such that

(3.13) u(t)|lp, <Eat™™, 0<t<T.

In fact, by Proposition 1, this holds for n = 1 if we take Ay = 0, & = sup{||u(¢t)||4}-
>0
If (3.13) is true for n — 1, then we have from (3.12) that

(3.14) gHu(t)
< Ooplto||u(t)

o+ CpC /O g2 o (=t 2) )

Pn-

Applying Lemma 2 to (3.14), we conclude that (3.13) also holds for n with
A = (14 A1 (B —m +2))8,1 and &, = (G Cy tem/Onp? mfgb—_f)_l/ﬁﬂ'@/\n +
205pl o) /g, 1, mn=2,3,...

It is not difficult to show that \,, — A = N/((m —2)N +mq) as n — oo and {&,}
is bounded (cf. [11]). Then (3.3) follows from (3.13) as n — co.

In order to obtain (3.4), we first choose v > A\(2 — ¢)*. Without loss of generality,
we suppose ¢ € (1,2). Further, let n(t) € C[0,00) N C(0,00) such that n(t) = t7 if
te[0,1]; n(t) =2ift > 2 and n(t), n'(t) = 0 in [0, c0).

Then, multiplying (3.1) by n(t)u we arrive at

(315) [ [ wmutor asds + gt

%/ /()lluls ||2ds+// ()7 [u(s) | dar ds.

Noticing that for t € (0,77,

t t
316) [ o) ds < Co [ 2 uls)glu(s) 7 ds < crAe
0 0
and
1
(3.17) |IU(8)||§/ u(s)| "+ da < Cllu(s) |57 < SIVuls)m +C,
Q

where the fact @ + 8 < m — 1 has been used.
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Therefore, we obtain from (3.15)—(3.17) that

(3.18) // $)|Vu(s)|™dzds < CV 9 0 <t <T.

Next, let o(t fo s)ds, t > 0. Similarly, multiplying (3.1) by o(t)u:, we get

1d

(319) o Qg(t><|w<t>|2+r1>m/2 da + ot) [ur (1) 3

N

AU L 0TuF i1 e+ o®)luto)lz [ fulo) o) de.

m

Moreover, for ¢ € (0,T] we have

(3.20) @(t)IIU(t)Ili/QIU(t)I5IUt(t)|dx < o) lue(®)ll2lu(®)ll5g )15
o) [us(B)II3 + Co®)[ul®) 55 ]u(®)]2

o(t)||ue (2)]|2 + CtrFL2(4BA,

<

<

N =N =

Now, the application of (3.18)—(3.20) and the integration of (3.19) on [0, ¢] yield

1 1/t (2 _
(3.21) Eg(t)IIVU(t)IWﬂL 5/ 0(s)[lus(s)[|3 ds < C(E7~AE79) 4 grH2=2(atfA),
0
Thus (3.21) gives
3.22 o) Vu(t)||? < 7 2MetB) 0 <t < T
(3.22) - m

This implies (3.4). Similarly, we have the estimate (3.5) from (3.21) and (3.22).
Then the proof of Proposition 2 is completed. ([

Proof of Theorem 1. Noticing that the estimate constants Cy, Cp in (3.2)—(3.5)
are independent of i, we can obtain the desired solution u(t) as the limit of {u;}(or
a subsequence) by the standard compactness argument in [10,11]. The solution u(t)
of (1.1) also satisfies (3.2)—(3.5) and (2.3)—(2.5).

It remains to prove the uniqueness. First, for n = 1,2,... we define a;}f (s) = 1 if

s> 1, and ) (s) = n2s2%™""" if 0 < ns < 1. Let A, ( foan s)ds, t € R,
where a,,(s) is an odd extension of a;f (s) in R®.

Let uq(t), ua(t) be two solutions of (1.1) which satisfy (2.2) and (2.4). Denote
u(t) = uq(t) — uz(t). Then by Proposition 1 and Lemma 4.4 in [6, chap 1] we obtain

d

(3.23) o

Ay (u(t)) de + 'yo/ |Vu|"a), (u)dz < T
Q Q
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for some 7y > 0, where

(3.24) I=/(HU1H3|U1|B_1U1 = lluzllgfual? " uz)an (u) dz
Q

<l [ [fonl? e = el ua] ot [l = s3] [ sl Mz do
Q Q

<Ot D ()],

Then combining (3.23) with (3.24), we obtain for ¢ € (0, T

d

2 —
(3.25) @l

An(u(t)) dz < Ct 2D ()],

where C' > 0 is independent of i and n. Integrating (3.25) on [r, t] and letting n — oo,
we have

t
(3.26) wwm<wmm+/8”WW”w@mm,o<wa<f
Since u(t) € L1([0,T], L4()) (¢ > 1) and u(0) = 0, we let  — 0" and find that
t
mwM</§“”“Wwﬂmm 0<t<T.
0

Since 0 < AM(a+—1) < 1, the application of the Gronwall’s Lemma brings ||u(t)||1 =
0 on [0,T]. Thus u;(t) = ua(t) on [0,T]. This completes the proof of Theorem 1. O

4. L°° ESTIMATE FOR Vu(t)

In this section we give the proof of Theorem 2. We also use an argument similar
to that in [2], [7], [13], but we must treat carefully the nonlinear nonlocal term in the
L estimate of Vu(t). As above, we only consider the estimate of || Vu(t)||oo for the
smooth solution u(t) of (3.1). As above, let C,C; be generic constants independent
of p and 4 changeable from line to line. Denote

N
&%u
DQUQ:E u? u = ——— .
| | 1,77 J 8:51-8@

ij=1
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Multiplying (3.1) by — div(|Vu[P=2Vu), p > 2 and integrating on €2 by parts, we
have

1d

HVu@nw—+jQ|Vua>w+m*ﬂzﬂuan2dx
+CL/WVu@WHm*ﬂVUVuaﬂ%Fdx
Q

—(N-1) [ H()|Vu)Pt™2dS
o0

< - ||u(t)||§/ [u(®)|”~ u(t) div(|Vu(t) P> Vu(t) de = B
Q
with C,, = 1(p — 2). It follows from (2.4) that

(4.2) B= 6IIU(16)||3/Q [u ()"~ V()| do
< Ollu@®)|SHP~HIVu®)h < Ot =D Tu@)|fp

If H(z) < 0 on JQ and N > 1, then by the argument for the elliptic eigenvalue
problem (cf. [7]) there exists Ag > 0 such that

(4.3) [Vo||3 — (N — 1)/ v H(z)dS = ol|v] 5 , Yo € Wh2(Q).
o

From (4.1)—(4.3) we see that there exist C; and Cb, independent of p, such that
d _ _ _
(4.4) I Vu@®ll + C1[[[Vu(t)|PFm=2/2|12 , < Copt ™ H=V [ Vu(b)|p .

Let p1 = m, pn = Npp—1 —m +2, 0, = N(1 — ppap, ' )(N — 1+ 2/N)71,
n =2,3,... Then it follows from Lemma 1 that

Vau(t)|(Prtm=2)/2|| 200/ (batm=2),

(45) ||Vu(t) Dn < CQ/(pn+’m72)||vu(t)||1,9n ’

Pn—1

Putting this into (4.4)(p = p»,), we obtain

d
TITuOz + Coo2/0 [Tu(t) 4200 V()2
< Coppt MD)W (t)|[2n

Then we take y; = max{1,Cp}, 21 = (14 2X(a+ B))/m, where Cj is the constant
in the estimate (2.5).

398



As the proof of Proposition 2, we can show that there exist a bounded sequence
{yn} and a convergent sequence {z,} such that

(4.6) [IVu(t)

Pn g ynt_zna O < t g Ta

for which z, — pu = (2(1 +2X(a+ 8)) + N?)/(2m + (m — 2)N?), see [11]. Then the
estimate (2.6) is obtained from (4.6) as n — oco.
Now we consider the estimate (2.7). Let

Ft) = % /Q V()™ da.

Multiplying (1.1) by u; and integrating on € by parts, we obtain

lur()I3+F"(t) = IIU(t)Ilg/Qut(t)l’tt(t)lﬁ’lw) dz < %I\ut(t)l\§+%IIU(t)IIiaHU(t)Hgg~

’

(47) S ()25~ F () > 3 a0}

Similarly, multiplying (1.1) by u(t) gives
(4.8)
m B+1 o 1 2 1 m
Va5 = lu@ s llu@)la - Qu(t)ut(t) do < Sllu@®)lz + 5[IVu®)ll + Cr.
This shows that
]. o !’
(4.9) 5 I [u()lI35 = F' (1) = MF(#) - Cy

for some Ay € (0,1) and C; > 0. We now estimate the first term of (4.9).

By the assumption uy € Wy (Q), we obtain ug € L™ (Q) by the Sobolev em-
bedding theorem, where m* = mN/(N — m). Then, by Proposition 1, the solution
satisfies u(t) € L®(R*, L™ (Q2)). Since a + 3 <m — 1 and 23 < m*, we get

(4.10) lu@®)12* < Co,  u(®)lzs < Co, ¥t >0,
where Cy depends only on the initial data up. Then we have from (4.9) that
(4.11) F'(t) + M F(t) < Co.

This implies that

(4.12) F(t) < F(0)e ™ +Cy, t=0,

or

(4.13) [Vu(t)||lm < |Vuo|lme ™t 4+ Co, = 0.

This is the estimate (2.7). We have completed the proof of Theorem 2. d
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