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Abstract. Let E be a complex Banach space, with the unit ball BE . We study the
spectrum of a bounded weighted composition operator uCϕ on H∞(BE) determined by an
analytic symbol ϕ with a fixed point in BE such that ϕ(BE) is a relatively compact subset
of E, where u is an analytic function on BE .
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1. Introduction

Let E denote a complex Banach space with the open unit ball BE . The

space H∞(BE) is the set {f : BE → C : f is analytic and bounded} with the

sup-norm ‖f‖ = sup{|f(x)| : x ∈ BE}. Let ϕ : BE → BE be an analytic map, then

ϕ induces a composition operator Cϕ : H∞(BE) → H∞(BE) given by Cϕ(f) = f ◦ϕ.

Let u be an analytic function on BE . We consider weighted composition opera-

tors uCϕ defined by uCϕ(f) = u · (f ◦ ϕ), acting on H∞(BE). Obviously, uCϕ is

bounded if and only if u ∈ H∞(BE). We investigate the spectrum of uCϕ. We focus

on the case in which ϕ has a fixed point z0 ∈ BE .

The paper is motivated by recent works [8], [6], [11], and [14]. When the symbol ϕ

has an interior fixed point, the spectrum of Cϕ on H∞(BH) is characterized by

Galindo, Gamelin and Lindström in [8], where BH is the unit ball of a Hilbert space.

Similar results on H∞(BE) can be found in [6] and [11]. In [14], Yuan and Zhou
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characterized the spectrum of uCϕ on H∞(BN ), where BN is the N -dimensional

complex ball. All these works can be traced back to [5] and [15].

We establish some notation before outlining the contents of the paper. Let ‖uCϕ‖e

and ̺e(uCϕ) denote the essential norm and the essential spectral radius of uCϕ,

respectively. The essential norm of an operator is the norm of its equivalence class in

the Calkin algebra. We denote by ϕn the n-fold iterate of ϕ, so that ϕn = ϕ◦ϕ◦. . .◦ϕ

(n-times). The spectrum of an operator T is denoted by σ(T ).

Recently, the spectra of composition operators, both weighted and unweighted

(u ≡ 1), have been well studied for several spaces of holomorphic functions on the

disk or the ball; see [1], [3], [5], [8], [6], [9], [11], [12], [14], [15], and [16] for example.

All the arguments follow an analogous pattern: For a disk centered at 0 with radius

equal to the essential spectral radius, find a positive integer m, define an invariant

subspace Hm of uCϕ, consider the restriction of uCϕ on Hm, denoted by Cm; then

it is sufficient to show that (Cm − λI)∗ is not bounded from below. In this paper,

we characterize the spectra of uCϕ on H∞(BE) using the same strategy.

2. The main result

Recall that the essential norm of a bounded linear operator T is the distance

from T to the compact operators, that is,

‖T ‖e = inf{‖T − K‖ : K is compact}.

Clearly T is compact if and only if its essential norm is 0.

Recently, Pascal Lefèvre gave estimates of weighted composition operators on

H∞(BE) in [10]. Suppose u ∈ H∞(BE) and ϕ : BE → BE is analytic with ϕ(BE)

relatively compact. Let us define

nϕ(u) = lim
r→1−

sup{|u(z)|; z ∈ BE and ‖ϕ(z)‖ > r}.

The following lemma is quoted from [10].

Lemma 1 (Theorem 2.5 in [10]). Let u ∈ H∞(BE) and ϕ : BE → BE be analytic.

We assume that ϕ(BE) is relatively compact. Then

nϕ(u) 6 ‖uCϕ‖e 6 2nϕ(u).

For uCϕ acting on H∞(BN ), recall that its spectral radius is denoted by ̺(uCϕ).

Then

̺(uCϕ) = lim
n→∞

‖(uCϕ)n‖1/n
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and the essential spectral radius is given by

(1) ̺e(uCϕ) = lim
n→∞

‖(uCϕ)n‖1/n
e .

For any f ∈ H∞(BE),

(2) (uCϕ)n(f(z)) = u(z)u(ϕ(z)) . . . u(ϕn−1(z)) · Cϕn
f(z).

So (uCϕ)n is a weighted composition operator with symbol ϕn and weight u(z)×

u(ϕ(z)) . . . u(ϕn−1(z)). Using Lemma 1 and (1), (2) above, the essential spectral

radius follows immediately.

Theorem 1. Let u ∈ H∞(BE) and ϕ : BE → BE be analytic. We assume that

ϕ(BE) is relatively compact. Then

̺e(uCϕ) = lim
n→∞

(
lim

r→1−

sup
z∈Ern

|u(z)u(ϕ(z)) . . . u(ϕn−1(z))|
)1/n

where Ern
= {z ∈ BE : ‖ϕn(z)‖ > r}.

Corollary 1. Suppose ϕ(BE) is a relatively compact subset of E. Then the

essential spectral radius of Cϕ on H∞(BE) is either 1 or 0. If Cϕn
(= Cn

ϕ) is

compact for some n > 1, then ̺e(Cϕ) = 0, otherwise ̺e(Cϕ) = 1.

If ϕ(BE) is not a relatively compact subset of E, it can occur that 0 < ̺e(Cϕ) < 1.

See [7] for more details. To characterize the spectra of uCϕ we first investigate the

eigenvalues, which is inspired by [2].

Lemma 2. Assume that ϕ : BE → BE is analytic with a unique interior fixed

point a and u ∈ H∞(BE). If µ 6= 0 is an eigenvalue of uCϕ, then µ ∈
{

u(a)
n∏

i=1

λi :

λi ∈ σ(dϕ(a)), i = 1, . . . , n and n ∈ Z
+
}
∪ {u(a)}.

P r o o f. The argument is essentially the same as in [2]. Without loss of generality

we suppose u(a) 6= 0. Let f ∈ H∞(BE) be an eigenfunction corresponding to µ, so

that

µf(z) = u(z)f(ϕ(z)).

Suppose that µ 6= u(a) and is not of the form
{

u(a)
n∏

i=1

λi : λi ∈ σ(dϕ(a))
}
. It

is sufficient to show that f ≡ 0. In some neighborhood of a in BE we have the

uniformly convergent Taylor series of f around a:

f(z) =

∞∑

m=0

dmf(a)

m!
(z − a)m.
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If we show that dmf(a) ≡ 0 for m = 0, 1, . . ., we are done. For z = a, we have

µf(a) = u(a)f(a), so f(a) = 0 as µ 6= u(a). Assume that dmf(a) = 0 for m < n.

Consider

u(z) =

∞∑

m=0

dmu(a)

m!
(z − a)m.

Similar to [2], since

ϕ(z) = a + dϕ(a)(z − a) +

∞∑

m=2

dmϕ(a)

m!
(z − a)m

converges uniformly in a neighborhood of a, it follows from µf(z) = u(z)f(ϕ(z)) by

comparing the terms at (z − a)n that

µdnf(a) = u(a)(dnf(a) ◦ (dϕ(a)⊗̂π . . . ⊗̂πdϕ(a))),

where we have used dmf(a) = 0 and the isomorphic isomorphism between Ls(nE) ≃

(⊗̂n,s,πE)′, which associates A ∈ Ls(nE) with A ∈ (⊗̂n,s,πE)′. Thus we have

µdnf(a) = u(a)((dϕ(a)⊗̂π . . . ⊗̂πdϕ(a))tdnf(a)).

As is well known, σ(dϕ(a)⊗̂π . . . ⊗̂πdϕ(a)) = σ((dϕ(a)⊗̂π . . . ⊗̂πdϕ(a))t). If dnf(a) 6=

0, this means that µ ∈ σ(u(a)(dϕ(a)⊗̂π . . . ⊗̂πdϕ(a))). In view of a result of

M. Schechter in [13] we have

Sublemma 1. Let Ei, I = 1, . . . , n be complex Banach spaces and let Ti ∈

L(Ei, Ei). Then σ(T1⊗̂π . . . ⊗̂πTn) =
n∏

i=1

σ(Ti).

This implies that µ = u(a)
n∏

i=1

λi, where all λi ∈ σ(dϕ(a)). But this is a contra-

diction, so that dnf(a) ≡ 0 and hence f = 0. This completes the proof. �

Because of the Earle and Hamilton’s fixed point theorem (see [2]), ϕ has a unique

fixed point a in BE if ϕ(BE) lies strictly inside BE . We have the following lemma.

Lemma 3. Assume that ϕ : BE → BE is analytic and ϕ(BE) is a relatively

compact set of E which lies strictly inside BE . Let u ∈ H∞(BE). Then
{

u(a)
n∏

i=1

λi :

λi ∈ σ(dϕ(a)), i = 1, . . . , n and n ∈ Z
+

}
∪ {u(a)} ⊂ σ(uCϕ) where a is the unique

interior fixed point of ϕ.
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P r o o f. Evidently, Cϕ is compact on H∞(BE), so uCϕ is such as well. Trivially,

0 ∈ σ(uCϕ). Without loss of generality we may suppose u(a) 6= 0. Since no f ∈

H∞(BE) can satisfy the equation

u(a)f(z) − uCϕ(f) = 1,

it follows that u(a) ∈ σ(uCϕ). Indeed, if u(a)f(z)−u(z)f(ϕ(z)) = 1, then u(a)f(a)−

u(a)f(ϕ(a)) = 1. This is a contradiction since ϕ(a) = a. The rest of the proof can

be done as in the proof of Lemma 4 in [2]. �

Indeed,we can give the spectrum of a compact weighted composition operator

on H∞(BE).

Theorem 2. If uCϕ is compact on H∞(BE), ϕ : BE → BE is analytic and

ϕ(BE) is a relatively compact set of E which lies strictly inside BE , then σ(uCϕ) ={
u(a)

n∏
i=1

λi : λi ∈ σ(dϕ(a)), i = 1, . . . , n and n ∈ Z
+

}
∪ {u(a)} where a is the

unique interior fixed point of ϕ.

To give the spectra of non-compact weighted composition operators, we need sev-

eral lemmas quoted from [11] and [6]. First, we need the following definitions.

Definition 1. An interpolating sequence {zj} in the ball BE is a sequence for

which, given any bounded sequence {cj} of complex numbers, there is a bounded

analytic function f such that f(zj) = cj .

Definition 2. Let ϕ : BE → BE be an analytic map. A finite or infinite sequence

(xk)k>0 ⊂ BE is said to be an iteration sequence for ϕ if ϕ(xk) = xk+1.

Definition 3. Let ϕ : BE → BE be an analytic map. We say that ϕ : BE → BE

satisfies the approaching condition if ϕn(BE) is not strictly inside BE for any n ∈ N.

Lemma 4 (Lemma 4.2.9 in [11], Lemma 3.3 in [6]). Let E be a complex Banach

space and let ϕ : BE → BE be an analytic map such that ϕ(0) = 0 and ‖dϕ(0)‖ < 1.

Suppose that there exist δ > 0 and ε > 0 such that

1 − ‖ϕ(x)‖

1 − ‖x‖
> 1 + ε, for all x ∈ ϕ(BE) such that ‖x‖ > δ.

Then, there exists a constant M > 1 which depends only on ε, such that any fi-

nite iteration sequence {x0, x1, . . . , xN} satisfying x0 ∈ ϕ(BE) and ‖xN‖ > δ is an

interpolating sequence for H∞(BE) with the constant of interpolation not greater

than M .
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Lemma 5 (Lemma 4.2.10 in [11], Lemma 3.4 in [6]). Let E and F be Banach

spaces. Let C : E ⊕ F → E ⊕ F be a linear operator which leaves F invariant and

for which C|E : E → E ⊕F is a compact operator. If the operator C has the matrix

representation

C =

(
X 0

Y Z

)

with respect to this decomposition, then σ(C) = σ(X) ∪ σ(Z).

Denote by Pnf the nth term of the Taylor series of the analytic function f ∈

H∞(BE) at 0. Set

H∞
m (BE) = {f ∈ H∞(BE) : Pnf = 0 for n = 0, 1, . . . , m − 1}.

Denoting by P (<mE) the subspace of polynomials of degree less than m, it is clear

that H∞(BE) is isomorphic to H∞
m (BE) ⊕ P (<mE).

Lemma 6 (Lemma 4.2.11 in [11], Lemma 3.5 in [6]). Let ϕ : BE → BE be an

analytic map such that ϕ(0) = 0. Assume u ∈ H∞(BE). Then Cϕ leaves the space

H∞
m (BE) invariant for any m > 1. So does uCϕ.

Now, we have the main result which describes the spectrum of uCϕ for the non

compact case.

Theorem 3. Suppose u ∈ H∞(BE) and ϕ is a holomorphic map of BE into BE

satisfying ϕ(0) = 0, ‖dϕ(0)‖ < 1 such that ϕ(BE) is a relatively compact subset

of E. Suppose that ϕ satisfies the approaching condition and the following Julia-

type estimate: for any 0 < δ < 1, there exists ε > 0 such that

(3)
1 − ‖ϕ(x)‖

1 − ‖z‖
> 1 + ε, for all x ∈ ϕ(BE) such that x > δ.

Then

σ(uCϕ) = {λ ∈ C : |λ| 6 ̺e(uCϕ)} ∪ {u(0), u(0)µ}

where µ stands for all products of eigenvalues of dϕ(0).

The proof is an adaptation of Theorem 8 in [1], Theorem 4.2.12 in [11] and The-

orem 3.6 in [6].

P r o o f. By Lemma 3 we have that {u(0), u(0)µ} ⊂ σ(uCϕ). For λ ∈ σ(uCϕ)

with |λ| > ̺e(uCϕ), it follows that λ is an eigenvalue (that is true for all bounded

operators, see Proposition 2.2 in [4]). If λ 6= 0 is an eigenvalue, Lemma 3 gives that

λ ∈ {u(0), u(0)µ}, so it remains to show that

{λ ∈ C : |λ| 6 ̺e(uCϕ)} ⊂ σ(uCϕ).
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If ̺e(uCϕ) = 0, the result is proved since then 0 is in the (non-empty) essential

spectrum, hence in the spectrum. Now assume that ̺e(uCϕ) > 0 and denote ̺e(uCϕ)

by ̺. Fix a λ with 0 < |λ| < ̺.

As shown in [11],

Cϕ|P (<mE) : P (<mE) → H∞(BE)

is compact by Proposition 3 in [2], hence so is uCϕ|P (<mE).

Since H∞(BE) = H∞
m (BE) ⊕ P (<mE) and H∞

m (BE) is an invariant subspace

of Cϕ, it is sufficient to show by Lemma 5 that λ ∈ σ(Cm) if we let Cm denote the

restriction of uCϕ to H∞
m (BE).

We find a positive integer m such that (Cm − λI)∗ is not bounded from below,

which means Cm − λI is not invertible.

We use the argument in the proof of Theorem 4.2.12 in [11] (see also the

proof of Theorem 3.6 in [6]). Since u ∈ H∞(BE) is continuous, 0 < C :=

max
{

sup
‖z‖6δ

|u(z)|, |u(zn)|
}

< ∞. Choose m great enough so that

(4)
cmC

|λ|
< 1.

Next we will show C∗
m − λ̄I is not bounded below on H∞

m (BE).

If (zk)∞k=0 is an iteration sequence for ϕ with n defined as above, let us define a

linear functional Lλ,u on H∞
m (BE) by

Lλ,u(f) =

∞∑

k=0

λ−ku(z0) . . . u(zk−1)f(zk), f ∈ H∞
m (BE)

where we agree that u(z0)u(z−1) = 1 in the first term of the sum. Apparently,

((λI − Cm)∗(Lλ,u))(f) = λLλ,u(f) − Lλ,u(Cm(f))

= λLλ,u(f) − Lλ,u(u(f ◦ ϕ))

= λ
∞∑

k=0

λ−ku(z0) . . . u(zk−1)f(zk)

−

∞∑

k=0

λ−ku(z0) . . . u(zk−1)u(zk)f(ϕ(zk))

= f(z0).
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Notice that for f ∈ H∞
m (BE), the maximum principle implies that |f(z)| 6

‖f‖∞‖z‖m for all x ∈ BE . Now we obtain

∞∑

k=n+1

|u(z0)| . . . |u(zk−1)||f(zk)|

|λ|k

6

∞∑

k=n+1

|u(z0)| . . . |u(zk−1)|‖f‖∞‖zk‖
m

|λ|k

6
|u(z0)| . . . |u(zn−1)|

|λ|n

∞∑

k=n+1

|u(zn)| . . . |u(zk−1)|‖f‖∞‖zk‖
m

|λ|k−n

6
|u(z0)| . . . |u(zn−1)|‖zn‖

m

|λ|n

∞∑

k=n+1

Ck−n‖f‖∞c(k−n)m

|λ|k−n
.

Thus

∣∣∣∣
∞∑

k=n+1

|u(z0)| . . . |u(zk−1)||f(zk)|

|λ|k

∣∣∣∣ 6
|u(z0)| . . . |u(zn−1)|‖zn‖

m‖f‖∞
|λ|n

∞∑

k=1

(cmC)k

|λ|k

for f ∈ H∞
m (BE).

Now choose an m-homogeneous polynomial P satisfying ‖P‖ = 1 and |P (zn)| =

‖zn‖
m. Lemma 4 gives that there exist an interpolation constant M = M(c) and

g ∈ H∞(BE) such that ‖g‖ 6 M , g(zk) = 0 for 0 6 k < n and |g(zn)| = 1

with g(zk)u(z0) . . . u(zn−1) = |u(z0)| . . . |u(zn−1)|. Then P · g ∈ H∞
m (BE) satisfies

‖P · g‖ 6 M , hence for f = P · g we have

|Lλ,u(P · g)|

=

∣∣∣∣
∞∑

k=0

u(z0) . . . u(zk−1)(P · g)(zk)

λk

∣∣∣∣

=

∣∣∣∣
u(z0) . . . u(zn−1)(P · g)(zn)

λn
+

∞∑

k=n+1

u(z0) . . . u(zk−1)(P · g)(zk)

λk

∣∣∣∣

>

∣∣∣
u(z0) . . . u(zn−1)(P · g)(zn)

λn

∣∣∣ −
∣∣∣∣

∞∑

k=n+1

u(z0) . . . u(zk−1)(P · g)(zk)

λk

∣∣∣∣

>
|u(z0)| . . . |u(zn−1)|‖zn‖

m

|λ|n
−

|u(z0)| . . . |u(zn−1)|‖zn‖
mM

|λ|n

∞∑

k=1

(cmC)k

|λ|k

=
|u(z0)| . . . |u(zn−1)|‖zn‖

m

|λ|n

(
1 − M

∞∑

k=1

(cmC)k

|λ|k

)
.
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It is easy to check that

∞∑

k=1

(cmC)k

|λ|k
→ 0 as m → 0.

Choose m so large that, in addition to (4) to hold, we have

M

∞∑

k=1

(cmC)k

|λ|k
<

1

2
.

Then, since |Lλ,u(P · f)| 6 M‖Lλ,u‖ and ‖zn‖ > δ > 1/4, we get

|Lλ,u(P · g)| >
|u(z0)| . . . |u(zn−1)|‖zn‖

m

2|λ|n
>

|u(z0)| . . . |u(zn−1)|

2 · 4m|λ|n
.

Recall that

((λI − Cm)∗(Lλ,u))(f) = f(z0).

Hence

‖(λI − Cm)∗(Lλ,u)‖ 6 1.

Since |λ| < ̺, we can pick µ such that |λ| < µ < ̺. So there exists n0 such that

for all s > n0,

‖(uCϕ)s‖e > µs.

Hence for any n > n0 we can find a w ∈ BE such that |u(w)||u(ϕ(w))| . . .×

|u(ϕn−1(w))| > µn/2 > 0 and ‖ϕn(w)‖ > δ.

This defines an iteration sequence (xk)∞k=0 by letting x0 = w and xk+1 = ϕ(xk)

for n > 0. Then ‖xn‖ = ‖ϕn(w)‖ > δ and |u(x0)||u(x1)| . . . |u(xn−1)| > µn/2 > 0,

and

(5)
‖(Cm − λI)∗Lλ,u‖

‖Lλ,u‖
6

2 · 4m|λ|n

|u(x0)| . . . |u(xn−1)|
6 4m+1 |λ|

n

µn
.

Thus, we can form iteration sequences for which n is arbitrary. Hence (Cm − λI)∗

is not bounded below as desired. This completes the proof since the spectrum is a

closed set. �

In Theorem 3 we assume that the Julia estimate (3) is satisfied for E to describe

the spectrum of uCϕ. It is shown that the estimate exists when E is a Hilbert

space ([8]) and E = C0(X), the continuous C-valued functions vanishing at infinity

on a locally compact space X ([6] and [11]). Thus we have the following corollary.
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Corollary 2. Let E be a Hilbert space or a C0(X) space. Suppose u ∈ H∞(BE)

and ϕ is a holomorphic map ofBE into BE satisfying ϕ(0) = 0, ‖dϕ(0)‖ < 1 such that

ϕ(BE) is a relatively compact subset of E. Suppose that ϕ satisfies the approaching

condition. Then

σ(uCϕ) = {λ ∈ C : |λ| 6 ̺e(uCϕ)} ∪ {0, u(0), u(0)µ}

where µ stands for all products of eigenvalues of dϕ(0).

Acknowledgement. The authors are really grateful to the editor and the ref-
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script.
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[12] B. MacCluer, K. Saxe: Spectra of composition operators on the Bloch and Bergman
spaces. Isr. J. Math. 128 (2002), 325–354.

[13] M. Schechter: On the spectra of operators on tensor products. J. Funct. Anal. 4 (1969),
95–99.

[14] C. Yuan, Z.-H. Zhou: The essential norm and spectrum of a weighted composition
operator on H∞(BN ). Bull. Malays. Math. Sci. Soc 33 (2010), 499–511.

380



[15] L. Zheng: The essential norms and spectra of composition operators on H∞. Pac.
J. Math. 203 (2002), 503–510.

[16] Z.-H. Zhou, C. Yuan: Spectrum of compact weighted composition operators on the
weighted Hardy space in the unit ball. J. Inequal. Appl. (2007), 1–8. Article ID 61313,
doi:10.1155/2007/61313.

Authors’ addresses: C h e n g Yu a n, Institute of Mathematics, School of Science,
Tianjin University of Technology and Education, Tianjin, 300222, P.R.China, e-mail:
yuancheng1984@163.com; Z e - H u a Z h o u (corresponding author), Department of Math-
ematics, Tianjin University, Tianjin, 300072, P. R.China, e-mail: zehuazhou2003@yahoo.
com.cn.

381


		webmaster@dml.cz
	2020-07-03T19:16:26+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




