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Abstract. In this paper we obtain a strong invariance principle for negatively associ-
ated random fields, under the assumptions that the field has a finite (2 + §)th moment
and the covariance coefficient u(n) exponentially decreases to 0. The main tools are the
Berkes-Morrow multi-parameter blocking technique and the Csorgé-Révész quantile trans-
form method.
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1. INTRODUCTION AND THE RESULT

A finite family of random variables {X;; 1 < ¢ < n} is said to be negatively
associated (NA, for short) if for every pair of disjoint subsets A and B of {1,2,...,n},

(1.1) Cov(f(Xi; i€ A),g(X;; j€B)) <0

whenever f and g are coordinate-wise nondecreasing and the covariance exists. An
infinite family is negatively associated if every finite subfamily is negatively associ-
ated. The concept of the negative association was introduced by Alam and Saxena
(1981) and Joag-Dev and Proschan (1983). As pointed out and proved by Joag-Dev
and Proschan (1983), a number of well-known multivariate distributions possess the
NA property. NA has found important and wide applications in multivariate statis-
tical analysis and reliability theory. In the past two decades, a lot of effort has been
dedicated to prove limit theorems for random fields {Xn; n € Z4} of NA random
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variables. In the case d = 1, we refer to Joag-Dev and Proschan (1983) for funda-
mental properties, Newman (1984) for the central limit theorem, Su et al. (1997)
for the moment inequality and functional central limit theorem and Shao and Su
(1999) for the law of the iterated logarithm, and we refer to Roussas (1994) for the
central limit theorem, Zhang and Wen (2001) for the moment inequality and weak
convergence.

Let d > 2 be a positive integer, let Z¢ and Z(j_ denote the d-dimensional lattices
of integers and positive integers, respectively. The notation m < n, where m =

(my1,ma,...,mq) € Z‘i and n = (n1,ng,...,nq) € Z‘L means that m; < ng for
d
k=1,...,d. Wealso use |n| for [] ng, and ||n|| for max(|ni], |n2|,...,|n4|). n — o
k=1
is to be interpreted as ny — oo for k =1,...,dand n —m = (ny —my,...,ng—mq).
For any finite subset V C 7% we let |V| be the cardinality of V, S(V) = > Xj, and
02(V) = Var(S(V)). Finally, for any 7 € (0,1) put eV
d
(1.2) G, = m{n€Z‘i; n; = H n[}
j=1 1<I<d: 1#]

Our main goal is to prove the following theorem:

Theorem 1.1. Let {Xn; n € Z%} (d > 2) be a NA field of random variables

with EXy, = 0. Denote S, = Y Xy, 02 = Var(Sy) forn € Zi. Assume that
k<n

(C1) {Xn; ne Z‘j_} is also a weakly stationary field, i.e., there exists a function
r: Zi — R, such that

Cov(X;, Xj) =r(i—j)=r({—1) Vi, je 74,

(C2) u(n):= S {—r(i)} = O(e™*"") for some A, e > 0,
i€ze: il >n
(C3) sup E|X,|**° < oo for some § > 0,
neli
(C4) o2 := > r(i) > 0.
iezd

Then without changing its distribution we can redefine the random field {Xy;
ne Zi} on a richer probability space together with a d-parameter Wiener process
{Wy; t €]0,00)?} with variance 0% such that

(1.3) Sn—WN = O(|N|1/27E) a.s.
for N € G,. Here ¢ is a positive constant depending on the field {Xyn; n € Z%}.

Remark 1.1. The 7 in Theorem 1.1 must be fixed. The statement is true for
each fixed 7 € (0,1), but the constructed Wiener process and the constant in (1.3)
strongly depend on it.
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Remark 1.2.

i) A sequence {X;; 1 < ¢ < n} is called associated if for every pair of subsets A
and B of {1,2,...,n},

(1.4) Cov(f(Xi; i€ A),g(X;; j€B)) =0

whenever f and g are coordinatewise nondecreasing and the covariance exists. For
weakly stationary associated fields Balan (2005) obtained a strong invariance prin-
ciple under a finite (2 4+ 0)th moment and a certain restriction on the covariance
function, i.e., > r(i) = O(e ") for some A > 0. It is easy to see that the
i€z?: |lil|zn

decay rate of the covariance coefficient u(n) in Theorem 1.1 is slightly weaker than
the above covariance coefficient.

ii) The restriction “N € G;” is essential here and a similar fact occurs for mixing
random fields (see Berkes and Morrow 1981) and associated random fields (see Balan
2005, Bulinski and Shashkin 2005, Bulinski and Shashkin 2006).

The non-functional version of LIL obtained in Wichura (1973) for any multi-
parameter process with independent increments (in particular for the Wiener process)
allows us to conclude that

1.5 lim su 2|N|loglog IN|)"/2Sxn = o a.s.
(1.5) p  (2[NJloglog
IN|—00,NEG,

The plan of the paper is as follows. In Section 2, we will introduce the main
tools. In Section 3, we will give some useful lemmas which are needed for the proof
of Theorem 1.1. The proof of Theorem 1.1 will be given in Section 4. From now
on, without loss of generality, we assume that 0 < é < 1 and C stands for a generic
positive constant, independent of n, it may take different values in each appearance.

2. BLOCKING TECHNIQUE AND QUANTILE TRANSFORM METHOD

In this section we will introduce the multi-parameter blocking technique of Berkes
and Morrow (1981) and the quantile transform method of Csérgé and Révész (1975)
which are the main tools that are needed for the proof of Theorem 1.1.

To use the blocking technique, for each k = (k1,...,kq) € Z(j_ put

k= (k{',...,kS), Nk= (ngy,...,np,) and Bx={ne€Z%; Nx_1 <n< N},
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l
where n; = > (i% + %) ~ (a4 1)71* e for | € 7, and some suitable chosen real
i=1
numbers o > 3 > 1. Note that for k € Z‘j_

d
INicl ~ (1 +a) 9K, (Bl = [Tk + &) < 29k

j=1

Now we define blocks Hjy and I of consecutive positive integers, leaving no gaps
between the blocks, by

Hk:{IIEBk; Nk,1<n<Nk71+ka}, Ik:Bk\Hk.

Note that
|Hi| = |k|* and |k < |h| < (27— 1)[K|*
Put
we= Y Xi, N o= Eud,
i€Hy
=Y Xi = Fvi, ke 74,
i€l

where uy and vy are called the long blocks and the short blocks, respectively.
By (C4) and the NA property Cov(X,Y) < 0 we get for any finite subset V' C Z‘_f_

2

2.1) T W) LS Cov(x;, 5(V)) 2 0 > 0
VI~ V] &

and thus

(2.2) Clk|* < )\i < Clk|%, C|k|6 < 7'13 < Clk|™.

Let 7 € (0,1) and put ¢ = 7/8. Define further

L={ie7%; Bi CG,} and  H=|]JB:
il
Also, for each N € H and s =1,...,d, define
N = (N}, Nj)

by N

s

Ny, s #sand N? = min ns. Let
neH; ngy=N,,s'#s

Ry = (My, Nx] C H,
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where My = ((N})1,. .., (N{)4). We note that
Ly={i€Z%; BiC R} CLN{i<k}

To use the quantile-transform method, let {wy; k € Z%} be a field of independent
N (0, 72)-distributed random variables which is also independent of {ux; k € Z4}.
Put

(2.3) §k:(uk+wk)/\/)\i+7ﬁ, ke Zi.

Let Fx denote the distribution function of &. Note that Fy is continuous since the
smooth random variable wy is used.
Define

(2.4) e =0 (Fk(&)), ke 74,

where ®~! is the inverse of the standard Gaussian distribution function ®. It is
easy to see that my is a standard Gaussian random variable (see Yu 1996). Using
the fact that {&x; k € Z%} constructed from (2.3) is NA by applying (P6) and (P7)
of Joag-Dev and Proschan (1983) and the fact that ®~1(Fi(-)) is a nondecreasing
function, we conclude that {mx; k € Z(fr} is a new NA random field. Thus, by
the quantile transform method, we have constructed a new NA random field with

Gaussian marginals.

3. USEFUL LEMMAS
For k satisfying N < N < Nk41 we can write

(3.1) SN = (Sn — Sny) + S(Ri) + S((0, N \ Rx),
(3.2) WnN = (WN — WNk) + W(Rk) + W((O, Nk] \ Rk),

where W is a d-parameter Wiener process. Further, we have

(3.3)  W(Rk) =Y W(B

i€cLyx
2
(B4) SR = Y YN +E-m+ Y VB (,/ —0>771
i€eLk i€ Lk
+ZO’ | Bi|m; — Zw,—i—Zl/,
icLy icLyx i€ Ly
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In this section we will give some lemmas to show that the sums in the above

decomposition, except Y. o+/|Bi|lmi and W(Ry), can be made sufficiently small.
i€ Ly
We first need an estimate for the difference of the characteristic function of S, /oy

and that of the standard Gaussian distribution N(0,1). This is essential for us to
use the quantile transform method successfully.

Proposition 3.1. Suppose that (C1), (C3), (C4) and
(C2) u(n) = O(n*Qd“(H‘S)(H‘S)/‘Sﬁ for some p>1
hold. We have

|E exp (itSn/om) — e * /2|
< C[(jn|~ #HTTTT log™! n|t? + n| T log(dD49)/2 | 2+0)e—t*/4
_ 2u+42us42-5 d—1 _ 3u—1
+ |n|” 205005 log 2 |n|t + [n| 2070 ¢]
for all 0 < t < C|n|%7(1+m§(1+5> log' ™% n).

The proof of this proposition can be found in Cai and Wang (2009).

Lemma 3.1. Under the assumptions of Proposition 3.1, if 2(1 + p)/pu(2 +9) <
a/f<2(1+p)(14+0)/(1+p+ pd+39) and p> (3—19)/(1+0), then

sup | Fie(z) — @(x)] < C|K[73%  and  sup |fi(x) — p(z)| < C,

where fx(x) is the density function of {x and ¢(x) is the density function of ®(x).

Proof. By the smoothing lemma of Berry (see Feller 1971) and the indepen-
dence between {uy} and {wg}, for any 7' > 0 we have

1 [T Eexp(itéy) — —12/2 24
sup Fi(a) - (o) < - [ | o8] P/ gy 4 2
T TJ_7 t Il
. C’/T ‘Eexp(ituk/)\k) — exp(—t2/2) ‘ exp ( B TﬁtQ) dt 4+ C
I t 22 T
Then replacing Sp/on by ux/Ax in Proposition 3.1, for |n| = [k|* and T =

C|n|'/2=8/ 0+ (146) 1661~ || we have
sup | Fi(x) — ®(z)| < CJk|~#00/205) 1og 1D @1/2 | < k| =99/,
x
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For the second inequality we use a technique similar to that used to prove relationship
(3.3) of Yu (1996). For any T' > 0,
sup | fi(x) — ¢(z)]
x

C\: + 1) 272 )

c (T
<[ |Eexpliten) — exp(—t2/2 -k
5 /_T| exp(iték) — exp(—t“/2)| dt + 72 exp ( 20217

Similarly, by Proposition 3.1 and (2.2) the conclusion follows by choosing T = |k|*~#
(such a choice is possible since o/ < 2(1 + p)(1+9)/(1+ p+ pd +39) and p >
(3—8)/(1+6)).

The next result follows exactly as Theorem 2.1 of Yu (1996), using Lemma 3.1.

Lemma 3.2. Under the assumptions of Lemma 3.1, for any 0 < 6 < 1/2 we have

—Ening < O[(i[lj1) =2 (—Buis)] /19, Vi#j.

Lemma 3.3. Under the assumptions of Lemma 3.1, we have
Iihc = i < CJle| =0/ HIE/2)

provided that |&| < K (log|k|)'/? and 0 < K < (263/(2 + 6))'/2.

Proof. By Lemma 3.1, the proof is basically the same as that of Lemma 2.5.1
of Csorgé and Révész (1981).

Using (2.2), Lemma 3.1, Lemma 3.3 and Lemma A.1 of Zhang and Wen (2001),
and employing the same techniques which were used in the proofs of Lemma 3.10 of
Yu (1996) and Lemma 3.6 of Balan (2005), we get the following result.

Lemma 3.4. Under the assumptions of Lemma 3.1 and 5 > (1+2/6)(3 +4/9),
there exist €9 = 2362 /(2 + 6)(4 + 30) and £, > 0 such that for every k € 74

B + 1) (G — me)® < Clk[*7

S|+ —m)

i€ Ly

and
< CINi|*750 as.

33



Lemma 3.5. If (Cl) and

(Cc2") u(n) =0(n"™), for some T >1
hold, then

2
(3.5) 0< ““(/"/) —ot <L

Proof. The left inequality of (3.5) follows from (2.1). Let V = (m,n] be a
square, i.e., ny —mys = k for s = 1,...,d. Note that |V| = k%. By stationarity and
the NA property we have Cov(X,Y) <0,

d
FAWV)=vir©)+ > JIk—lihr@)

lill<k—1,iz0 s=1

<l + Y @) -ckt Y lifleG).

il <k—1,i#0 lil| <k—1,i%0
Thus, by (C2") we have
(V) - G
N <D okt Y i)}
liI=>k llill<k—1,i%0
k) +Ck™! Z u
j=1
(3.6) <Okl =il

Let V = (m,n] be not a square. It is well known that each rectangle V' can be
written as a finite union of disjoint squares: V' = |J V;. By the NA property, we

j=1
have

N
V)<t
j=1
@ Z|V|( _ ) <£§N:|V-|171/d:C|V|71/d
V] S |V| SVl '

O

Using Lemma 3.5 and employing the same method that was used in the proof of
Lemma 3.8 of Balan (2005), we get the following result.
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Lemma 3.6. Suppose that (C1l) and (C2”) hold and § > 3d. Then for every
ke z4,

A2+ 12
ZﬂBil( o “’)lmlwwkv/?-@

i€ Ly
where ey = 1(1+ o)~

Using the condition “i € G,”, and employing the same method that was used in
the proof of Lemma 3.9 of Balan (2005), we get

Lemma 3.7. If « — 3 > 2+ 4/, then for every k € Z‘i we have

Z lui| < C|Nk|/*7%2 as. and Z lwi] < C|Ny /2752 as.
i€Li i€Li

Lemma 3.8. If (C2) holds, then
—Euju; < Ce M55 131,

where M;; = ma;z{' (My(i,j) = 1) and Ms(i,j) = max(is, js), s =1,...,d.
S 1sF]s
Proof. We follow the lines of the proof of Lemma 4.2 of Balan (2005). Let D =
min d(k, H;) be the distance between H; and Hj, where d(k, H;) = min |k — k'||.
ke Hj K’ €H;

Then by (C2)

~Bu = (e 3 X} < Xt ) < oo e

ke Hj K'€H; kEH;
and D = max min ks — k.| >Mlﬁ O
s=1,...,d k€ Hy k'€ H; A

Lemma 3.9. Suppose that the conditions of Lemma 3.1 hold and put

S(m,n) = ZX"‘"‘J" M(m,n) = 1;;71<a3<|5(m,j)|

j<n
form,n € Z(fr. Then we have
P(M(m,n) > zn|*/?) < Cz=®+) 2 >0.
Further, there exists v > 0 such that
P(M(m, ) > [n]"2log*" |n]) < Cln| 7,
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Proof. Using the Markov inequality and Lemma 3.4 of Zhang (2000) we get
P(M(m,n) > aln[1/2) < 2~ @) [n|=Z+)/2 g2 (m n)

< Cp—(2+9)

The second inequality follows exactly as the second inequality of Lemma 7 of Berkes

and Morrow (1981), using the moment inequality given by Lemma A.1 of Zhang and

Wen (2001) and the rate of convergence in the CLT given by Proposition 3.1 and

Berry’s lemma. O
Define
Dy(N) = max |Sa|, D{(N) = max |Wa|
foreach s =1,...,d and N € H. We have
d d
S((0, N \ Rie) <D 277°Dy(N), - W((0, Nic] \ Rie) <D 27 *Di(Nw).
s=1 s=1

On the other hand, for any nonempty subset J of {1,2,...,d} and any k € Zi,
define

(3.7 My = max Z Xv|-

N, <Ns<ng,+1,5€J
ke SToNThat1 1<0s KN ,SET €, <Vs <N, 8ET

Define by M{(J the analogous quantity for the Wiener process, i.e., the quantity we
get if we replace the sum in (3.7) by the increment of W over the given rectangle.
Then we have

2 : J 2 : 1 J
max |SN - SNk| < Mk? max |WN - WNk| < Mk .
Ne<N<Nyya ¥ Ne<N< Nkt r;

The next two lemmas follow exactly as Lemma 6 and Lemma 9 of Berkes and
Morrow (1981), using Lemma 3.9.

Lemma 3.10. Under the assumptions of Lemma 3.1, if o > %T‘l — 1, then for
every Ny € G, and 0 < e3 < 7/32, we have

rr%axdmaX(Ds(Nk),D'S(Nk)) < C’|Nk|1/2_63 a.s.
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Lemma 3.11. Under the assumptions of Lemma 3.1, if « > 2/~ (7 is the constant
given by Lemma 3.9), then for every Nx € G, and 0 < €4 < 9/(8a) we have

m?xmaX(Mﬁ,MﬁJ) < C|Ny /2751 as.

Lemma 3.12 (Balan 2005). There exists a bijection tp: Z; — L such that

(3.8) I <m=3s"=s5%(l,m) suchthat ()5 < Y(M)s~
dmg € Z+  such that m < Cly(m)[”® ¥Ym = myg

for any vo > (1+1/0)(1 — 1/d).

4. PROOF OF THEOREM 1.1

By virtue of (3.1) ~ (3.4), Lemma 3.4, Lemma 3.6 ~ 3.7 and Lemma 3.10 ~ 3.11,
in order to prove Theorem 1.1 it suffices to show that for every k € Zi

By) 1/2—
(4.1) o/ |Billm — | < C|Ny| 2 a.s.
i;::k Y, | i

We follow the lines of the proof of Theorem 4.4 in Balan (2005). Let ¢: Z4 — L be
the bijection given by Lemma 3.12. Define

Ym, = nw(m), for m € Z+.

Observing that Y7,...,Y,, are NA random variables, we have by Lemma 2.1 of Zhang
(2001)

(4.2 ‘Eexp< Zt Yj> Eexp (1th}/})Eexp (it,,Y, )}
j=1
m—1 m—1
‘ Cov <cos Z t;Y;, cos thm)N + ‘ Cov (COS Z t;Y;, sin(thm)) ‘

=1 =1

m—1 m—1
+ ‘ Cov (Sin Z t;Y;, cos(thm)> ‘ + ‘ Cov (sin Z thj,sin(thm)) ‘

Jj=1 Jj=1

m—1
<4 Z |tjtYn|{_EYij}
j=1
for all ¢4, ...

tm € R with E t2 < U2, where Uy, > 10",
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By Lemma 3.2 and Lemma 3.8, for 0 < # < 1/2 and suitable constants «,
satisfying the Lemmas in Section 3 we have

b 0 . o
(43) =YY < OO m) 7 exp (- 1+9M5(J>w(m>)|¢(m)ll+"
< WG ()| #88 exp (— s ) /%),

where in the second inequality above we used (3.8) to obtain an s* for which
M+ (¥(j),1(m)) = ¥(m)s+; since ¢(m) € L, we have My ;) pim) = (m)s —1 >
Clip(m)]e/2.

Thus, by (4.2) and (4.3), by the Cauchy inequality and (3.9) we get

m—1

(4.4) ‘Eexp < Zt Y) — Eexp (i Z QY}-)Eexp(ithm)‘
j=1
2\ m—1
< Cexp (_m |,359/2) Z [titm||1(5) —3%% [vp(m) 2%
7j=1
m—1 0
< Cexp (—mw |’3€g/2) t? —1 4 (m — 1)t2, | (m)|1+e
7j=1
< Cexp (——|w( )Vkm)U2 =0
146 e

for m large enough and 0 < A* < A

Hence by Theorem 5 of Berkes and Philipp (1979), without changing its distribu-
tion we can redefine the sequence {Y,,; m € Z} on a rich enough probability space
together with a sequence {Z,,; m € 7} of independent N (0, 1)-distributed random
variables such that

P(|[Yin — Zm| 2 am) < am, YmeZ;,
where a,, < C[U;LI/4 log Uy, + exp(—3 1/2/16) 1/2U71n/4 + Q%2U$+1/4]. Then we
select Uy, = m? with ¢ > 8. Clearly

U Y ogU,, < Cm™2,

and
exp(—3U%Y?%/16)ym!/2U* < exp(—UL?/8) < Cm?

for m large enough. Let 8 > 4/ oz, then by (3.9) we have

U = exp (=52 am)| /D < O
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since [2 + q(m +5/4)] logm < Cm!+e < Clap(m)|1+e)0 < Clap(m)|?22/2 for m large
enough and any small 0 < € < 1. Thus

(4.5) am < Cm™2  for m large enough.
Then, by the Borel-Cantelli lemma, we have
(4.6) Yo — Zm| < aus.

Since {Z,,; m € 74} is an independent Gaussian sequence, we assume without loss
of generality that there exists a Wiener process with variance o satisfying

Ly = W(Bw(m))/(a V |Blb(m)|)a Vm e Z;.

Hence
W (B;
(47) i — g g Caw—l(i) a.s.
(o |Bl|
for Vi € L. because Y. a; < oo and |Bi| < |Bk| < Clk|* for Vi € Lx. Thus we have
ez
W (B; o
> oVIBil|m - (73) S CK*2 ) ay-
i€l o/ |Bil i€l
<O > a < CK|Y2 < CIN |72,
lezy
O
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