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STRATONOVICH-WEYL CORRESPONDENCE
FOR DISCRETE SERIES REPRESENTATIONS

BENJAMIN CAHEN

ABSTRACT. Let M = G/K be a Hermitian symmetric space of the noncompact
type and let m be a discrete series representation of G holomorphically induced
from a unitary character of K. Following an idea of Figueroa, Gracia-Bondia
and Varilly, we construct a Stratonovich-Weyl correspondence for the triple
(G, m, M) by a suitable modification of the Berezin calculus on M. We extend
the corresponding Berezin transform to a class of functions on M which
contains the Berezin symbol of dw(X) for X in the Lie algebra g of G. This
allows us to define and to study the Stratonovich-Weyl symbol of dr(X) for
X eg.

1. INTRODUCTION

The notion of Stratonovich-Weyl correspondence was introduced in [35] as a
generalization of the classical Weyl correspondence [I]. The systematic study of the
Stratonovich-Weyl correspondences began with the work of J. M. Gracia-Bondia,
J. C. Varilly and their co-workers (see [22], [19], [I7] and [21]).

Definition 1.1 ([2I]). Let G be a Lie group and 7 a unitary representation of G
on a Hilbert space H. Let M be a homogeneous G-space and let u be a (suitably
normalized) G-invariant measure on M. Then a Stratonovich-Weyl correspondence
for the triple (G, 7, M) is an isomorphism W from a vector space of operators on
H to a space of (generalized) functions on M satisfying the following properties:

(1) W maps the identity operator of H to the constant function 1;
(2) the function W(A*) is the complex-conjugate of W (A);

(3) Covariance: we have W (rm(g) Am(g)~1)(z) = W(A)(g~! - x);
(4)

4) Traciality: we have

/M W(A)(z)W(B)(x) du(xz) = Tr(AB).
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For example, if G is the (2n + 1)-dimensional Heisenberg group H,, which acts
on R?" by translations and 7 is the Schrodinger representation of H,, on L?*(R"™)
then the classical Weyl correspondence gives a Stratonovich-Weyl correspondence
for the triple (H,,r, R?") [20], [21].

When G is a compact semisimple Lie group, 7 a unitary irreducible representation
of G on a finite dimensional Hilbert space H and M the coadjoint orbit of G which is
associated with 7 by the Kostant-Kirillov method of orbits [26], a Stratonovich-Weyl
correspondence for (G, m, M) was constructed in [19] by a suitable modification of
the Berezin calculus on M (see also [I2] and [15]).

Let us also mention that, in [I7], a Stratonovich-Weyl correspondence for the
massive representations of the Poincaré group was constructed. Another examples
of Stratonovich-Weyl correspondences can be found in [5] and [6]. A generalization
of the notion of Stratonovich-Weyl correspondence was introduced in [9].

In the present paper, we consider a connected semisimple noncompact real
Lie group G with finite center. Let K be a maximal compact subgroup of G.
We assume that the center of K has positive dimension. Then M = G/K is a
Hermitian symmetric space of the noncompact type which is diffeomorphic to a
bounded symmetric domain D. Let 7, be a discrete series representation of G
holomorphically induced from a unitary character x of K. The representation
can be realized on a Hilbert space H, of holomorphic functions on D. The domain
D can be quantized by the general method of quantization introduced by Berezin
[7], [8]. In [14], we gave explicit formulas for the Berezin symbols of m,(g) for g € G
and dmy (X) for X in the Lie algebra g of G (see also [13]). The Berezin symbol of
7y (9) plays a central role in the Fourier theory for G [4], [38]. On the other hand,
the Berezin symbol of dm, (X) is related to the coadjoint orbit of G associated
with 7, by the Kirillov-Kostant method of orbits (see [14, Proposition 5.5]; also,
see [I3], Proposition 3.3]). However, for the Fourier theory of G and for physical
applications, it is convenient to use Stratonovich-Weyl symbols instead of Berezin
symbols [19].

Berezin quantization on D gives an isomorphism S, from the space of Hilbert-
-Schmidt operators on ‘H,, (endowed with the Hilbert-Schmidt norm) onto L?(D, )
where p is a G-invariant measure on D. Here, we construct a Stratonovich-Weyl
correspondence W, for the triple (G, m,,D) as in the compact case [19]. In fact,
if we revisit [19] in the light of [3], [2], [30], [18] and [32], then we see that W,
is the isometric part in the polar decomposition of Sy, that is, W, = B_l/ 2Sx
where B, = 5,57 is the so-called Berezin transform. Note that Berezin transforms
for weighted Bergman spaces on bounded symmetric domains and their spectral
decompositions have been intensively studied (see for instance [36], [32], [39] and
I18)).

Here, in contrast to the compact case, the operator dm, (X) is generally not of
the Hilbert-Schmidt type and then W, (dm, (X)) is not defined a priori. In this
paper, we show how to extend B, to a class of functions on D which contains the
Berezin symbols S, (dmy (X)) for X € g. This allows us to define W, (dm, (X)). More
precisely, we show that there exists a constant a, > 0 such that W, (dm, (X)) =
ay Sy (dmy (X)) for each X € g. This result is similar to that obtained in the compact
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case, see [I5], Proposition 5.2], and it implies that W, is generally not an adapted
Weyl correspondence in the sense of [11].

This paper is organized as follows. In Section [2] we introduce the representation
Ty, the Berezin calculus on D and we review some results from [I4]. In Section
we construct a Stratonovich-Weyl correspondence W, for (G, m,, D) as mentioned
above. In Section 4] we show how to extend the Berezin transform to functions of the
form S, (dmy (u)) where v € U(g). As an application, we extend W, to the operators
dmy(X) (X € g) and we determine the form of W, (dm, (X)) (Section [f]). Finally,
in Section @, we study the case of the holomorphic discrete series of G = SU(1, 1).

2. BEREZIN QUANTIZATION FOR DISCRETE SERIES REPRESENTATIONS

In this section, we first review some well-known facts on Hermitian symmetric
spaces of the noncompact type and on holomorphic discrete series representations.
Our main references are [23] Chapter VIII], [27, Chapter 6], [29] Chapter XII] and
[34, Chapter II].

Let G be a connected semisimple noncompact real Lie group with finite center
and let K be a maximal compact subgroup of G. We assume that the center of the
Lie algebra of K is non trival. Then the homogeneous space G/K is a Hermitian
symmetric space of the noncompact type.

Let g and € be the Lie algebras of G and K, respectively. Let g® and £° be the
complexifications of g and ¢ and G°, K¢ the corresponding complex Lie groups
containing G and K, respectively. We denote by [ the Killing form of g€, that is,
B(X,Y)=Tr(ad X adY) for X, Y € g°. Let p be the ortho-complement of £ in g
with respect to 5. Then g = ¢ @ p is a Cartan decomposition of g.

We fix a Cartan subalgebra b of €. Then § is also a Cartan subalgebra of g. We
denote by h¢ the complexification of . Let H the connected subgroup of K with Lie
algebra h. Let A be the root system of g¢ relative to h and let g° =h°@© > A o
be the root space decomposition of g¢. Then we have the direct decompositions
B =0°D Y cn, o and p¢ = A ga Where p¢ denotes the complexification
of p and A, (resp. A,) denotes the set of compact (resp. noncompact) roots.
We choose an ordering on A as in [23] p. 384], and we denote by AT, A} and
A the corresponding sets of positive roots, positive compact roots and positive
noncompact roots, respectively. We set p* = Daeat 8o and pT =37 A+ g-q.
Then we have [¢¢, p*] C pT and p* and p~ are abelian subspaces [23, Proposition
7.2.]. Since [p, p] C &, we also have [p*,p~] C €. We denote by Pt and P~ be the
analytic subgroups of G¢ with Lie algebras p™ and p~, respectively.

For each p € (h°)*, we denote by H,, the element of h° satisfying 3(H, H,) =
w(H) for all H € h°. Note that if p is real-valued on i then iH, € g. For
w, v € (h°)*, we set (u,v) = B(Hy, Hy).

Let 6 denotes conjugation over the real form g of g°. For X € g° we set
X* = —0(X). We denote by g — g* the involutive anti-automorphism of G° which
is obtained by exponentiating X — X* to G¢. Recall that the multiplication map
(2,k,y) — zky is a diffeomorphism from Pt x K¢ x P~ onto an open submanifold
of G° containing G [23 Lemma 7.9]. Following [29], we introduce the projections
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(: PTK°P™ — P*, k: PTK°P~ — K¢ and n: P*K°P~ — P~. Then the map
gK — log((g) from G/K to p* induces a diffeomorphism from G/K onto a
bounded domain D C p* [23] p. 392]. The natural action of G on G/K corresponds
to the action of G on D given by ¢g-Z = log ((gexp Z). The G-invariant measure on
Dis du(Z) = xo(k(exp Z* exp Z)) dur,(Z) where xo is the character on K¢ defined
by xo(k) = Dety+ (Ad k) and dur(Z) is a Lebesgue measure on D [29]. To simplify
the notation, we set k(Z) := k(exp Z* exp Z) for Z € D.

We introduce the holomorphic discrete series representations of scalar type of G
as follows. Let x be a unitary character of K. We also denote by x the extension
of x to K°. Let us introduce the Hilbert space H, of holomorphic functions on D
such that

12 = /D F(2)Px(h(2)) exdu(Z) < +o0

where the constant ¢, is defined by

o Z/D(x~><o)(k(2))duL(Z).

Note that x(k(Z)) > 0 for all Z € D. Indeed, for each Z € D there exists gz € G
such that gz - 0 = Z. Writing gz = exp Zky with k € K¢ and y € P~, we have

k(Z) = (k) 'k~1 which gives x(k(Z)) = x(k) x(k) = [x(g5 " exp Z)|? > 0.

Proposition 2.1 ([31], [27]). Let A := dx|ye and 6 = 53 cn+ . Then H, is
nonzero if and only if (A + 9,a) < 0 for every noncompact positive root «. In that
case, Hy contains all polynomials. Moreover, the action of G on 'H,, defined by

() f(Z) = x(rlg " exp 2)) " flg™" - Z)

is a unitary representation of G which belongs to the holomorphic discrete series of

G.

In the rest of the paper, we assume that x satisfies the preceding condition.
Note that H, is a reproducing kernel Hilbert space. More precisely, we have the
reproducing property f(Z) = (f,ez)y for each f € H, and each Z € D, where the
coherent states ez € H, are defined by ez(W) = x(k(exp Z* expW)) ! (see [29],
Chapter XII for instance). Here (-, ), denotes the inner product on H,.

Now we introduce the Berezin calculus on D as follows. Consider an operator
(not necessarily bounded) A on H, whose domain contains ez for each Z € D. The
Berezin (covariant) symbol of A is the function defined on D by

(Aez, ez)y
S (A (Z) = —= 127
X( )( ) <6Z7 eZ)x
From the equality
—
(2.1) m(9) ez = X(/@(gexp Z)) €g-2

for g € G and Z € D (see [14] Proposition 2.2]), we deduce that, for each Z € D,
ez is a smooth vector for m, and hence the Berezin symbol of dm, (X) (X € g) is
well-defined.
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Also, note that if A is an operator on H, whose domain contains the coherent
states ez (Z € D) then, for each g € G, the domain of m,(g~') A, (g) also contains
ez for each Z € D and we have

(2.2) Sx(my (g™ ) Amy(9))(2) = S(A)(g - Z)

for each g € G and Z € D.

In [I4], we gave explicit expressions for the derived representation dr,, for the
Berezin symbols of m,(¢g) and dm, (X). In the rest of this section, we recall some
results from [14].

If L is a Lie group and X is an element of the Lie algebra of L then we
denote by X the right invariant vector field on L generated by X, that is,
X*(h) = & (exptX)h|i—o for h € L.

Let pp+, pee and p,— be the projections of g¢ onto pT, ¢ and p~ associated with
the direct decomposition g¢ = p™ @ € @ p~. By differentiating the multiplication
map from PT x K¢ x P~ onto PTK¢P~, we can easily prove the following result.

Lemma 2.1 ([14]). Let X € g° and g = zky where z € PT, k€ K° andy € P~.
We have

(1) ddy(X*(9))
(2) drg(X7(g))
(3) dny(XT(9))

From this lemma, we deduce the following propositions (see [14] and also [29]
Proposition XII.2.1]).

(Ad(2) pyp+ (Ad(=71) X)) F(2).
(pee (Ad(z1) X)) * (k).
(Ad(k™") py-(Ad(z71) X))*(y).

Proposition 2.2. For X € g° and f € H,, we have
dmy (X)f(Z) = dx(pec(Ad((exp 2) 1) X)) f(Z) — (df )z (pyp+ (e~ 27 X)) -
In particular, we have
(1) IF X e p* then dr (X)f(2) = —(df)2(X).
(2) If X € ¥ then dm\(X)f(Z) = dx(X)f(Z) + (df)z([Z, X]).
(3) If X € p~ then dmy(X)f(Z) = —dx([Z. X)) f(Z) — 3(df)2([Z.[Z. X])).
Proposition 2.3.
(1) Let g € G. We have
Sy (ﬂ'x(g))(Z) = X(n(exp Z*g Vexp Z) tk(exp Z* exp Z)) .
(2) Let X € g°. We have
Sy (dmy (X))(Z) = dx(pe- (Ad(C(exp Z* exp Z) L exp Z*) X)) .
In particular, for X € ¢, we have

Sx(dﬂX(X))(Z) = dx(X + [logn((exp Z* exp Z), [ X, Z]]) .
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(3) We can write
S(dmy(X))(Z) = iB(¢x(2), X)
where the map ¥y, defined by
Uy (Z) i= Ad(exp(—Z7) C(exp Z* exp Z)) (—iH))

is a diffeomorphism from D onto the orbit O, of —iHy € g for the adjoint
action of G.

3. BEREZIN TRANSFORM AND STRATONOVICH-WEYL CORRESPONDENCE

We retain the notation from Section Also, we denote by Lo(H, ) the space of the
Hilbert-Schmidt operators on H, and by u, the G-invariant measure on D defined
by duy(Z) = cyduo(Z) = eyxo(k(Z))dpr(Z). Then the map S, is a bounded
operator on Lo(H, ) into L?(D, u,) which is one-to-one and has dense range [33],
[36]. It is not hard to verify that the adjoint operator S} : L*(D, py) — La(H,y) is
given by

(3.1) SiF = /D F(Z) Py dpy(2)

where Py is the orthogonal projection operator of H, on the line generated by ez.
The Berezin transform B, = 5,5 is then the operator on L*(D, p1y,) given by

ez.ew)x

(32) B(2) = [ F) A (W)

Z)x{ew, ew)y

(see, for instance, [7], [36], [39]). Note that B, commute with p(g) (¢ € G) where
p denotes the left-regular representation of G on L?(D, yy ).

Now, we introduce the polar decomposition of Sy: S, = (SXS;)UQW = B;lé/ZWX

where W, := B;UZSX is a unitary operator from Lo(H,) onto L*(D, i, ). The
following proposition is analogous to Theorem 3 of [19].

Proposition 3.1. The map Wy: Lo(Hy) — L*(D, piy) is a Stratonovich- Weyl
correspondence for the triple (G, my, D).

Proof. We have to verify that the properties (1), (2) and (3) of Definition
are satisfied. Property (1) follows from the fact that B, 1 = 1. Since we have the
properties Sy (A*) = Sy (A) and S} (F) = (S;F)*, we see that B, hence B;1/2
commute with complex conjugation. This gives Property (2). Finally, Property (3)
is a consequence of Equality (2.2). a

In the rest of this section, we show that the Stratonovich-Weyl correspondence
W, is related to the operator ) introduced in [32] as a natural generalization of
the Weyl transform.
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Let A € L3(H,). For Z € D, we have
Af(Z) =(Af,ez)y = ([, A"ez)x

/ FOVYA e (W) (ew ew) <t dpy (W)
/ FOWYA ez ew), (ew, ew) s i (W)

:/Df(W)<AeW,62> (ew,ew)y dﬂx(W)

This shows that the kernel of A is the function
(33) k‘A(Z,W) = <A6W762>X

which is holomorphic in the variable Z and anti-holomorphic in the variable W.
Now, let ‘H}~ be the Hilbert space conjugate to Hy, that is, the elements of
H, are the functions f where f € H, and the Hilbert norm on H, is defined
by ||f||H; = || fllx- We form the Hilbert space tensor product H, ® H; which
can be identified with Lo(H,) endowed with the Hilbert-Schmidt norm by means
of the map K : A — k4. In [32], the authors introduced the restriction operator

D Hy @ Hy — LD, i)
k(Z7W) - k(sz)<6Z7€Z>;1

and its polar decomposition D = |D|Q. Then, by using (3.3), we see immediately
that Sy, = D o K. Hence we can conclude that W, = Q o K.

4. EXTENSION OF THE BEREZIN TRANSFORM

We introduce some additional notation. Let (Ea)aeAj be a basis for pT as in
[23, Chapter VIII, Corollary 7.6]. In particular, we have E, € g, and [E,, E_,] =
ﬁHa for each a € A}, Let oy, aa, ..., a;, be an enumeration of A}, We write
Z =Y 1_, zkE,, for the decomposition of Z € p* in the basis (E,,). If f is a
holomorphic function on D, then we denote by Jf the partial derivative of f
with respect to z,. We say that a function f(Z) on D is a polynomial of degree
q in the variable Z if f(3,_, ziFa,) is a polynomial of degree ¢ in the variables
21,22y .., 2n. For Z, W € D, we set lz(W) :=logn(exp Z* exp W) € p~. We first
establish some technical lemmas.

Lemma 4.1. (1) For Z, W € D and V € p*, we have
d
o ez(W +tV)|,_,= —ez(W)dx([lz(W),V]).
(2) For Z, W € D and V € p*, we have

LW 4+ 1V)],y= 120, 109), V)]
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(3) The function (Ok,0Ok, - .. Ok, ez)(W) is of the form ez(W)P(lz(W)) where
P is a polynomial of degree < q.

(4) For each X1,Xo,..., X, € g°, the operator dmy(X1X2...Xy) s a sum
of terms of the form P(Z)0k, 0Ok, ... 0Ok, where P is a polynomial in Z of
degree < 2q.

Proof. By (2) of Lemma we have

d d
T ezW V)| o= = x 7! (s(exp 2" exp W exp V)|,
= Xy o 2+ exp w) iexp 2+ expw ((Ad(exp Z* exp W) V) (exp Z* exp W)

)
= —x"Yk(exp Z* exp W)) dx (pgc (Ad(m(exp Z* exp W)n(exp Z* exp W)) V)) .

Since dx(pe (Ad(k)X)) = dx(Ad(k)pe- (X)) = dx(pe(X)) for each k € K¢ and
each X € g°, we obtain
d
= ez(W+1tV)|,_, = —ez(W)dx (pe- (Ad(n(exp Z* exp W))V))
= —ez(W)dx ([logn(exp Z* exp W), V]) .
Then Statement (1) is proved. Similarly, by using (3) of Lemma [2.1] we have

d
a lZ(W +tV)’t:O

= dlogn(exp Z% exp W) AMNexp 7+ exp W ((Ad(exp Z*)V) T (exp Z* exp W))
= Adk(exp Z* expW) ' p,- (Ad(¢(exp Z* exp W)~ texp Z*)\V)
= Py~ (Ad(n(exp Z* exp W))V)

1
=3 [logn(exp Z* exp W), [logn(exp Z* exp W), V]]

and hence we have proved (2). Now, by induction on ¢, we easily obtain (3). Finally,
(4) is a consequence of Proposition O

The following lemma is an immediate consequence of Lemma (see also [16]).

Lemma 4.2. Fach holomorphic differential operator on D with polynomial coeffi-
cients has Berezin symbol. In particular, for each X1, Xa,..., X, € g°,

Sy (dmy (X1 X2 ... X)) is well-defined and is a sum of terms of the form P(Z2)Q(lz(Z))
where P is a polynomial of degree < 2q and Q is a polynomial of degree < q.

Lemma 4.3. Let v1,72,- ., be a subset of At consisting of strongly orthogonal
T001S.

(1) Let X be a character (non necessarily unitary) on K and XA = dx

(N, vk) does not depend on k=1,2,...,r.

ye. Then

(2) In particular, let Ao := dxolye. Then g, = *2%

k=1,2,...,r.

does not depend on
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Proof. (1) By [28, Lemma 2.1], each v, is of the form v, = p1 4+ >_;55 np1; Where
p is the unique noncompact simple root and the p; (1> 2) are the compact simple
roots. Since (A, ;) = 0 for each i > 2, we have (\,7) = (\, j11) for each k.
(2) By [28, Theorem 2], (y,7%) does not depend on k. The result then follows
from (1). O
We are now in position to extend the Berezin transform to a class of Berezin
symbols of unbounded operators. Note that, by fixing an Iwasawa decomposition
G = NAK, we get a smooth section G/K — NA C G and then we obtain a
smooth section D — G, Z — gz.

Proposition 4.1. If ¢ < ¢, then for each X1, Xs,...,X, € g°, the Berezin
transform of Sy (dmy (X1 X2 ... X)) is well-defined.

Proof. First, note that if we change variables W — gz - W in the integral (3.2])
then by (2.1)) we obtain

(BLF)(Z) = /D Flaz - W) ew ew) ;" dyuy (W)

(4.1) - /D Flgz - W) ey (x - xo) (R(W) dpui (W)

In particular, if F(W) = S, (dmy (X1 X2 ... Xy))(W) then, by (2.2), we have F(gz
W) = S, (dry,(Y1Ya ... Y,)) (W) where Yy := Ad(g, )X}, for k=1,2,...,q.
We will show that, under the condition that ¢ < ¢, the function

W — Sx (dﬂx(yl}@ e Yq))(W)(X : XO)(k(W))

is bounded hence integrable on D. Recall that S, (dmy (Y1Y>...Y))(W) is the sum
of terms of the form P(W)Q(logn(exp W* exp W)) where P is a polynomial and
Q@ is a polynomial of degree < gq.

Let v1,72,...,7% as in Lemma [£3] Then each W € D can be written as
W = Ad(k)(Xj_  tsE,,) for k € K and =1 < ¢, < 1,1 < s < r (see for
instance [23 Chapter VIII]). From matrix calculations in the group SL(2,C) and
strongly orthogonality of the roots 7,, we have

T

(4.2) logn(expW*exp W) = Ad(k)( Z 1 i 2 E_%)

s=1

(4.3) E(W) = k(expW*expW) =k exp (Zlog ! [E% E_%]) kL.

Then )
(x - x0) (k(W)) = [ (1 = #2) 7200y Ber])
s=1
and, since we have
- >\+)\0 E, E_ =9 ()\—’_)\O)(H%) __2()‘0+)‘7’Vs) -
Vs Vs

- - q ’
vs(Hy,) (Vs> 7s) X
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we obtain

(4.4) (x - x0) (k(W))

T

[T -2

s=1

Hence we see that the condition ¢ < ¢, guarantees that the functions

W — P(W) Q(lw (W) (x - xo) (k(W))
are bounded on D. This finishes the proof. ([

Remarks.

(1) Since we have

/D (x - X0) ((W)) dur,(W) < +oo,

we see immediately from (4.4)) that ¢, > 0.

(2) By [13, Lemma 5.2], we have x(k(Z)) < 1 for each Z € D with equality
if and only if Z = 0. This implies that —\([E,,, E_,.]) > 0 for each
s=1,2,...,r.

(3) An extension of the Berezin transform to another class of functions on D
is given in [36].
5. STRATONOVICH-WEYL SYMBOLS OF DERIVED REPRESENTATION OPERATORS

When ¢, > 1, the Berezin transform of S, (dm, (X)) (X € g°) is well-defined
by Proposition In this section, we determine the form of B, .S, (dm, (X)) and
we show how to extend the Stratonovich-Weyl correspondence to the operators
dmy (X) (X € g°). To this aim, we first study the linear form b, defined on g° by

B0 b(X) = B8 (Am (X)) = [ S (dm () (Z)x(42) din(2).

Proposition 5.1. There exists a real number a, > 1 such that b, (X) = a, A(py- (X))
for each X € g¢. Here pye denotes the projection operator from g¢ onto h° associated
with the decomposition g¢ =h°® Y A Ba-

Proof. For each k € K and each Z € D, we have m,(k)ez = x(k)eg.z and
then (ex.z,ex.z)x = (€z,ez)y. Thus, by changing variables Z — k~! - Z in the
integral (5.1)) and by using the fact that

3 (dmy (X)) (k- 2) = S, (dmy (Ad(K) X)) (2).
we get
(5.2) by (X) = by (Ad(k)X)
for each k € K and each X € g°. Specializing to X = F, (o € A) and k = expY
where Y € h and noting that Ad(k)E, = e*Y)E,, we find that b, (FE,) = 0 for

each a € A.
On the other hand, observe that, for each X € g,

by (X) = By Sy (dmy (X*))(0) = by (X*) = —by(X)
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and then b, (X) € iR. Now, introduce the element H, € £ satisfying b, (Y) =
B(Y, Hy, ) for cach Y € €. Then H, € it. By (5.2), we have Ad(k)H, = H, for
each k € K. This implies that :H, lies in the center of €. Since the center of ¢ is
one-dimensional (see for instance [24]) and contains ¢ H, there exists a real number
ay such that iH, = ayiH. Thus we have b, = a, A on h°. Hence, we have obtained
that b, (X) = a, A(pye(X)) for each X € g°. It remains to show that a, > 1. To
this goal, we consider the function ¢, defined on D by ¢, (Z) = S, (dmy (H\))(Z).
By Proposition we have

©x(Z) = M Hyx) + M[logn(exp Z* exp Z), [Hx, Z]]) -

Moreover, since iH) is central in €, we have ¢, (Ad(k)Z) = ¢, (Z) for each k € K
and Z € D.

As in the proof of Propositionwe write each Z € Das Z = Ad(k) (3_._, tsE,.)
with k € K and —1 <ts <1 for s=1,2,...,7. Then, for each Z € D, we have

ox(2) = M) + ([ - 3 %E_%, [y, ZtE J))

T 2 2
=A(HA) +2) " ft,% gi)) > \(Hy)
Thus
M) = (1) = [ o ZX(K(2)) din(2) 2 M),
Hence a, > 1. O

Proposition 5.2. With the notation of Proposition[5.1], for each X € g¢, we have
By Sy (dmy (X)) = ay Sy (dmy(X)).
Proof. Applying successively Equality (4.1)), Proposition Proposition and
Equality (2.2]), we have
By Sy (dmy (X))(Z) = By Sy (dmy (Ad(g7") X)) (0)
= ayA(pye(Ad(g7") X)) = a, Sy (dmy(Ad(g;")X))(0)
= a, Sy (dmy (X)) (92 - 0) = a, Sy (dmy (X)) (Z)
for each Z € D and each X € g°. O
Consequently, we can define By 72 on the space of functions of the form
Sy (dmy (X)) and W, on the space {dm (X) : X € g°}. Moreover, we have
W, (dmy (X)) = ay /* S, (dmy (X)) for each X € g°.
In [I4], we showed that S, is adapted to m, in the sense that the linear form
X — —iSy(dmy (X)) lies in the coadjoint orbit of G associated with 7, by the
method of orbits (see also Proposition . In general, we have a, # 1 (see for

example Section @ and then W, is not adapted to m,. However, the following
proposition shows that W, is ‘asymptotically adapted’.

Proposition 5.3. We have lim,,— 4o aym = 1.
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Proof. Here we use the same notation as in the proofs of Proposition and
Proposition We have

=m /D o (2) ™ X0) (k(2)) exmdpiz (Z).

Then

_q 7/ oym (Z) — (mA, mA)
Aym =
D (mA, mA)

Changing variables Z — Z/y/m in this integral, we get

Aym — 1= mincxm /\/7D Im(Z) d,LLL(Z)

(X™ - x0)(K(2)) exmdpr(Z) .

where we have put

I (2) i= I =R (o) (2 ).

By [13| Lemma 5.3], we have lim,,_ 4o m~"¢c,m = ™. On the other hand, we
have

_ - (Vs> /\)2 (ts/ﬁ)Q
1) = (255 5507 1= (o)

<[]0 = (ts/v/m)?)~CotmN e Bov )
s=1

where |t;| < /m for each s and we see that lim,, 400 I[n(Z) = 0. In order

to obtain the desired result, it suffices to verify that the Lebesgue dominated

convergence theorem can be applied. This can be done as follows. Recall that we

have —A([E,,, E_,.]) > 0 for each s =1,2,...,r. Then we fix mg so that we have
—mA(E,., B ]) = 1> = M(E,,, E_0,])

Vs Vs

for each m > mg and each s = 1,2,...,r. Thus for each m > mg and each
Z € \/mD, we have

T

vs, —Ootm B )
ZQ 51 ) O

75’ ’YS

=0 H(l — (ts/v/m)?) " FAEre Bon])
s=1

< Cexp (Z %)\([E% ; E,%])ti)
s=1

where C' > 0 is a constant which does not depend on m. Hence we obtain the
estimate

I.(Z) < Ce~ P12
where D > 0 is a constant and | - | is an Euclidean norm on P*. This ends the
proof. O
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6. EXAMPLE

In this section, we consider the case of the holomorphic discrete series of SU(1,1)
(see [10]). We take

G=SU(1,1) = {(Z b) a? = b =1, a,be(C}

a

e 0
([0, es)

The Lie algebra g of G has basis

10 —i 10 1 1 (=i 0
=51 o) ™73\ o) T3 0

and its complexification g¢ is sl(2,C). Then we have G° = SL(2,C) and

K:{(g 1(/)a>, aE(C\(O)}.

The conjugation of g¢ with respect to g is given by

a b —-a ¢
()= %)
and we have X* = —6(X) for X € g°.

The root system of g¢ = si(2,C) relative to £ consists in the two noncompact
roots a and —« where a(iug) = 1. The corresponding root spaces are

0 1 0 0
ga—(c<0 0)7 ga—c(l O).

We say that a root is positive if it is positive on iug € ifh. Then « is the positive
root and pT = g, and p~ = g_,. The corresponding groups are

{12 ek po{(1 ) sec)

In the rest of this section, we identify p™ to C by means of the map

z—>Z:(8 (Z))

) € SL(2,C) such that d # 0 has the following

and

Each element g = (Z Z

PTK¢P~-decomposition

(a b) B (1 b/d) (l/d 0) ( 1 0)
c d) \0 1 0 d)\c¢/d 1)°
In particular we have G C PTK°P~.
The map gK = (% 2) K € G/K — log((g) = b/a is then a diffeomorphism
from G/K onto the unit disk D = {z € C : |z| = 1} and we can verify that the
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natural action of G on G/K corresponds to the action of G on D by fractional
linear transformations defined by

az+b (a b) cD

=, = , & .
g bz +a 97 \c d

Note that the map

Z— gy i= 1 (1 Z)
: Vi—zz\z 1
is a section for the action of G on D, that is, we have g, -0 = z for each z € D. One
can easily verify that a G-invariant measure on D is du(z) = (1 — 2z) "2 dur(2)
where dur () := dz dy denotes the Lebesgue measure on D (z = z + iy, =,y € R).
Now, we fix an integer m and we consider the unitary character y,, of K defined

by
ei@ 0 —imé
Xm < 0 e—ié’) =e€ .

We denote also by x,, the extension of y,, to K¢ We obtain immediately
Xm (k(exp Z*exp Z)) = (1 — 22)™ .
The space H,,, is the Hilbert space of holomorphic functions f such that

(61) 191 = [ 1RGP (1= 2 2t dady < 4.
D
Let Ay, = dxm. By Proposition 2.1} H,,, is nonzero if and only if the condition
(Am + 3a,a) >0

holds. Since A, = —*5 «, this condition reads % (o, @) < 0 and, as the restriction

of 3 to it is positive definite, it is equivalent to m > 2.

Also, note that the normalization of the measure in is taken so that
11 = 1.

For each m > 2, the representation m,, of G = SU(1,1) corresponding to m is
realized in H,,, as

(7 (9)) f(2) = x;n (kg " exp 2)) f(g™" - 2)
=(=bz+a) ™ flg7"2)

forg:(a b>6G,f€HXm and z € D.

b a
One can easily show that the family f,(z) := (mif*l
basis for H,,, (see [29, p. 11], for instance). From this, we see that the coherent

states

1/2 .
) / 2P is an orthonormal

e.(w) = Xm(k(exp Z*expW) ™) = (1 — zw) ™™ = mep(w)
20

satisfy the reproducing property (f,el")m = f(z) for each f € H,,, and each
z€D.
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Here we obtain the following formula for the Berezin symbol of 7,,(g) for g € G

e.(2) (a — bz + bz — azz)m’

Moreover, since dm,, is given by

At () f(2) = %izf(z) n %i(% +1) f(2)

m

i (2)/(2) = 5 2 1(2) + 5 (2% = 1) ['(2)

dr (us)f(2) = 51 () +i2f'(2)

we get

m z+z
S (drry, (u1)) (2) = 5 T2
m z—Z
2 1—2z2z

m 14 zz
S, (dﬂ'm (U3)) (z) = z? T

From this we deduce that Sy, (dm, (X))(2) = i8(X, ¥m(2)) where the map ., is

defined by
_m (1T =
bm(2) = gl 22 _1gez |

1—z2z 1—2z

S (dTm (u2)) () =

Note that ,,(0) = —iH,, where H,, is the coroot vector of \,, and that
Ym(z) = Ad(g.) (—iH,,). Then 1, is a diffeomorphism from D onto the orbit of
—iH,, under the adjoint action of G.

Now, we turn to the Berezin transform B,,. Here we have

— zw|*
(6.2) Bin(f)(2) = /D F(w) |(11—z2)|2

Let us compute g,,, (see Section . We have

(1 —ww)™ > 2=Ldp; (w).

(dXO+/\maa) _ _m
()

and Proposition @ asserts that if ¢ < q,,, then for each X, X,,..., X, in g°,
the Berezin transform of Sp,(dmp, (X1 X2 ... X)) is well-defined. Here, this can
be directly verified as follows. By using the formulas for dm,, given above, we
immediately see that dm,,(X1X2...X,) is a linear combination of the differential
operators D, 1= 2P(-L)" where r < ¢. By differentiating e, (w) = (1 — zw) ™™, we
get

Uxm = —2

Sim(Dpr)(w)=mim+1)...(m+r—1)wPw" (1 —ww)™".

Taking formula (6.2)) into account, we see that the Berezin transform of Sy, (Dp.r)
is well-defined. Hence the result.
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Now, we want to compute the constant a,,, for m > 2 (see Section . To this
aim, we apply the equality (B, F")(0) = a,,, F(0) to the function
m 1+ 2z

F(Z) := Sy (dmm (ius))(z) = 51"

We then obtain (B, F')(0) = —m?/2(m —2) and hence we find that a,,, =m/m—2.
In particular, we have lim,, .. a,= = 1, in accordance with Proposition

Finally, let us mention that the computation of a,,, can be performed similarly
when G = SU(p,q), K = S(U(p) x U(q)) and X, is the unitary character of K
defined by

Xm <‘3 g) = (Det A)™™.

In that case, by adapting some methods from [25], we find that a,,, =m/m—p—gq
for m >p+q.
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