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Abstract. The time-dependent system of partial differential equations of the second
order describing the electric wave propagation in vertically inhomogeneous electrically and
magnetically biaxial anisotropic media is considered. A new analytical method for solving
an initial value problem for this system is the main object of the paper. This method
consists in the following: the initial value problem is written in terms of Fourier images
with respect to lateral space variables, then the resulting problem is reduced to an operator
integral equation. After that the operator integral equation is solved by the method of
successive approximations. Finally, a solution of the original initial value problem is found
by the inverse Fourier transform.
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differential equations, initial value problem, analytical method, Fourier transform
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1. INTRODUCTION

The study of wave propagation inside electrically and magnetically anisotropic
materials constitutes an important interdisciplinary area of research with many
cutting-edge scientific and technological applications. The dynamics of electric fields
inside of electrically and magnetically anisotropic materials are described by the
time-dependent system (see for example, [7], [5], [20])

2

O°E 1 B
(1) EW +curl( M curl, E) = £,
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where © = (v1,72,23) € R® is the space variable, ¢ € R is the time variable,
E = (E4, Es, E3) is a vector function with components Ejy, = Eg(x,t), k = 1,2,3,
f =-0J/ot, I = (J1,J2,J3) is the density of the electric current, J;, = Ji(x,t),
k=1,2,3; £ = (gi)3x3 is a symmetric positive definite matrix of the electric per-
mittivity; M = (uij)sxs is a symmetric positive definite matrix of the magnetic
permeability, M ™! is inverse to M.

We note that for the isotropic medium (£ = e¢l and M = pol, I is the identity
matrix; €9, po are positive constants) the equation (1) under conditions f = 0 and

div,(g0E) = 0 can be written as

O’E 1

IE L AE(zt) =0.
ot?  eopo (@) =0

This equation is a classical wave equation and dozens of Initial Value Problems (IVPs)
and Initial Boundary Value Problems (IBVPs) have been formulated and studied
for it (see for example [8], [17]). Nowadays in view of the growing interest to the
development of new anisotropic materials the analysis of electromagnetic fields in
anisotropic media is an important issue and the study of IVPs and IBVPs for the
equation (1) with arbitrary positive definite symmetric matrices £ and M becomes
actual. A special case of (1) is the system of crystal optics. In this case £ is a
symmetric positive definite matrix and M = pol. IVP for the system of crystal
optics, where £ is a diagonal matrix with different positive constant elements and
M is the identity matrix, with smooth initial data and solving this problem has been
studied by Courant and Hilbert [6] (see pp. 603-612). Burridge and Qian in [4] have
used a plane wave approach to obtain an explicit formula for a fundamental solution
of the same system of crystal optics. We note that the system of crystal optics is of
great interest in applied mathematics and the different aspects of this system have
been studied in [11], [12], [16]. Yakhno [18] has used matrix symbolic computations
for constructing the time-dependent electromagnetic fields for the system (1), when
& and M are symmetric positive definite matrices with constant elements.

The main object of our paper is IVP for the system (1) which consists in finding
the vector function E satisfying (1) and the initial data

OE

2 Eli(—0 =0, — =0
® =0 =0 Gl

The following notation and assumptions will be used throughout the paper: «, 3,
T are given positive numbers, o < 3, ¢ = y/S/a; A is the triangle given by

(3) A={(x3,8): 0<t<T, —c(T—1t) <3 <c(T—1)};
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elements of the diagonal matrices & = diag(e11(x3),e22(23),€33(23)) and M =
diag(p11(z3), pea(xs3), uss(xs)) are twice continuously differentiable functions over
[—cT,cT] and have such positive values that 0 < a < g;;(z3) < §, 0 < a <
mj;(x3) = 1/pj;(xs) < B, j = 1,2,3. Besides, we assume that there exists the
Fourier transform with respect to x1, x2 of the components of the vector func-
tion f(z,t) = (fi(z,t), fo(x,t), f3(x,t)) which appears in (1); the Fourier images
of fj(z,t), denoted as fj(l/, x3,t), are such that fj(l/, r3,t) € C(R2 x A), j =1,2,3;
v=(1n,1n) € R%

The assumptions we have made about £ and M are related to biaxial vertically
inhomogeneous anisotropic media where electric waves are propagated and the sys-
tem (1) is a mathematical model of these waves. We note that various aspects of
electromagnetic waves in homogeneous biaxial anisotropic materials were considered
in the works [10], [13], [14].

The main result of the present paper is a new method for solving IVP (1), (2). This
method consists of the following. First, IVP (1), (2) is written in terms of Fourier
images with respect to lateral variables x1, 2. We denote this problem as FTIVP.
Secondly, the resulting (FTIVP) is reduced to an operator integral equation. After
that the operator integral equation is solved by the method of successive approx-
imations. Finally, to find a solution of IVP (1), (2) we apply the inverse Fourier
transform with respect to v1, 1o to the solution of the operator integral equation.
At the same time a class of vector functions, where a unique solution of (1), (2) is
constructed, is described.

The paper is organized as follows. In Section 2 IVP (1), (2) is written in terms
of the Fourier transform with respect to the lateral variables. The reduction of the
resulting problem (FTIVP) to an equivalent operator integral equation is given in
Section 3. The properties of the operator integral equation are described in Sec-
tion 4. Using these properties, a unique solution of the operator integral equation is
constructed in Section 5. Finding a solution of the original IVP (1), (2) is given in
Section 6.

2. SET-UP OF FTIVP

Let the components of the vector functions E(V, x3,t) = (El (v, z3, ), Es(v, xs, t),
E3(V7 xs, t)) and f'(y7 xs, t) = (fl(ya z3, t)v fQ(Va z3, t)v f3(1/a 3, t)) be defined by

Ej(”a (Eg,t) = fwlwz[Ej](Vv :Eg,t), fj(”a (Eg,t) = lezz[fj](l/, x3at)v
j:1a273a V:(VI;V2)€R2a
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where Fy, 5, is the operator of the Fourier transform with respect to z1, 2, i.e.
Forao [E] (v, w3, / / (w,t)e!11tv2m2) qy day, i% = —1,

and v = (v1,12) € R? is the Fourier transform parameter.
Applying the operator F,,,, to (1), (2) and using the properties of the Fourier
transform, we can write the problem (1), (2) in terms of the Fourier image E(v, z3, t)

as follows:
PE; 0 OE; _ .
(4) gjj(x‘?’)aTQj — 8_x3 (mkk(mg)a—x;) = — Vimgg(xg)Ej + Vijm33($3)Ek
) 0
+ (le)aT(mkk(fﬁz) 5)+ i,
O?E _— OFE
(5) 633(333)—23 + (Vimaa(x3) + vimai(v3)) Es = (1V1)m22($3)—1
ot 81'3
. 0FE; -
+ () (ws) 5% + f
- OE
E —_n = _— =
(6) li=0 =0, ot =0 0

where j = 1,2, j#k, k=1,2.

3. REDUCTION OF FTIVP TO OPERATOR INTEGRAL EQUATION

The main aim of this section is to show that FTIVP is equivalent to a second
kind operator integral equation of the Volterra type. This section is organized as
follows. In Subsection 3.1 we obtain the equivalence of (4) under data (6) to some
integral equalities for Ej(u, x3,t), 7 = 1,2. The equivalence of (5) under data (6)
to an integral equality for Eg(u, x3,t) is described in Subsection 3.2. The integral
equality for (OF3/dt)(v,x3,t) is presented in Subsection 3.2 also. Subsection 3.3
contains integral equalities for (8Ej /0x3)(v,x3,t), j = 1,2 in the forms which are
necessary to get a closed system of integral equations for unknowns Ej, Es, OFs /0t,
8Ej/8x3, j = 1,2. This system of integral equations is written in the form of a
second kind operator integral equation of the Volterra type in Subsection 3.4.

3.1. Equivalence of (4), (6) to integral equalities
Now we show that for each j = 1,2 the equation (4) is written in the terms of
a new function U;(v,y;,t). The resulting equation is a partial differential equation
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with constant coefficients in the principal part. We find the integral equality for
U;(v,y;,t) by inverting the principal part of the resulting differential equation. As
a next step the integral equality is written in terms of Ej (v, z3,t).

Let us consider the transformation

(7) y; = ri(zs), ilas) = / ¢5(€) d.

where (©) (©)
2 _fn (32 _ €99
Cl(g) - m22(£)5 2(5) mll(g).

Lemma 1. Under the assumptions mentioned in Section 1 the function 7;(x3),
defined by (7) for each j = 1,2, has the following properties:

(a) 7;(x3) is a monotonically increasing function from [—cT,cT| into [YjﬂY]ﬂ‘],
where Y, = 7;(—cT), Yj+ = 7;(cT);

(b) 7j(x3) has a monotonically increasing inverse function ijl(yj) from [Y;", Yj*]
into [—cT, T);

(c) 75(0) =0, 7;7(0) = 0;

(d) 7j(xs) € C3[—cT, T, Tj_l(yj) €3 Y;, Y]"’]

Proof. Proof of Lemma 1 follows from calculus [2]. O

Let

(8) Wj (l/, ijt) = j(l/7 x3’t)|m3:7—.7'_1(yj).

Then we have

OE, ) W,
o t —1 = ci(7; . ).
(9) 8333 (V’ o3 )|x3:7—j (v5) € (T] (y])) 8y3 (Va Yj» )

The equation (4) may be written in terms of y; and W;(v,y;,t) as

oPw;  9*W; oW mas(x3)
10 J J _ — K. . J —V2 33 .
(10) ot? dy3 5(3) dy; Meji(as) los=r )
SR 1CE) Y A
€j5(23) las=r"(y,)
+(il/»)[;i(m (23)Es (v, 2 t))}
i) 2, (ws) Oy kk(23) B3 (v, a3, pamr ()
+ fj(Vv x37t) ) ’
jj(x3) z3=T7; (y;)
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d 1
1) K;(y;) = d—yj(lnAj(yj))’ Ailn) = mik(23)€5(3)

G=12 k#j k=12

_ )
x3=7"(y;)

Let us introduce the function Uj(v, y;,t) by the equality

(12) Wj(”a ijt) = Sj(yj)Uj(Va ijt)a

where the function S;(y;) is defined by

(13) i) =exn(3 [ K5(6)dc).

Substituting (12) into (10), we find

0%;  0°U;

ot? dy?
= (4 (y5) — Vi Maj (y;)N; (y)]U; + vjve Maj (y;) L (y5) Ex (v, 75 (y5), 1)

+ (iVj)aiyj[Cj (i )L () M (y;) Es (v, 75 (), 1)

- (iVj)Mkj(yj)a%J[Cj(yj)Lj(yj)]E?,(V, 7 (y)) ) + Fj(v,y5, 1),

(14)

i=12,k#j, k=12

Here the following notation was used:

1 1
(15) 0i(v;) = 5K () = 755 W), Ciwi) = ¢i(@3)l gy )0
1
(%) £ (3) los=r, ()’ 5(03) = mu(@3)lag=r1y,); 23
N;(y P _
L) = G40 Fws0) = 07 05).0L,0)
J

where K;(y;), S;(y;) are defined by (11), (13). Using the d’Alembert formula ([17],
see also Appendix A), we can show that equation (14) with zero initial data is
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equivalent to the integral equation

Yi +(t 7')
(16) U (vyy.t) = / / UMy ()N ()T, (v, £, 7)

j —(t— 7')
+ v Ma; (€) L (§) Ex (v, 757 (), 7)

— (1) My () [C Ly (O sl 7). ) + Fy(w &) b dgdr

8_5[
§=y;+(t—7)

Wj / {C3(6)L; (&) My; (E)E3(V’ ijl(g), T)}‘E:y» —(t—7) -

i=12k#j5 k=12

&= y+(t T)

Here and throughout the paper we have used the notation {f(¢ } ey =

fly+ @ =7)) = fly = (t=7)).
By virtue of (8) and (12) equation (16) may be written as follows:

(17) E (V I3, )
(7 (x Ti(@3)+(t—T)
Si(ry(as)) 3) / / {la;(6) = vEMs; () N;(€)]

j(x3)—(t— T)

E](V Tj (€)7T) - —1
G + vveMs;i (§)L; (&) Ex(v, 7,7 (§), T)

. 0
— (i) My; (f)a—f
§=Tj(z3)+(t—7)

) [ (GOL V@R @

i=12k#j4, k=12

(CHOLHOBs (v, 777 (€),7) + Fy(v,€,7) p dg dr

3.2. Integral equalities for Fs, dF3/0t

Let us view (5) as the inhomogeneous ordinary differential equation whose coef-
ficients depend on the parameters v, v2, and z3. Let the right-hand side of (5) be
the inhomogeneous term. Then integrating the equation (5) with respect to ¢ with
zero initial data, we find the integral equality for Eg(l/, x3,1):

. 1 tr. OF;
(18) Es(v,x3,t) = m/o |:1V1m22($3)a—x?)(y, 3, T)

OF .
+ iV2m11($3)8—2(V7 x3,7) + f3(v, 23, 7)
€3
" sin(d(v, z3)(t — 7))
d(v, z3)

dr,
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where

N vimas(xs) + vimar (xs)
(19) d(v,z3) = \/ —r— .

Differentiating (18) with respect to ¢, we find the integral equality for %(V, x3,t):

OF
(20) a—;(ya J)g,t)
1 tr. OF,
— m /0 [U/lmgg (x3)8—%(y, x3,T)

0E;
8x3

+ ivomay(x3) (vyx3,7) + fg(l/, T3, T)} cos(d(v,z3)(t — 7)) dr.

3.3. Integral equalities for 8Ej/8x3, ji=1,2

In this subsection we will obtain integral equalities for (8Ej/8x3)(1/, x3,t),j =1,2,
in the form containing functions Ej (v, x3,1), (8Ej/8x3)(y, x3,1), 7 =1,2, Fs (v, x3,1),
(0FEs3/0t)(v, x3,t). A starting point here is the equation (17) which can be written

in the form

(2 )E(sz,)

7i(3)+(t— T) E'(VvT‘_l(g)aT)
_ Tj 3) (E) — 12 Mas NP EEANAr IS
N / /7'7 (z3)—(t—7) qj (g) o M3J (g)Nj (5)] Sj (5)

+ vjve Ms;j (§) L (€) Ex (v, Tfl(f)a 7)

(1) My () G (L (O s 77 (). 7) + Fy(v.€.7) s dear

o€

+ %Sj(Tj (3))

(z3)+t B
A L M ) Bt i) + =)

5 (@3)

7j(z3) ~
T G ) Mg ) B 075 )~ ) + () du},

j(w3)—t

i=12k#j, k=12
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Differentiating (21) with respect to x5 we find

(22) a—f:(u I3 f,)
’7'] 1‘3 Tj :E3 7 (@3)+(t— 7’)
= Al RS (ORI
Ej(VvTj_l(f)ﬂ—) -
W + le/kM?’j(f)Lj(f)Ek(Vv 75 1(5)77—)
= ()M (€) e [CHOLI OB, (€, 7) + Py, )} dar

Tj(x3)+t ~
T (i) [ L L M ) Bl )y ) + (6= )

j(x3)

75 (23) ~
T LM ) Bl 7 )~y ) + (e ) | |

j(x3)—t

+w / {la5(©) — vE M ()N, (€)]

vy My (€L (&) B (.77 (€).7) — (i) My <f>§5 CHOLy(€)]
G R T ) M T EOTER)

x Es
{ TJ(I3)+t . 8E3
7j(x3)

7j(w3) o
+f My <u>%<v, 7 =) + ¢+ ) du

7j(w3)— t

— (iv;)ej(w3) S5 (75(23))Cj(75(23)) L s (TJ($3))Mk1(TJ($3))E3(V x3,t),
i=12 k#4, k=1,2.

Using (18), the equation (22) can be written as

OE;
73 (l/ xrs3, t)

t pri(xs)+(t— ‘r)
_ (75(23)) S5 (75 (3) {// U2 My (6N (9)
7 (x3)—(t— ‘r)

E;(v, T 1 -
X % + vjve M (§) L (§) Ex (v, 77 (€), 7)
0 - 1

= (105 M (€) g G5 (€L €1 Bl 7746, )+ Fy(v.€,7) | d dr

(23)
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+ (i) / {C3(2)Li (=) Mg (=) Bs (v, 71 (2),7)}

+§Q§ﬂA{M@_@Mﬂ©M@]

z=7j(x3)—(t—7)

Z=Tj (13)+(t77) }
S (&)
) 0
UMy (€)Ly (&) B, (), 7) — (il/j)Mkj(f)a_f[Cj(f)Lj ()]
i &=7j(z3)+(t—7)
X E3(Z/, Tjil(g)a T) + Fj(u’ 3 T)} ‘£=T'($3)J—r(z_7')

+ 2E) g )

- {/)t{cj(z)Lj(z)Mkj(z)aa_%(”’ Tfl(z)”)} 2= (w3) +(t—7)

z 77')} dT}
z=7;(x3)—(t—7)

(75 (23))C (75 (w3)) Lj (75 (23)) Mg (75 (23))

_l_
—
Q
—
N
—
h
<
—
N
—
=
<
—
N
~
D
&
—
X
=
—
—
~

“r. OF . OF.
></ [uqmgg(a:g)a—l(y,xgn')+1V2m11(x3)—2(u,x3,7)
0 T3 0

. - } sin (d(l/, x3)(t — ’7'))
d(v, z3)

dr,
j=12k#j4 k=12

3.4. An operator integral equation

Equations (17), (18), (20), (23) represent a system of integral equations with
respect to the unknowns Ej, Fs, 8E3/8t, 8Ej/5‘x3, j = 1,2. Reasonings of Subsec-
tions 3.1-3.3 show that this system is equivalent to (4), (5) under condition (6). The
system (17)—(20), (23) can be written in the form of the operator integral equation

(24) V(v x3,t) = G(v, 23, t) + /Ot(KV)(lA x3,t,7)dr,

where V = (V1, Vo, V3, Vy, Vs, V) is the unknown vector-function whose components

are
(25) Vi=E\, Vo=E, Vs=E3,
_ OEj 0 OBy
VZ;— 8If’ ‘/%783?37 ‘/678333,
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= (G1,G2,Gs,G4,G5,Gg) is the given vector-function whose components are
defined by

7j(2s)+(t— T>
(26)  Gj(v,z3,t) = TJ zs) // ,7)dédr, j=1,2,
7j(2)—(t—7)
1 ¢ sin(d(v, z3)(t — 1))
@7)  Gylvwa,t) = m/ Falvs g, 1) =T ar,
1

(28) Ga(v,x3,1) = o3 (73) / f3(v, z3,7) cos(d(v, z3)(t — 7)) dr,

t Ti(x3)+(t—7)
(29) G4+j(y7x37t) B CJ(TJ(J;B));’ (71(373))/0 {/( )J(rt : Fj(l/,f,T) d§

§=T.7‘($3)+(t—7)}
§=1j(z3)—(t—7)

— (iu-)%% (15(x3)) L (7j(z3)) My (1 (x3))

/fal/xs, Sm (v, 23)(t = 7)) dr, j=1,2.
(l/ 1‘3)

+ () {F (€, 7)Y

The components of the vector-operator K = (K1, Ka, K3, K4, K5, Ks) are defined by

(30) (K3 V)(v,23,1,7)

_ Sy(ry(wg)) [T ,
B %/ﬁm)(”) {[qj(f) — Vi M3;(§)N; ()]

+ v Ma (€) L () Vi (v, 75 (€), 7)

- (05 Mi(€) G GO L OVl (€, 7) e

Vi(v, 71 (€),7)
S;(6)

iv; 1 §=T7j(z3)+(t—7)
+ 2, (OO L O Mg Vol O

J=12, k#j, k=12

(31) (KsV)(v,x3,t,7) = [ivimaz(a3)Vs(v, xs, T)

£33(73)
sin(d(v, z3)(t — 7))

+ ivomay (23) Vs (v, 23, 7)] d(v, z3)

(32) (KaV)(v,x3,t,7) = [ivimag(x3) Vs (v, x5, T)

e33(zs3)
+ iV?mll(x3)‘/6(V7 3, 7—)] COS(d(l/, x3)(t - 7—));
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(33) (Kay; V) (v, 23,t,7)

ci (i (23))S% (13 (x 73 (@) + (=)
el 3»2 (7 (23) { / {la;(8) = vEMs; (&) N5 (&)

j(23)—(t—7)

7 + v Ms; (§) Ly () Vi (v, 7,1 (€),7)
- (iVj)Mkj(f)a%
+ (i;){C5(2) Ly (2) My (2)Va (v, 7; 1 (2), 7)}

W{[%(g) - VEM?,j(f)Nj(f)]

+ vjvE Mz (§) L (&) Vi (v, 751 (), 7)

[CHO L ©OIValw, 7,7 (),7)  de
z=7;(xs)+(t—T)
z=7'j(x3)—(t—7')}
Sj (€)

+

— ()M ©) 5 GO L OWav @
M) g 0 a)

2
x {{C}(2)L;j(2) M (2)Va(v, 75 1 (2), T)Hamr (aa)+ (1)
+{Cj(2)L;(2) My; (= )‘/4(%7] Y(2), T Hamry (@a)— (=) }
- B ) 517 001 1 ) s 1)) Mg 5 2)
33\T3
x [ivrmag(23) Vs (v, 23, T)
sin(d(v, z3)(t — 7))
d(v, x3)
j=1,2, k%74, k=1,2.

+ iV2m11(373)‘/6(V7 €3, T)]

4. PROPERTIES OF THE OPERATOR INTEGRAL EQUATION (24)

To establish the existence and uniqueness of the solution for (24) we have used
specific properties of the inhomogeneous term and the kernel of (24). In this section
these properties are established by the following two propositions.

Proposition 1. Let the components of G = (G1,Ga,...,Ggs) be defined by
(26)—(29). Then under the assumptions mentioned in Section 1 these components
are continuous functions for (z3,t) € A, v € R2.

Proposition 2. Let the components of the vector operator K = (K1, s, ..., Ks)
be defined by (30)—(33). Then under the assumptions mentioned in Section 1
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(i) the expressions
¢
/ (KnV)(v,z3,t,7)dr, m=1,2,...,6,
0

are continuous functions for (z3,t) € A, v € R? and any vector function
V(v,zs,t) = (Vi(v,zs,t), Va(v, zs,t),..., Vs(v,xs,t)) with continuous compo-
nents for (x3,t) € A, v € R?;

(ii) for any positive number ) the following inequalities are satisfied:

t t
(34) / (K V)(v,23,t,7)d7| < B/ IVI(v,7)dr, m=1,2,...,6,
0 0
where (x3,t) € A, |v| < Q, B is a positive number depending on «, 3, T, §;
(35) IVI[(v,7) = Vi (v, &, 7)1

max max
m=1,2,....,6 ¢€[—c(T—7),c(T—7)]

Proof of Proposition1. Letnumbersa, 3, T, ¢, the set A, and functions €, (z3),
m;j;(x3) satisfy the assumptions of Section 1, numbers Y., Yj+ and functions 7;,
’7']-71 have the properties from Lemma 1. Using the formulae (11), (13), (15), we
find that the functions A;, S;, C;, N;, L;, M;; are twice continuously differentiable
on [Yj_,Yj"’]; the functions K; are once continuously differentiable on [Yj_,Yj+],
and g;, F; are continuous on [Yj_,Yj"’]. The function d(v,z3) defined by (19) is
twice continuously differentiable with respect to x3 € [—cT, T for any v € R? and
sin(d(v, z3)(t — 7))/d(v, z3) is bounded and twice continuously differentiable with
respect to (w3, t) € A for any v € R?, 0 < 7 < t. Using properties 7; described
in Lemma 1, we find that G, (v, z3,t), m = 1,2,...,6, are continuous functions for
(r3,t) € A and v € R2. Proposition 1 is proved. O

Proof of Proposition 2 (i). Using the reasoning made in the proof of Proposi-
tion 1 and formulae (30)—(33), we find that

t
/ (K V)(v,z3,t,7)dr, m=1,2,...,6,
0

are continuous functions with respect to (x3,t) € A for any v € R? and any vector
function V = (V4, Vs, ..., V;) with continuous components V; (v, 3, t) for (z3,t) € A
and v € R%. Hence, Proposition 2 (i) is proved. O
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To prove Proposition 2 (ii) we need the following lemma.

Lemma 2. Let ¢, T be the numbers and A the triangle defined by (3), let 7; be the
function defined by (7), Tj_l the inverse function to7;; Y, Yj+ the numbers defined in
Lemma 1. Then for any (x3,t) € A, 7 € [0,t] and & € [1j(x3)—(t—7), 7 (x3)+(t—7)],
the following relations are satisfied:

7O e[—e(T—7), (T —7)], €ev;, Y.

Proof of Lemma 2. Let y = 7;(x3). Using Lemma 1, we obtain

Ei
(36) y—/ <44(7).
m”

Differentiating both sides of (36) with respect to y, we get

(37)

Integrating (37) from 0 to y and using Tj_l(O) =0, we find

(38) T (y) =

By (38), we come to

7 (x3)—(t—7)
7 (1 (x3) — (t— 7)) =
(39) i (as) — (L= 7)) /

7j(z3)
= x3 —_ /
75 (z3)—(t—

We have from (39)

(40) Tj_l(Tj(mg) —(t—=7)) = x5 —c(t—1).

Using (z3,t) € A, we have
x3—c(t—7) 2 —c(T—t)—ct—7)=—c(T —1)
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and therefore,

(41) T]fl(rj (x3) = (t—7)) = —c(T — 7).

Similarly we find

(42) 7; (mi(ws) + (t = 7)) < o(T = 7).

As 77 1(€) is monotonically increasing (see Lemma 1), using (41), (42), we obtain

J

(43) —c(T—71) < T]fl(g) <e(T—7)

for any & € [15(x3) — (t — 1), 75 (z3) + (¢t — 7)]. It follows from (43) that

—1
—cI' <7 () < T
and therefore, as 7; is monotonically increasing, we conclude that

(44) Vi =7j(=cT) <€ < (el) = Y;F

for any ¢ € [15(x3) — (t — 7), 7j(z3) + (¢t — 7)]. Lemma 2 is proved.

Proof of Proposition 2 (ii). Let the number @ be defined by

@ = max max {|Qj(y)|v|Lj(y)|a|Nj(y)|v|5j(y)|a|cj(y)|v

=1,2 —y+
J yely; Y

[ (L) max [0}

=14

Using Lemma 2, we deduce that for any (z3,t) € Aand 7 € [0,t], § € [15(xs)—(t—7),

7i(x3) + (t — 7)] the following inequalities are satisfied:

GOl <Q L9 <Q, [N;(§)I<@Q, |50 <@, [C;(9) <@,
(G5 (OL;(€)] < @, max [My;(€)] < @, [[Vin (v, 7€), DI < IVII(w, 7),

9
0& =1,2
j=1,2 m=1,.2,...,6.

From the above inequalities and the equation (30) we find the relation

73 (w3)+(t=7)
<9

(K5 V) (w3, ¢, 7)] < {(Q+VP@)IV;(v, 771 (€).7)

7j(x3)—(t—7)

+ [VPQP Vi (v, 7€), 7)| + [VIQ? | Va (v, 75 (€), 7) [} d€
+ WQYV(v, 1), =12, k=12 k#j
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Let 2 be any positive number. Then the last relation implies
(K V) (w23, t,7)| < B (T, Q)[[ V]| (v, 7),
where (z3,t) € A, |[v| < Q,

By(T,Q) = max {Q°T(1+20°Q+0Q)+9Q"}, j=1.2

(I3 ,t) c

We find from the equation (31) that
(KsV)(v, w3, 7)| < Bs(T, Q)| VI|(v,7),

where (z3,t) € A, |v| < Q, B3(T,Q) = 22 |QT.
Using a similar reasoning, we can define constants B,,(T, ) for m = 4,5,6 such
that
(ICmV)(V, 73,1, T)' < Bm(Tv Q)HV” (V7 T)v

where (z3,t) € A, |v| < Q.

Choosing
B=, g BnT0)
we complete the proof of Proposition 2 (ii). O

5. SOLVING OPERATOR INTEGRAL EQUATION (24)

Let o, 8, T be positive numbers, o < 8, ¢ = +/3/a, let A be defined by (3) and let
all assumptions stated in Section 1 be satisfied. In this section we solve the integral
equation (24) by the method of successive approximations and then show that this

solution is unique in the class of vector functions with continuous components for
(v,z3,t) € R? x A.

5.1. Successive approximations and convergence

Let © be an arbitrary positive number. Let us consider the integral equation (24)
for (xs,t) € A, |v| < Q. To find a solution of this equation we apply the successive
approximations

(45) V(O)(Va (Eg,t) = G(Va (Eg,t),

V(n) (Va z3, t)

t
/ KV (v, 25, t,7)dr, n=1,2....
0
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Our goal is to show that for (x3,t) € A, |v| < €, the series

iV(”)y:ﬂg, (ZVln v, x3,t),. ZVG (v, x3,t )

n=0

is uniformly convergent to a vector function
V(Vv xs3, t) = (Vl (Vv zs3, t)v ‘/2(1/; I3, t)v SRR ‘/6(1/7 xs3, t))

with continuous components and this vector function is a solution of (24).
Indeed, we find from (45) and Propositions 1, 2 of Section 4 that for (x3,t) € A,

lv| < Q, the vector functions V(™ (v, 23,t), n = 0,1,2..., have continuous compo-
nents and
(n) '
n n—1
(46) Vw0 < B [ VO wr)ar
where || - ||(v,7) and B are defined in Proposition 2.

It follows from (46) that

BT)"
(BT) max [|G||(v,T), m=1,2,...,6, n=0,1,2....

(n) ) <
(47) |Vm (V,:L‘3,t)| X n! V<o

The uniform convergence of > Vé{’)(u, x3,t) to a continuous function V,, (v, z3,t)
n=0
follows from the inequality (47) and the first Weierstrass theorem ([2], p. 425). Let

us show that the vector function V (v, z3,t) is a solution of (24).
Summing the equation (45) with respect to n from 1 to N, we have

N

(48) ZV(”) v, r3,t Z/ KV™) (v, z3,t,7)dr,
n=1
where
N
ZV(”)ng, (ZV (v, z3,t),. ZVS (v, x3,t )
n=1

Adding the vector function G(v, z3,t) to both sides of (48), we arrive at

t N—1

N
@) VOt = Glnant)+ [ Y KVO) @t r)dr
n=0 n=0

Letting N tend to infinity and using the second Weierstrass theorem ([2], p. 426), we
find that the vector function V (v, z3,t) satisfies (24) for (z3,t) € A, |v| < Q. Since
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Q is an arbitrary positive number, we conclude that the vector function V (v, x3,t)
with continuous components is a solution of (24) for (z3,t) € A, v € R2.

5.2. Uniqueness of the solution

We prove here that the solution V (v, x3,t) of (24) is unique in the class of vector
functions with components V,,, € C(R%? x A), m = 1,2,...,6. Indeed, let ) be an
arbitrary positive number, let V(v, z3,t) and V*(v, 23, t) be two solutions of (24) with
continuous components for (x3,t) € A, |v| < Q. Setting \7(1/, x3,t) = V(v,x3,t) —
V*(v, x3,t), we find from (24)

(50) Vv, 23.1) = /0 (KV)(v, 25,1, 7) dr.

Using Proposition 2, we obtain from (50)

(51) VI, 0) <B/O IVIi(v,7)dr,

where |[v| < Q,t € [0,T]; ||-]|(v,t) and B are defined in the statement of Proposition 2.
Applying Gronwall’s lemma [9] to (51), we get

(52) ||VH(I/, t) =0, te€ [OvT]a |V| <O

Using the continuity of V(l/, x3,t), we conclude that

V(v,z3,t) =0, (z3,t) €A, |v| <.

Since €2 is an arbitrary positive number, we obtain that V (v, z3,t) = V* (v, x3,t) for
(73,t) € A, v € R?. The uniqueness of the solution of (24) is proved.

6. CONSTRUCTING A SOLUTION OF INITIAL VALUE PROBLEM (1), (2)

In this section we show that a solution of (1), (2) may be found by the inverse
Fourier transform of the first three components of V (v, z3,t), where V(v,zs,t) is
the generalized solution of (24) found in Section 5. We describe the class of vector
functions where the solution of (1), (2) is unique.

We will use the following notions and notation. For the exponent o = (aq, as)
with o; € {0,1,2,...} and |a| = a1 + aq, the partial derivatives of higher order

Hled . glel

— 3,t — 3,t k=1,2 [=1,2,...
81/?181/32 fk(z/,x3, ); 8V?18V§[2 W(V7x37 )a ) a37 ) 4y a67
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will be denoted by
Dlolt.fk(yvxfbt)v DSVE(I/,QC?”t).

For vector functions V = (V1, Vs, ..., Vg), f= (fl, o, f~3) and each a we define DV
and D2f by

DYV = (DSV4, DoV, ..., D2Vg), DSf = (DS f1, DS fo, D f3).

We denote by C(R?) the class consisting of all continuous functions that are defined
on R2. Then for m = 0,1,2,... we define C"(R?) by C°(R?) = C(R?) and otherwise
by

C™(R?) = {p(v) € C(R?): for all |a] < m, DZp(v) € C(R?)},

C>(R?) = () C™(R?).

Further, C.(R?) is the class of all functions from C(R?) with compact supports;
L£5(R?) is the class of all square integrable functions over R?; |||z is defined for each
p(v) € L2(R?) by

Il = [ o) v

The Paley-Wiener space PW (R?) is the space consisting of all functions ¢(x1,z2) €
C>(R?) satisfying (see Appendix B)

(a) (1+ \/m)mA”go(xl,xg) € L2(R?) for all m,n € {0,1,2...},

(b) RS = lim [[A"p(z1,a2)]y*" < o0,
where A" = (§%/02% + 9% /0x3)".

The class C(A; C.(R?)) consists of all continuous mappings of (z3,t) € A into
the class C(R?) of functions v = (v1,12) € R? C(A; PW(R?)) is the class of all
continuous mappings of A into PW (R?).

In this section we suppose that the assumptions of Section 1 hold and f =
(fl, fg,fg) is the Fourier transform with respect to x1, x2 of the inhomogeneous
term f in (1) such that for each «

D2, € C(R2 x A)NC(A; Co(R2), k=1,2,3.

Let us consider the problem (4)—(6) (FTIVP). It was shown in Section 3 that this
problem is equivalent to the operator integral equation (24). In Section 5 using the
successive approximations a solution of (24) was constructed. Using this solution,
we find a unique vector function ]:3(1/, x3,1) = (El(y, xg,t),Eg(V, xg,t),Eg(V, x3,1))
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such that EJ, (8/8x3)Ej, (8/8t)E3 €C(R?x A),1=1,2,3,j =1,2; and this vector
function E(v, z3,t) will be a generalized solution of FTIVP (4)-(6).

To complete the reasoning of this section let us show that the inverse Fourier
transform F, ! with respect to v = (v1,v2) € R? is applicable to ]:3(1/, x3,t), and
E(z,t) = F;'[E] is the unique generalized solution of (1), (2).

Using the Proposition 1 and the assumptions of this section, we see G,, (v, x3,t),
m=1,2,...,6, defined by (26)—(29) satisfy the conditions

(53) D2G (v, 13,1) € C(R? x A) N C(A; C.(R?))

for any o = (a1, 2), a; € {0,1,2,...}, j =1,2.
Applying D2 to (24), we obtain
t
(54) DYV (v, x3,t) = DY G(v, z3,1) +/ (KD, V) (v, z3,t,7)dT,
0

veR? (x3,1) €A

Equation (54) has the same form as (24). The solution V(v,y,t) of (24), which is
found by the method of successive approximations described in Section 5, has the
following property:

D2V (v,23,t) € O(R* x A) for any @ = (a1, a2), o €{0,1,2,...}, j =1,2.

Let us consider an arbitrary positive number 2 and an arbitrary multi-index o =
(a1, ) with components from {0,1,2,...}. Using (54) and (34), we obtain the
inequality

t
(55) 1Dy V(v ) < D7 Gl(v, t)+B/O 1Dy VI|(v, ) dr,

where |v] < Q,t € [0,T]; B and ||-||(v, t) are defined in the statement of Proposition 2
(see formula (35)).
Applying Gronwall’s lemma [9] to the inequality (55), we find

(56) IDEVI(v,1) < | DFGl(v,t)e”T, ] < Q, t€[0,T].

It follows from (53), (56) that the solution of (54) satisfies DSV (v,x3,t) €
C(A; C.(R?)) for any o. Hence, the components of the generalized solution

E(Vv $3,t) = (El (Vv xBat)v EZ(Vv $3,t), E3(V7 x3vt))

334



of (4)—(6) satisfy the conditions

-9 - 9 -
B, —F;, —E3 € C(R* x A)NC(A;C(R?)), 1=1,2,3, j=1,2.
0xs ot

Applying the inverse Fourier transform with respect to v, to (4)—(6) and using
the real version of the Paley-Wiener theorem [1] (see also Appendix B) we find that
E(z,t) = F,'[E] is the unique generalized solution of (1), (2) such that Fj(z,t),

(0/0z3)E;(z,t), (0/0t)Es(z,t) belong to the class C(R?* x A) N C(A; PW(R?)),
1=1,2,3,5=1,2.

CONCLUSION

The initial value problem (1), (2) is a mathematical model of the time dependent
electric field in vertically inhomogeneous biaxial anisotropic media. In the present
paper a new method for solving this problem has been obtained. This method
consists of the following. First, IVP (1), (2) is rewritten in the form of Fourier images
with respect to the lateral variables z1, x2. Secondly, the resulting problem (FTIVP)
is reduced to an operator integral equation. After that the operator integral equation
is solved by the method of successive approximations. Finally, to find a solution of
IVP (1), (2) we apply the inverse Fourier transform with respect to 11, vo to the
solution of the operator integral equation.

We note that if symmetric positive definite matrices £ and M have constant
elements then an explicit formula for the solution of IVP (1), (2) has been derived
by symbolic computations in MATLAB [19], [20]. Using this formula, the simulation
of electric fields has been derived in different homogeneous anisotropic materials [20].
Unfortunately, the explicit formulae for solutions cannot be constructed in the case
when elements of matrices £ and M are functions of one or several variables. In the
case when £ and M depend on one variable x3 our method allows us to determine
electric fields in inhomogeneous biaxial anisotropic media.

APPENDIX A

Generalized Cauchy problem for the wave equation
Let us consider IVP for the wave equation with two independent variables

02 02
(57) (@ - 8—gﬂ)w(y’t) - f(yat)v Yy e Ra t> 07
ow
(58) w(y,t)|t=ot = 0, W(%tﬂt:m =0.
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If f(y,t) € C*(Rx[0,00)) then there exists a unique solution w(y,t) € C%(Rx [0, 00))
which can be given by the D’Alembert formula (see, for example [17], p. 176).

Let now assume that f(y,t) € C(R x [0,00)). In this case the problem (57), (58)
will be interpreted as the generalized Cauchy problem ([17], pp. 171-178). Accord-
ing to the theorem from ([17], p. 174), there exists an inverse operator (92/0t* —
9?/0y*)~! such that the function w(y,t), defined by

69wt = (5 - 53) 1w0=[[ o= ~1y- o s naear

is the unique generalized solution of the generalized Cauchy problem (57), (58) for
any f(y,t) € C(R x [0,00)). This means that the equality (59) is equivalent to (57),
(58), where (57) is understood as the equality of generalized functions [17].

Remark 1. We note that (59) may be written as the d’Alembert formula

(60) / / y;(t TT 1) dedr,

or

y+t pt—[E—yl
(61) w(y,t) = @/ /0 f(&,r)dedr, yeR, teR.
y—t

It follows from (60) that for y € R, ¢ > 0 the derivatives dw/0t, Ow/0dy can be found
by

G0 =3 [+ =00 = s =0l
ow

Gt =5 [ [+ =)0 = fly= (=] ar

This means that the generalized solution w(y,t) of (57), (58) belongs to C1(R x
0,00)) for any £(3,1) € C(R x [0,00)),

Remark 2. Let us consider IVP for the wave equation with two independent

variables
0? 02 ow ow
(62) (@ - 8—y2)w(y’t) - .F(y,t,’lU(y,t), W(yvt)a 8_y(yat))a AS Rv t> 07
ow
(63) w(y,t)]i=oy =0, W(y7t)|t=0+ =0,
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where

ow Ow

F(?/vt W, 35 8_) :Pz(yat)%—w

; +po(y, t)w + f(y,1),

+pu(y,0) ow

pl y) 8y
pe(y,t), f(y,t) € CL(Rx[0,00)), k = 0,1, 2, are given functions. Using the reasoning
as above, we find that the generalized Cauchy problem (62), (63) is equivalent to the
equation

2 2 \-1 w w
(64) (yat) (gtg - 53—2/2) f(yatvw(yvt)a %_t(yat)7 ?9_y(y’t))

= ow ow
- / RCGEEE DO (ustwle, 7). 57 (€7), a_y<,g77)> de dr.

The equation (64) may be written in the form

yH(E=T) d d
(65) L (e e, S n) acar

(t—7)

APPENDIX B

Paley-Wiener space and the real version of Paley-Wiener theorem

The result here has been taken from the paper [1] (see also [3], [15]).

As well known (see for example, [1], [3], [15]) the classical Fourier transform F is an
isomorphism of the Schwartz space S(R¥) onto itself. The space C2°(R*) of smooth
functions with compact support is dense in S(R*), and the classical Paley-Wiener
theorem characterizes the image of C>°(R¥) under F as a rapidly decreasing function
having a holomorphic extension to C* of exponential type. In this appendix we will
define the Paley-Wiener space and consider the real version of the Paley-Wiener
theorem following the nice work [1].

Definition. We define the Paley-Wiener space PW (R¥) as the space of all func-
tions p(x) € C°°(R*) satisfying
(a) (14 |z])™A"p(x) € ﬁg(RQ) for all m,n € {0,1,2...},
(b) B = lim [|Amp(2)];™" <
n—oo

where £5(R?) is the space of square integrable functions with the norm ||p|2 =
(Jaz le(2)]? dz) Y2 for any o(x) € L2(R?); A = 0?/0x% + ... 4+ 0*/0x} denotes the
Laplacian on R*. Further, PWp(R¥) = {¢(z) € PW(R¥): R = B} for B > 0.
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Theorem. The inverse Fourier transform F~! is a bijection on C°(R¥) onto
PW (R*), mapping C% (R¥) onto PWg(R¥).

Here C$ (R¥) is defined as
CF (R*) = {¢(z) € CF¥(R"): R, = B},

where R, = sup |z| is the radius of the support of p(x).
T ESUpp ¢
We note that the work [1] contains the proof of this theorem.
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