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Boundedness of one-sided fractional integrals

in the one-sided Calderén-Hardy spaces

ALEJANDRA PERINI

Abstract. In this paper we study the mapping properties of the one-sided frac-
tional integrals in the Calderén-Hardy spaces ?—Lg:?: (w)for0<p<1,0< @< o0
and 1 < g < oco. Specifically, we show that, for suitable values of p, q, vy, @ and s,
ifwe AT (Sawyer’s classes of weights) then the one-sided fractional integral I:}'

can be extended to a bounded operator from H%;;;C (w) to HS:Z«‘»’Y (w). The result

is a consequence of the pointwise inequality
+ . .
Nq,a+'y (I’-YFF’I) S Ca»’YN;:a (F,:E),

where Ny, (F;x) denotes the Calderén maximal function.

Keywords: fractional integral, maximal, one-sided Calderén-Hardy, one-sided
weights spaces

Classification: Primary 42B20; Secondary 42B35

1. Introduction

The purpose of this paper is to show that we can extend the fractional integral
to a bounded operator between Calderén-Hardy spaces. For 0 < v < 1, we denote
by I, f the fractional integral defined by

B f(y)
i) = /]R g

when this integral exists. The classical results of boundedness of the fractional
integral are well known. One of them ensures that if 0 < v <n, 1 <qg<r < oo,
1 % —~ and f € LY(R™) then

T

(1.1) Iy fllLr@ny < Crgllfllzo@n)-

A proof can be found e.g. in [3] or [13]. Another classical result affirms that if
f€eA, 0<a<,then I,f € Ag, B = a+v. A more general version of this
result can be seen in [4].

We will study the behaviour of the operator Ij , 0 <~ <1, defined by

[ fy)
R e =2
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in the one-sided Calderén-Hardy spaces that we will define below. In 1982, Gatto,
Jiménez and Segovia studied in [2], the Calderén-Hardy spaces in order to cha-
racterize the solutions of A™F = f, m € N, for distributions f in the Hardy
spaces HP. They proved that the operator A™ is a bijective mapping from the
Calder6n-Hardy spaces to HP. Later, in 2001, Ombrosi studied in [7] a more gene-
ral weighted version of these spaces. Ombrosi proved that the fractional integral
Ij can be extended to a bounded operator from the one-sided Hardy spaces into
the Calderén-Hardy spaces. To generalize these spaces Ombrosi used a one-sided
version of the Calderén maximal function, denoted by N, (F,z). To obtain our
result, the key will be to prove a pointwise estimate for N, (I} F,z). Further-
more, this estimate will allow us to give another proof of the classical result of
boundedness of Ij between Lipschitz spaces.

A weight w is a measurable and non—negative function If E C R is a Lebesgue
measurable set, we denote its w-measure by w( f pw(t)dt. A function f(x)
belongs to LP(w), 0 < p < oo, if || f|| £r(w) f_ |pw )dx)l/p is finite.

The classes Af, 1 < s < oo, were deﬁned by E Sawyer in [12] (see also [6]).
A weight w belongs to the class AT, 1 < s < oo, if there exists a constant C' such
that

(1.2) (% /:hw(t) dt) <% /;Mw(t)s% dt)s_l <c,

for almost all real numbers .

In the limit case of s = 1 we say that w belongs to the class A if M~ w(z) <
Cw(z) a.e. © € R, where M~ f(z) = sup,~o+ o, |f(t)|dt. In a similar way,
Sawyer defined that a weight w belongs to the class AS , 1 < s < o0, if there
exists a constant C' such that

(1.3) (% /IIJrhw(t)dt) (% /:hw(t)_

for almost all numbers x. For s = 1 we say that w belongs to the class A7 if
Mtw(z) < Cw(z) ae. # € R, where M f(z) = suph>0%f;+h |f(t)|dt. The
properties of one-sided weights which we will use in this paper can be seen in [5],
[8] and [12].

Let us fix w € Af. Then there exists x_o such that w(z) = 0if z < r_
and w(z) > 0 if > x_ (see [§] for details). We denote by L (z_o,00), with
1 < g < 00, the space of the real valued functions f(x) on R that belong locally to
L for compact subsets of (2_sc,00). We endow L (2_oc,00) with the topology
generated by the seminorms

Flar = (|I|1 [ st M) ,

s s—1
5—1 dt) < C,
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where I = (a,b) is an interval in (z_,00) and |I| = b — a.
Let f € L{ (z_o,00) and let a be a real positive number. We define the

loc
maximal function n}, (f;x) by

nt o (fi2) = sup p~ | flg, (oot
p>0

Let N be a non-negative integer and Py the subspace of L (2_o,00) formed

by all the polynomials of degree at most N. This subspace is of finite dimension
and therefore a closed subspace of L (2_s,o0). We denote by EY; the quotient

loc
space of L{ (x_s,00) by Py. If F € E%, we define the seminorms

1 llq.r = i {]flg.r}-

The family of all such seminorms induces on E% the quotient topology.

Given a positive real number «, we can write it as « = N + 3, where N is
a non-negative integer and 0 < f < 1. We fix @ > 0 and its decomposition
a = N + B in the previous conditions.

For F € EY;, we define the maximal function N}, (F;x) as

N (Fi) = ot {7500}

This type of maximal function was introduced by Calderén in [1].

Now we are ready to present the one-sided Calderén-Hardy spaces, "Hé’:j (w),
defined by S. Ombrosi in [7]. The case w = 1 and a € N has been studied by
A. Gatto, J. Jiménez and C. Segovia in [2]. If F € EY;, we say that F belongs
to HE (W), 0 <p < 1,1 < ¢ < oo, if the maximal function N\, (F;z) € LP(w).
This means

+ .
/£ N/ o(F;7)Pw(z) dz < oo.

The norm of F' in Hb1(w) is given by 1F 3424 (o) = [N (F52) || Lo () -

We say that a class A € Eév is a p-atom in ’Hg;;r (w) if there exists a represen-

tative a(y) of A and an interval I such that
(i) supp(a) C I C (T—00,0), w(l) < 00,
(ii) Njo(A;z) Sw(I)7 for all & € (_o0,0).

From the definition of a p-atom, the condition w(I) < oo, w € A does not
assure that I is bounded, nevertheless, given the properties of one-sided weights
(see Lemma 1.1.7 and page 9 in [8]), I cannot be of type (a, c0); thus, if I is not
bounded we have that z_. = —oo and so I = (—00,b), b < cc.

As before, let « = N + 3 where 0 < 8 < 1. The class F € Eé\f belongs to
Ao(7_ o, 00) if f € F is such that f € CN(x_.,o0), and there exists a constant
C such that the derivative DV f satisfies for every z, 2’ € (z_,00) the Lipschitz
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condition
DN f(z) = DN ()| < C o — 2|
We observe that to say F' € A, (2_o0,00) is equivalent to saying that all their

representatives belong to A, (20, 00). To simplify notation, we write A, instead
of Ap (200, 00).

With the notation and definitions given above we can state the main results of
this paper.

Theorem 1.1. Let 0 < p < 1,0 < 8 < 1, a = N + 3 with N an integer,
0<’y+ﬁ<1,1<q<%andeA;Ir Where(a+%)p25>10r(a+%)p>11’f
s=1. Let E be the extension of the one-sided fractional integral given by (3.17).

Then I can be extended to a bounded operator from HPF (w) into HZ:;FJrv (w).

This theorem is a consequence of the following key result.

Theorem 1.2. Let FF € A,, a = N + 8 with N an integer, 0 < § < 1,

0<’y+ﬁ<1and1<q<%.

fractional integral given by (3.17). Then

Let E be the extension of the one-sided

N+

q,a+’y(I’¢_F;z) S COL,’YNqJ,ra(F;z)ﬂ HS (:L',OO,OO),

where C, ~ does not depend on F.

The paper is organized as follows. In Section 2 we will present some auxiliary
lemmas that we will need later in Section 3 and Section 4. In Section 3, we will
prove the existence of the extension of the one-sided fractional integral to the
classes 7—[{;:;‘ (w) N Ay. In Section 4, we will prove the main results of this work,
Theorem 1.1 and Theorem 1.2. In the last section we will give some remarks
about the extension defined in Section 3.

2. Auxiliary lemmas

The following results establish some properties of the maximal function
N}, (F,z) and the spaces HP'F (w).

First we observe that if xj(z) is the characteristic function of the interval
I = (a,b) and we denote I~ = (a — |I|,a), it is not difficult to prove that

1
(2.1) M+X[(ac)2§, rel UL

Lemma 2.1. Let F € Ef,.

(1) Let f1, f2 be two representatives of F and P = f1 — fa. Then there exists
a constant ¢y, such that for every x1, x2 and y in (x_,,00) the inequality

(&) o

K
< (ng o (fr;zn) +n o (fos22)) (Jor — y| + |22 — y[)®
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holds.

(2) If N/, (F,x0) is finite for some xo then there exists a unique f € F such
that nj} ., (f;20) < oo and, therefore, N\, (F;x0) = n} ,(f;20).

(3) If N;fa(F;z) is finite, f is a representative of F' and we denote by
P(z,y) the unique polynomial of degree at most N such that n;ra(f(y) —
P(x,y);x) = NS, (F;x), then f(x) = P(x,z) for almost every x such
that N, (F;x) is finite.

(4) Assume that N, (F,z) <t for all x belonging to a set E C (z_s,00).
Let f be a representative of F' and let P(z,y) be the unique polynomial
in Py, such that N (F;x) = n} ,(f(y) — P(y,z);z). Then there exists
¢ > 0 such that

1 . o
Aule) = X e = s < et fo -l

for all x and T in E, where Ay(x) = D’;P(Jc7 y)|y:I

(5) F belongs to A, if and only if there exists a finite constant C such that
N}t (F,x) < C for all ¢ € (2o, 00).

(6) If F € Ay, 1 € (T_c0,00) and f is the representative of F such that
N}t (Fyx1) = nt (f,x1), then

1D f(y)] < C [Nyl F; oo ly — 21"
holds for i =0,1,...,N and y € (z_c0,00).

The proof of (1) can be found in [7]. The proof of (2) is similar to the one of

Lemma 3 in [2]. The proof of (3) can be seen in [8]. Proceeding as in the proof
of Lemma 5 in [1] we obtain the proof of (4), also we can find a complete proof
in [8]. Part (5) is Lemma 3.10 in [7]. The details of the proof of (6) can be seen
in [8].
Remark 2.2. Given a representative f € F if for each = we have N;:a(F; x) < 0o
by Lemma 2.1(2), there exists a unique representative of F' that realizes the
maximal function N (F;z) < oo. We denote this representative by f(y) —
P(z,y), where P(x,y) is a polynomial of degree less than or equal to N.

Lemma 2.3. Let 0 < p <1 and w € A} where (a+%)p >s>1or (a+%)p >1
if s = 1. The space H?'F(w) is complete.
The proof of this result is similar to that of Corollary 2 in [2], see also [8].

The following result is fundamental for the proof of Theorem 1.1 in Section 4.

Theorem 2.4. Let 0 < p < 1 andw € A} where (oHr%)p >s>1lor (a+§)p >1
if s = 1. The set of classes HP'F (w) N A, is dense in HEF (w).

The proof of this result is due to Ombrosi [8], who used to prove it a one-sided
version of the Calderén-Zygmund decomposition.
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3. Extension of the one-sided fractional integral to the classes
HEX (w) N A

Let 0 < v < 1. Given a measurable function in R, the one-sided fractional
integral of order ~y is defined by

T f(x) = Ooif(y) z € (x 00
Af(%—L - dy, @ € (£—o0,00),

provided the integral exists.

Remark 3.1. If we consider the kernel K (z) = X(_oo,0)||7 ™", we can write the
one-sided fractional integral as a convolution product as follows

17 f(z) = (K * f)(=).
It is simple to prove that K (z) € LL (R — {0}) and K satisfies for 1 <i < n,

loc

(3.1) |ID'K (z)| < O i|z[7~% 2 € (~o0,0).

From the definition it is trivial to prove that, for f > 0,

(3.2) (@) < L f(2), 2 € (2-o0,00)
and
(3.3) If o If flx) = I;rﬁﬂf(:r),x € (T_o0, 00).

In what follows we suppose that w € A} where (a—i—%)p >s>1lor (a—i—%)p > 1
if s = 1. Furthermore we consider the number x_, associated with w € AT such
that x_,, < 0.

Let us fix a function ¢ € C3°, 0 < ¢(y) < 1, supp(¢) C [—2,2], and such that
¢(y) =11in [-1,1]. Let r > 0 and =1 € R. We denote

(3.4) ¢mAm=¢(y‘“).

r

Then the support of ¢, »(y) is contained in [x1 — 27,21 + 2r] and ¢(y) = 1 in
[x1 — r, 21 + r]. Moreover, we have that

(3.5) ’Dl(ﬁbxlr)(y)‘ < Cirii;

for every non-negative integer i, where C; is || D'¢||oo. If 21 = 0, we denote ¢o (y)
by ér(y).

Unless we state something different, we consider a > 0, @ ¢ N where « can be
represented by a = N + 8 with 0 < 5 < 1.



Boundedness of one-sided fractional integrals. . . 63

Lemma 3.2. Let F € A, and let f(y) be the representative of F such that
”;_,a(f; 0) = N;a(F; 0). If we define

g;(w) = /OO (yﬂﬂﬁ (y) dy

x)=
(3.6)

i

*Z [0 () 05w - ey

where ¢;(y) and ¢1(y) are given as in (3.4), then there exists lim; .o, g; in
LY (2_o,00).

PrOOF: We fix I = [a,b] C R, and we consider a natural number [ such that
C [=1/2,1/2]. Then for all € I and j > [ we can write g;(z) as

o0 1 N 1 zt
A N A = (e D
x f(y)(@5(y) — di(y)) dy

Now we prove that there exists the limit of the second term of (3.7) when j — oo.
Since ¢;(y) — ¢i(y) < 1— ¢i(y) and supp(l — ¢) C {|y| > 1} it follows that

supp (¢; — ¢1) C supp (1 —¢p) C {ly| > 1}

and so the second term of (3.7) can be estimated as

) 1 N . 1 l,i | i

[ fo==- 20 (== ) % 170011630~ ut)]
(3.8) ) v : .
: /{|y|>l}ﬂ(z,oo) W B ;D (W) (0)7

X [fWI = di(y))] dy.

We observe that if « € T C [-1/2,1/2], and y € A = {|]y| > I} N (x,0), for
0 <& <1 we have [£x —y[| > [y|/2. In effect,

Y Y
e —yl = Iy — &1 > Iyl — leal > Iyl — el > Iyl — 5 > ol — 2 = 1.
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Then by the Taylor’s Formula and Lemma 2.1(6), we have

L Syt Yo
/{|y|>l}m(a;,oo) (y—z)= ;D <| — y|1—v) (0) f
X [f(W)I(1 = u(y)) dy

oy SO [ e sy e
y|>1liN(z,00

<0, 2V / W=D £ ()] dy N
{ly|>1}N(x,00)

< O N2V N, o (F )| / [y~ Dy V48 gy [N+
{ly[>1}N(x,00)

and since the last integral is convergent for 0 < v+ 8 < 1, it follows
N .
1 - 1 x*
- Dil— (o=
== 2P (=) 05

/{y>l}ﬁ(z,oo) i=0

< Cp, Nt [ Ngja(F5 )| o < 00

IfW) (1= auly)) dy

Therefore,

(ﬁ Y0 () <o>f—f) FW)(1 = 61)) € L ((-oc,00)

=0

and by the Dominated Convergence Theorem, the second term of (3.7) converges

to
/
xT

Then there exists lim;_,o g;(x) in LY. (00, 00), and, consequently, pointwise
and in L] (2_o,00). O

%

al z
ZDl <| —y[- 7> (O)j] FW)(1—du(y))dy

( =0

Taking into account the notation of Lemma 3.2 we define
I;“Of(z) = lim g;(z)
j—oo

— lim ”&
(3.10) Farsd (y—ac)l v

where the limit is taken in the sense of Li?.(2— o, 00).
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In Lemma 3.2 we have proved that for x € I = [a,b] C [-1/2,1/2],

LFf(z) = lim g;(x)

j*)OO

o0 1 N 1 zt
(3.11) = gi(z) +/I [7@ = ;Dz <_|- — y—|1_7) (O)i—!]
x f(y)(1 = au(y)) dy,

where

a(z) = /OO (ﬂ@(y) dy

_Z/ Dl<| o V)( FW)(@u(y) — d1(y)) dy f—,

Summarizing, if F' e A, we have chosen a representative f, in particular f is such
that n/},(f;0) = (F 0), and for this f we define an extension of the fractional
integral operator denoted by I+ 0. such that I+ 0 f belongs to L2 (2 — oo, 00).
The following step 1s to prove that 1f f is a polynormal of degree less than or equal
to N then Ij 0 f is also a polynomial of degree at most IV, which shows that the
extension does not depend on the representative f.

Lemma 3.3. Let P(y) be a polynomial of degree at most N. Then I °P(x)
(defined by (3.10)) coincides with a polynomial of degree at most N in (2 _o0,00).

Proor: Without loss of generality, we can assume that P(y) = y™ where 0 <
n < N. Let us fix | € N and = € [-1/2,1/2]. Then from (3.11), we have that

Lopa = [ ) dy

N

(3.12) +/:° [( —z)l=7 Z (| — v) (O)f-_;] y" (1= ai(y) dy

=0

%

fZ/ Dz( — 7)<o>y<¢l<> 61()) dyy

= Pi(z) + P2(z) + Q(x).

It is enough to prove that DN+1(Ij’OP) = 0. Since Q(x) is a polynomial of degree
at most N, we have that DV T1(Q)(z) = 0.
Then, the only thing to prove is that

(3.13) DNTYH(Py) (z) = =DV (Py) ().
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We consider n(y) = y"¢i(y). Since ¢;(y) € C§°(R), we have n(y) € C°(R). By
the change of variable z = y — z we can write P;(z) as

z) = *(r+2)"hi(z +2) L *n(z + 2) i
Py (z) /0 d /Oid.

Z=7 2=

Given that n and its derivatives are compactly supported, by the standard theorem
of derivation under the integral sign we have that P;(z) admits derivatives until
order N + 1 and

1

(3.14) DNH(P)(z) = /000 Zl—DN+177(3C + z)dz.

-

Now we want to differentiate Py(x) until order N + 1. For s = 0,1,...,N + 1,
ly| > 1 and z € [—1/2,1/2] using Taylor’s Formula and (3.1) we have

B A

=) (ealel 1 < a2

hence,

ly"™ (1= é1(y))| dy

N i
S ()]

<G [ <o
ly|>1

and so we obtain

pN+1 P2 / DN+1 <y_7)1—y) yn(l _ d)l(y))dy
1

_ (_1\N+1 N+1 n(1 —

= [T (o ) - s dy
Applying integration by parts in (3.15) and changing variables y = z + z we have
that

e 1

_1\N+1 N+1 n _

e [T o (s ) - s dy

e 1
= [T D ) ()

— x)l—'y

<1
0 z

(3.15)

(3.16)

—DNTL(Py) (x).
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By (3.15) and (3.16), we have proved (3.13) which finishes the proof. O
Definition 3.4. Let F' € A, and f(y) be a representative of F'. We define EF

as the class in EY; of the function in L (2_,00) given by

Ore) = 1 | [ W) _
IF0f(2) = 1 [/ e =L

j—00 — ,1')1_7

i i—é /””OO Y <#> (0)f()(¢5 — 61)(v) dyx—'

This definition makes sense, since by Lemma 3.2 we have that for each rep-

resentative of F' the limit in (3.17) exists in the sense of L (z_s,00) and by

(3.17)

Lemma 3.3 the class EF does not depend on the representative f of F.
Furthermore, if we fix 2¢ € (_c0, 00), and define

ijl*fbof(z) = lim [/ %%o](y) dy

oo (y — )

7!

N poo 1 (x — x0)"
-> | D = | (@) (V) (P20, (¥) = Dao.1(y)) dy=—F7— |,
_/ <|.—y| > oI Y e

where f is a representative of F', similar computations show that Ij o f () differs

from Ij Vf(z) by a polynomial of degree at most N and therefore EF is also the
class of I f(x).

4. Proofs of the main results

PROOF OF THEOREM 1.2: Let 2 € (_c0,o0) and let f(y) be the representative
of F such that n/ ,(f;z0) = N, (F;x0).

We know that a representative of EF is
+,Zo I > f(y) .
I’y f(l') - ]E}I{.lo |:/z (y _ {L‘)l_,y QSCEOJ (y) dy

N 1 (x — xp)
- D' = ) (@0) f (1) (Pw0.5 (¥) = Puo,1 (y) dy——F——
Z/ <|.—y| ) I Y e

1!

Let p > 0 and x € [zg, 20 + p/4]. Our goal is to prove the following estimates

(4.1) [Z570 (F(1 = Gap,p)) (2) = Q(20,2)| < Cy a NS0 (Fi20)p "7

and

zo+p/4 q 1
(4.2) (/ | 570 (f G, p) ()] daz) < C%aNqJ,ra(F;xo)p(aJ’_'YH_E’

0
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where

Qo s Z/ DZ<| T 7>(»’U0 )F@) o) dy &2

Let us see first that, if (4.1) and (4.2) hold, then we obtain the desired estimate:

zo+p/4 %
</ ’Ij"“f(x)—@(aco,ac)’q dac)

zo+p/4
= (/ |70 f(2) = I3 (£ bag,p) (@) + 1570 (£ bao,p) () — Q(z0, )| dac)

0

1
q

zo+p/4 !
(7 0o o)~ )

0

zo+p/4 %
+ (/ |57 (£ o) ()] dz)

< Cv,aN;a(FWO) ot (4) +Cya N (FQJUO)POHWJré

1
= Cy o N o (F50)p® 7"

Then for p >0

Q=

1 1 zo+p/4 q
- / }I’;ryxof(x) - Q(z()a :L‘)| dx < Ca,vN;a(Fa IL‘()),

Pt N\ p Ja
and taking supremum for p > 0 we have
nq7a+7 (IJr 20 f(x) — Q(zo,2);20) < C’aWNqua(F;xO).
Since I f(x) — Q(xo,z) € I F, we have

N+

a,04 (IV+F;=730) < Ca’,yN;:a(F;l‘o), To € (:L',OO,OO).

Now we prove (4.1) and (4.2).
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For (4.1) we have

LE2 (£ (1= 6aq,p) () = Tim [ / Iy aﬁzop Drns®) g,

]—}OO

Z / (== ) (@0 9)(L = G0 5)) (05 (8) — o (1))
" (x — x0)" ] .

7!

Subtracting and adding up = f( — (1 = ¢20,p(Y))@z0,1(y) in the first integral and
associating we have

(0= 0@ = [ L= b0 ()

x (y - l‘)liw
(4.4) e I R Y NCEED)
T [@sy)“ 2P (=) 05 ]
X f(y)(l - ¢Ioap(y))(¢loaj(y) - ¢wo,1(y)) dy
Writing
1 B a i 1 . (z — a0)"
(4.5) (x =yt ;D (I- —yll‘”) (o)™
' 1 B al i 1 . (z — x0)"
y l(ac—y)l-v 2D (=) 05 ]
and replacing (4.5) in the first integral of (4.4), we have
(4.6)
. N oo 1 (x—x )l
L (f(1 = ¢ug p) ZO/ (W) (€0)@a0,1(y) dy——, i

—i/:of(y)l) ( o 7) 20)P0,1(Y) Do, (y) d (x—.xo)i

7!

. e 1 3 i 1 . (z — x0)"
AL, l(y—w)l‘7 ;D <|-—y|1‘7>(0) i 1

=0
X W)X = ao,p(4))Pmo,5(y) dy
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Let us estimate Ih(x), IQ( ) and I3(z). Since F' € A, and f is a representative
such that n}, (f;z0) = N, (F;x0) then by Lemma 2.1(6) for i = 0, we have

|F)| < C{INSo (3| ly = w0l®

Then from the last estimate and (3.1) we obtain that each integral in I3 is bounded

by
[ [0 (=2 ) st
eyl [0 (i) )

+ (R ot y—i-1 a
SO%iHNq,a(F")HOO |y71‘0| |y*:]90| d
T

0

7$0|a d

xo+2 1
— ||V <F;.>HOO/ ly — 207" dy < oo,
x

0

sincey+a—i—1=7+B+N—-i—1>N—-1—i>-1if0<i < N. Then
I,(z) is a polynomial of degree at most N, denoted by Q(zo,x), that is

(7 Qlao.s Z / FD () Gl a2

7!

Now we estimate each term of I5. Since supp(mqﬁ%,p(y)) C [®o,xo + 2p]
and using the condition (3.1) we have

( [ 7) (20)20,1(Y) P00 (Y) dyw

1!
zo+2p ) T — x i
<O / fro — == 17 ) dy 20
xo *

zo+2p L pz

<Coi [ o= al Wl

2o i!
zo+27 J+1

< Cyp Z/ |20 =y~ F ()| dy

xo+2~ Jp

< Gyar' Z (2-ip 1+i— v/z (¥l dy
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:Eo+27j+1p % L 1
<cmpz T / ity | @)

0

> (2791 p) 1 zo+27 71 p a L
Z i (5 | Fltdy ) @)
o

o] 2 _7+1 1 n
E —J « .
= 2 ip) 1+z 5 (27 ) N o (F 20)
O

< C%i7apa+7N;7-a (F;x0) Z 9—i(—ita+y)
=0

Since —i + @+ > B+ > 0, we have that the series >3 2-i(—itaty) g

convergent and then each term of Ir(z) is controlled by

i1 x (z — 20)’
D (| y|17) (20)P0,1(Y) Pzo,p(y) dy -

7!

< Cyi,aNS o (F20)p™ 7.
Then for z € [xo, 20 + £,
(4.9) I1(0)] < CopaNa (Fi )™+,

We estimate I3(x). Supposing that x € [zo, xo+p/4], y ¢ [zo, zo+p]and 0 < § < 1
we have

3
[0+ 8(a — @0) =yl > |y = w0l = & = w0l > |y = wo| = § > Iy — wol.

By the Mean Value Theorem, the condition (3.1) and the Taylor’s Formula we
have that I3(z) is estimated by

[ [( ZDZ<| e )@)ﬂ]

X f( )( - ¢wo,p( ))(bwmj |
JAA ( ! ) FO) = ban o (9)) b () dy
x |zo + 0(x — x0) — y[*=7 ror ol

N+1

<

" (x — x9)
(N +1)!

o0

< Co™ [ o+ 6 = a0) = o T ) dy
To+p
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S C’y,NpN+1/ |f(y)| dy

ly — @o| 7 TN+2

wo+/1
N [T ()
¥ Z eos2ip |y — T ITNTZ
<Coni ™Y e | ()| dy
v = (29) =7 +N+2 0429 p
ip)a 1 ot T
<ty s (5 Fw)lrdy ) @p)7
" JZO 7+N+2 200 Jaot2ip
" 12 L )
=CyNp —/ J)|*dy
2J 7+N+2 27p 20427 p
- o) (a+1)
< Gy N o (Fr o) )N

9i(7—N—2+a+1)

NERNgL:

= Oy np TN (F o)

Il
o

J

Since v — N — 2+ a+ 1 < 0, we have that the series is convergent and
(4.9) |I5(2)] < Cy.aNgfa(F,20)p™ .

From the identity (4.6), the estimations (4.7), (4.8) and (4.9) give (4.1).
Now we have to prove (4.2):

(4.10)
> fly)

L7 o)) = Jim [ ey ()0rs () dy

=3 [0 () 0 0 ) G 0) = b )

1!
_ [T I
_/L ( ) ¢I07ll()
N

-2 /;O D' ( g ) (30)0)60 )1 = 0 () 72
- @) + e,

Arguing as in the proof of (4.8), we have

(4.11) |J2(x)| < CyaNS o (Fi20)p ™t forall @ € (zo, 30 + p/4).
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In order to estimate the L? norm of J;, we use Holder inequality and (1.1). In
effect, if r = —L—, we have

T—qv’
/ fly %o,p ) dy

/I0+p/4

zo+p/4
- / I (Fémo) (2)]* da

0

q

dx

r—q

zo+p/4 . H soto/d =
/ (,w%p)@)‘q)qdm} [/ L—qu]

= OIS (fbuop)llip' ™7
< O fbuopllip™

o2 1 zo+p/4
Lt (5 [ 1t da

<

0

< O INS (F o)) 9 plotratt,
Then from the estimations of Ji(z) and Jz(z) we have proved (4.2). O

PrROOF OF THEOREM 1.1: From Theorem 1.2 and by a standard argument we
obtain Theorem 1.1. Anyway, for the sake of completeness we will do the proof.
In effect, for F' € HP'f (w) we want to prove that there exists a constant C., o such
that

(4.12) |7 r| < CyallFllypt -

‘ P+
Hq a+’v(w

By Lemma 2.4 we have that there exists a sequence I € Hg;;f (w) NA, such that
Fj — Fin ’qu’;j;(w)
Since Fj € Hb't(w) N Ay C A, by Theorem 1.2 we have

(4.13) B < CralFjllaggt ) -

ML ()

Using that the operator E is linear and (4.13) we have that for each j, k € N

HHFFJ‘ ~ I Fy = HW(FJ‘ — Fy)

HHZ';:;ZHY(W)
< C%a ||FJ - Fk”ﬁ@’;j@) .

(4.14) HHZ;:M(w)

Since Fj is a Cauchy sequence in HP¥(w), by (4.14) we have that EF]- is a
Cauchy sequence in H}’ a+7( w). By Lemma 2.3 H}’ a+v( w) is complete, thus I} Fj
has a limit in H} a+7( w) that we define by I;"F and so we have that I{ F; — I§ F
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in "Hf;:;ﬁm (w). Then by this last conclusion and (4.13) we have (4.12) as follows

EFJ"

LT[0 = i
M Fllyars, o = Jim, Mot @)

< Cya i [Fillyggs ) = CrallFllag o)

5. Final remarks

Remark 5.1. By the characterization given in Lemma 2.1(5) we can observe
that Theorem 1.2 gives another proof of the classical result which ensures that

Emap/\ainto/\wrv fora=N+pgwith0<pg+~v<1.

Remark 5.2. It is not hard to see that as a consequence of Ombrosi’s results,
see Theorems 4.1.5 and 4.2.2 in [8], we can say that the previous result is also
true for the case o € N.

Remark 5.3. Nevertheless, Theorem 1.1 is false for 5 +v=1,0< 8 < 1. We
will see that by an example. We suppose w = 1. Let ¢ be a in C§°, 0 < ¢(y) < 1,
with support contained in [—8, 8], and with ¢(y) = 1 in [—4,4]. For 0 < a < 1,
we define

(5.1) a(x) = ¢(x) (Z %% oS 2”36) .

n=1

The previous series defines a function Lipschitz-a (see [14]), and since ¢(z) € C§°,
a(z) also belongs to Lipschitz-a. Then if we denote the class of a(x) in E{ by
A, we have that N (A, z) is bounded, and therefore since a(x) has compact
support contained in a bounded interval, A is a multiple of a p-atom in ’Hg;;r(l).
Then the class of a(z) in Eg belongs to ’H{;;;‘(l). If we consider, in particular, the
case a = N+ 3, N =0and 4+ = 1. If we suppose that If'_a is a bounded
extension from #¥'% (1) into #2{ (1), then we have that the class in Ef of the
function I;" a(z) € ’Hsf(l) and this is false. If we suppose that it is true, by

Theorem 4.2.2 in [8] we have that DI;" ja(z) € HP, where HP is the classical
Hardy space, and this is false. A proof of this fact is given in [8].
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