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Abstract

A large number of parameters in regression models can be serious ob-
stacle for processing and interpretation of experimental data. One way
how to overcome it is an elimination of some parameters. In some cases it
need not deteriorate statistical properties of estimators of useful param-
eters and can help to interpret them. The problem is to find conditions
which enable us to decide whether such favourable situation occurs.

Key words: Weakly nonlinear regression model, underparameteri-
zation, MSE, BLUE.
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Introduction

Real events and processes in many professions can be modelled adequately in
many situations by help of a large number of parameters. If all of them can
be interpreted by a professional language, then it is no reason to neglect them.
Their elimination can lead to a misinterpretation of other parameters, since
estimators of them are influenced by the underparametrization of the model.
Sometimes not all parameters can be interpreted in professional language and
then a problem arises whether noninterpretable parameters can be neglected.

*Supported by the Council of the Czech Government MSM 6 198 959 214.
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1 Prerequisities

Let Y ~, [f (B,7), 2] means that Y is an n-dimensional random vector with
the mean value E(Y) equal to f(3,~) and with the covariance matrix Var(Y)
equal to 3, which is assumed to be known and p.d. (positive definite). The
function f(-,--): RF*! — R™ (R*® means the s-dimensional linear vector space)
can be, with sufficiently high accuracy, expressed as

1

where fo = £(8y,7), Bo, 7o are approximate values of the true values of the
unknown vectors 3,7, 63 =B — By, v =7 — Yo,

F = af(ﬁ0770)/8/6/a S = af(/BO”YO)/a7/7
K’(a/gv(;’-)/) ["{1(66767)7"'7"in(5/6757)]/1

F, F, 0B
. 6 5 _ 5 / 6 / 7/7(1,1)7 7’7(172) > < )
K ( /67 7) ( ’3 2 0% ) (Fi’(2,1)7 Fi,(212) 67 ,

F. — (Fi,(1,1)7 Fi,(1,2)>
’ F; 1), Fi2 )’

F. - w F. _ a2fz‘(/807'70)
,(1,1) 8686’ ) ,(1,2) 8,378’)’/ s
i,(2,1) 8"}’6ﬂ/ ) 4,(2,2) 6’787’

1=1,...,n.

Let the rank r(F,S) of the matrix (F,S) be r(F,S) = k + [, where k is the
dimension of the vector B and [ is the dimension of the vector ~.

Lemma 1.1 In the underparametrized and linearized model
Y — £y ~, (F63, %)
the BLUE (best linear unbiased estimator) of 083 is
OBunder = (F'ET'F)'F'ETHY — o).

Its bias in the model
03 1
Y —f; ~ F - X 1

is bsg = CT'F'S"1Séy + %C_lF’E_ln(é,@,&y), where C = F'S71F.

Proof is elementary and therefore it is omitted (in more detail cf. [2] and [6]).
O
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The symbol I means the identity matrix and AT is the Moore-Penrose
generalized inverse [7] of the matrix A. The projection matrix on the column
space M(A,,,) = {Au: u € R"} of the matrix A is denoted as P4, ie.
PA ZAA+ and MA ZI—PA.

In the following text different approaches (cf. also [4] and [5]) are described,
which enable us to decide whether the parameter §+ can or cannot be neglected.

2 The case of a single function

Let a single linear function h’8 = h’'3; + h’/d3, be under consideration in the
model (1). Then the following theorem can be stated.

Theorem 2.1 If (gg) € Ay, then

Var (h/gBunder) + (h/b5ﬂ)2 < Var (h/g/Btrue)'

I
Ah:{(u):ueRk,veR’, (“)+1A;<0 )]
v A% 2 ap
1 0 1 0
XAh[(3>+§A; <ah) —i—(O"a;l)MAh <3)—Z(O/7a'h)A;r (ah) §Ch},

(1
Ay = Z {Eh’C_lF’E_l} F;, My, =1-A,AS, a, =h'C'F'E7'S,
=1

Here

K2

= \/h’Cle’E_ls[S’(MFEMF)+S]718/2_1FC*1h
and gBtrue is the BLUE of the vector 3 in the model

Y — £~ [(RS)(?Q),E} )

Proof Since the BLUE of 3 in the model (2) is
3Biwe = CIF'EHY — f)) — CT'F'SIS[S/ (MpEMp) tS]
x[Y —fy — FCTIF'S7H(Y — )],
where C = F’S7'F and the vectors
C'F'Y (Y —f)) and Y —fy —FCT'F'E 1Y —f))

are noncorrelated, it is valid that

Var(6Bye) = C' + CTIF'E7IS[S (MpEM ) *S] T S'STIFC
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Thus

Va'r(h/glatrue) = Var<h/gaunder)
+ W CTF'STIS[S (MpEMp)tS] 'S’ IFC h.

The bias of the estimator h’s(3 in the model (1) is

under
h'bss = a} 883, 6v)A 2B
58 = ap0y + (68, 67") Ay oy )

The linear—quadratic form on the right hand side of the last equality, can be
expressed as follows.
In general

() #M0A0) = M(AD),

Therefore the vector <£ > is decomposed, i.e.
h

0 0 0
(ah) =Pa, (ah,> +Ma, (an)’

where Py, (:h) € M(Ay). Thus

h'bss = (0',a),)Ma, (gg) +(0',a})P 4, (gg) + (68,57 A (gg)

e () on (2)-[ () (2]
() b (2] (2) s ().

since
AF »Pa, < > (aO ) and AhAh+ =Py,
h )

gg) c A, implies |h/b53| < ¢p, and

and

The assumption (

Var (h'38,,ue) — Var (068 naer) = ¢2 > (h'bsg)?

implies the statement of the theorem. O
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Remark 2.2 The semiaxes of the quadratic on the left hand side of the follow-

ing equality
5B 1 0\] 5B 1 0
()32 ()] 2 [(57) =3 ()

| 0 53
— ot 1O aAf (o) - M, (22)

depends on the vector M 4, (gs) which is orthogonal to M(Ay).
Let 58 53
n=Pa (57) » V=M (M) '
Then the boundery of the set A, is
u . 1 + 0 ! 1 + 0
L) frgms ()] o 3 ()]
1 N + 0 VAN
=cp+ Z(O ,ap) AL a, ) (0", a})v ¢,

i.e. it is a paraboloid with the section for v = 0 equal to

fo [oegai ()] oo gt ()

1 0
=cp + Z(O/7th)AZ (ah> }

Another approach to a problem of a single function is as follows. Since
/ rv—1p/s—1 / / 6,8
h'bsg =h'CT"F'X7"Sévy + (68", 07" ) Ay, oy )

two sets, i.e.

Avy = B* x {o7: [W'CT'F'S785y] < SV'CTh}

Aoy = {(g&j) (08,07 ) A (gﬁj) <t h'01h}

can be constructed.
Thus the set

and

Ch=A1nNAxp
is the set with the property

(gg) eC, = |h/b55| <evh/C—lh,
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where h is given by the function h(b) = h’b, b € R*, considered. The statement
is obvious in the view of the Scheffé inequality [§]

v{h € R*}|n'bss| <evVh'C~'h iff /b};Cbss <e.

Instead of the matrix C~! = Var(gﬁunder), the matrix
c '+ C—lF’z—ls[s’(MFzMF)+s]‘ls’z—1Fc—1 = Var(88,,,.)

can be used.

3 The case of the whole vector 53

The bias of the estimator S,Bunder in the model (1) is composed of the two terms,
i.e. CT1F'X 718§y which is due to neglecting the parameter d+ in the model
and %C’lF/E_lfc(éﬁ, 0~) which is due to the nonlinearity of the model.

The first term is suppressed sufficiently if

2
54'S'SIFCLCCIF S 186y < (g) ,
where € > 0 is sufficiently small number. In view of the Scheffé inequality it is
equivalent to the relation
v{h € RF}h'bss| < gx/h/cflh.
Let ,
A = RF % {57: 5v'S'STIFCLICCIF S S8y < (g) }

The second term can be analyzed by a small modification of the Bates and
Watts parametric curvature (cf. [1])

IKST'FCTICCF'Y 'k 53
C**"(Bos o) = sup (

aea) (& ) 5w () A\

(a simple algorithm for a numerical determination of C?*"(8,,,) is given in

1)

) c Rk—‘rl

It is valid that (in more detail cf. [3] and [6])
0B
<(5’7> € A

Y A F'X'F, 7S\ (u - £/2
= v )] ) S/Zle’ S's-1lg v /) — Cpar(ﬁ0770)

1
= V{he R"} h’—C_lF’E_lfc(éB,&y)‘ <

h’'C-'h.
2

N ™

Thus the following theorem can be stated.
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Theorem 3.1 The model

Y_%Wkna(w>+fwﬁh)]

can be substituted by the model

Y -y ~, (F(Sﬂ, E) Zf (gg) c AN As.

In this case

v{h € R*}|h'bss| < evVh/C-1h.

4 Numerical example

Let

Yi = 61 exp

i

62$z + vz + &4,

(=
|1 2 3 4 5
1 2 3 45

6
6

Y = (V1,Ys,...,Ys), Var(Y) = oI = (0.01)°1, (ﬂo) =

fo

F

Yo

(5.6788, 5.3534, 6.4979, 8.1832, 10.0674, 12.0248)’,

(—Pox1), —1 51 exp(—

Baz1)

0.3679, —3.6788
0.1353, —2.7067
0.0498, —1.4936
0.0183, —0.7326
0.0067, —0.3369
0.0025, —0.1487

(17 2’ 3’ 47 57 6)/7

2E(Y)

o(2) o

6,

i=1,2,...,

0,

—x; exp(—[21;),

—Z; eXP(—ﬁzxi), %251 eXP(—ﬁzﬂfi),

0,

0,

0
01,
0

89
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0.000, —0.368, 0.000 0.000, —0.271, 0.000

F; = | —0.368, 3.679, 0.000 |, Fo= | —0.271, 5.413, 0.000 | ,
0.000,  0.000, 0.000 0.000,  0.000, 0.000
0.000, —0.149, 0.000 0.000, —0.073, 0.000

F3 = ( —0.149, 4.481,0.000 |, Fy,= | —0.073, 2.931, 0.000 |,
0.000,  0.000, 0.000 0.000,  0.000, 0.000
0.000, —0.034, 0.000 0.000, —0.015, 0.000

F5 = | —0.034, 1684, 0.000 |, Fg= | —0.015, —0.892, 0.000 |,
0.000,  0.000, 0.000 0.000,  0.000, 0.000

1, 1 0.157, —1.810
C==FF =g (—1.810, 23.763) '

(i) The case of a single function h = (1,0)’

6 0.000, 0.000, 0.000

1
A=Y {2(1,0)(F’F)1F’} F; = | 0.000, —12.584, 0.000 | ,
i=1 i 0.000, 0.000, 0.000

an = (1,0)(F'F)"'F'S = —29.169,

= o\/(l,O)(F’F)1F’S(S’MFS)1S’F(F’F)1 <1> = 0.037713,

0

1 0 0 1,0,0
2A;f(ob) 0|, Ma,=1(000],
h 0 0,0, 1
1

Ah:{((sf) :5ﬁeR2,5yeRl,K‘;§>+%A;(Cgl)} Ay
) 1
|22 (2]

<ocn+ i(O/ﬂh)AZ ( 0 ) —(0';ap)Ma, (§ﬁ> }

ap

4 0, 0.000, 0.000\ /0
— { <5 ) . (58',6v) [ 0.000, —12.584, 0 (5 > < 0.0377+29.257},
v 0.000, 0.000, 0.000 v

cf. also Fig. 1
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0B 10 —10 =5 052
Fig. 1 The set A,

Another approach is characterized by the sets A; j, and Ay, (for ¢ = 0.04
and o = 0.01).

Avg = B2 x {571 |(10)(E'F) ' F'S6q| < S0\ [{FF) 1}, }

= R% x {0y: |07] <5.012 x 107°},

dun = { (s 08 oman () < Sl m |

53 0.000, 0.000, 0.000 /g
- <5 ); (68',57) | 0.000, —12.584, 0.000 (5 ><0.001446 ,
v 0.000, 0.000, 0.000 v
Ch=A1n N Azp.

(ii) The case of the whole vector

CP"(Bosv0) =

\/i"i’@ﬂﬁv)PFﬂ((w,M) <55) 5
sup < o ; ; : € R° ) =0.012652,
60 M)(FF,FS) (w) oy
’ S'F, s'S ) \ sy

Ap =R x { 5v: |6y] < i
! { vl < VAS'F(F'F)-'F'S

= R* x {6v: |67] < 3.5818 x 107°},
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_ B . / F'F, F'S 16} o?e
= {(#7) 09 (55 53) (%)) < )

53 0.157, —1.810, 0.910
= < );((m’,(w) —1.810, 23.763, —19.080 <

s 5ﬁ) < 4.16524 x 107°
v 0.910, —19.080, 91.000

oy

(for e = 0.04 and o = 0.01).

The set A; ;, has the same shape as the set A; in Fig. 2b and 2c however it
is wider 5.012/3.5818 = 1.399 times.

The section of the set A; N Az cf. on Fig. 2.

x 107

0
581
Fig. 2a The section of the set A5 in coordinates §3; and §f32

x 107

Fig. 2b The section of the set A; N Az in coordinates §3; and vy
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2

-3

SBZ x 10
Fig. 2c The section of the set A; N Ay in coordinates §32 and &~

The criterior for neglecting the parameter ~ is rigorous. If the function

f(51,B2,7) = B is estimated, the value |S2| must be smaller than 0.010 and |7|
must be smaller than 0.0000501, i.e. in fact they cannot be neglected.

If the whole vector is estimated, the situation is even worse.
The model considered cannot be reduced.
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