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Infinite dimensional linear groups with

a large family of G-invariant subspaces

L.A. KURDACHENKO, A.V. SADOVNICHENKO, I.YA. SUBBOTIN

Abstract. Let F be a field, A be a vector space over F; GL(F, A) be the group
of all automorphisms of the vector space A. A subspace B is called almost G-
invariant, if dimp(B/ Coreg(B)) is finite. In the current article, we begin the
study of those subgroups G of GL(F, A) for which every subspace of A is almost
G-invariant. More precisely, we consider the case when G is a periodic group. We
prove that in this case A includes a G-invariant subspace B of finite codimension
whose subspaces are G-invariant.

Keywords: vector space, linear groups, periodic groups, soluble groups, invariant
subspaces

Classification: 15A03, 20F16, 20F29

Introduction

Let F' be a field, A be a vector space over F, GL(F, A) be the group of all
automorphisms of the vector space A. The group GL(F, A) and its subgroups
are called linear groups. The linear groups play very important role not only in
algebra but in many other branches of mathematics. If dimg A, the dimension of
A over F is finite, say is equal to n, then G is a finite dimensional linear group.
It is then well-known that GL(F, A) can be identified with the group of n x n
matrices with entries in F'. The theory of finite dimensional linear groups is one
of the best developed theories in algebra. It employs not only algebraic, but also
topological, geometrical, combinatorial, and many other methods.

However, in the case when A has infinite dimension over F', the situation be-
comes totally different. This case is much more complicated and its consideration
requires some additional restrictions allowing an effective employing of some al-
ready developed techniques. The most natural and suitable restrictions here is
the G-invariance. The following example justifies this statement.

Let G < GL(F, A) and suppose that every subspace B is G-invariant. In
particular, for each element a € A, the subspace aF' is G-invariant. If g, x are the
arbitrary elements of G, then ag = aa,ax = Ba for some elements o, € F. We
have

alge) = (ag)x = (aa)e = alaz) = a(Ba) = (aB)a,
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and similarly,

a(zg) = (Ba)a = (af)a.
Hence a(gxr) = a(xrg) and alg,x] = a. Since it is valid for each element a €
A,lg,z] € Ca(A) = (1). So for this case, the group G must be abelian.

This example justifies that consideration of linear groups having a quite large
family of G-invariant subspaces could be fruitful. In the current article, we con-
sider one of such types of linear groups.

Let F be a field and G < GL(F, A). If B is a subspace of A, then the sum
of an arbitrary family of G-invariant subspaces of B is G-invariant. It follows
that B has the largest G-invariant subspace Coreg(B) which is called the G-core
of B. We observe that G-core of B can be zero. A subspace B is called almost
G-invariant, if dimp(B/ Coreg(B)) is finite.

This notion has the following group-theoretical analog. In the paper [BLNSW]
the following type of subgroups was introduced. A subgroup H is called normal-
by-finite, if the index |H/ Coreg(H)| is finite. It was proved there that locally
finite groups with all subgroups normal-by-finite is abelian-by-finite.

Note that every G-invariant subspace is almost G-invariant, however the fol-
lowing simple example shows that the converse statement is not true.

Let F' =F, be a prime field of order p and let A be a vector space over F' with
a basis {a, b, | n € N}. Define a linear transformation g, of A by the rule:

brgn = by forall ke N, and ag, =a+b,,n €N.

Clearly [gn,gm] = 1 for all n,m € N and G = (g, | n € Nt) = Dryen{(gn)
is an infinite elementary abelian p-subgroup of GL(F, A). Put B = @, .y bnF,
then dimp(A/B) =1 and B = C4(G). Let C be an arbitrary vector space of A.
Then dimp(C/(C'NB)) = 1 and the subspace C' N B is G-invariant. Hence every
subspace of A is almost G-invariant. But the subspace aF' is not G-invariant.

In the current article we consider linear groups G for which every subspace is

G-invariant. Observe that the following result is some analog of the main result
of [BLNSW].

Theorem 1. Let F' be a field, A be a vector space over F', and G be a periodic
subgroup of GL(F,A). If every subspace of A is almost G-invariant, then A
includes an FG-submodule B such that dimp(A/B) is finite and every subspace
of B is G-invariant.

Corollary 1 of Theorem 1. Let F' be a field, A be a vector space over F,
and G be a periodic subgroup of GL(F,A). If every subspace of A is almost
G-invariant, then G has a series of normal subgroups E < H < G where G/H is
a subgroup of the multiplicative group of the field F', H/E is a locally finite and
finite dimensional linear group, and E is abelian. Moreover, if char(F) =p > 0,
then E is elementary abelian p-subgroup; if char(F) =0, then E = (1).
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Corollary 2 of Theorem 1. Let F' be a field, A be a vector space over F', and G
be a periodic locally soluble subgroup of GL(F, A). Suppose that every subspace
of A is almost G-invariant.

(i) If char(F) = p > 0, then G includes a normal nilpotent bounded p-
subgroup P such that G/P is an abelian-by-finite group of finite special
rank.

(ii) If char(F) = 0, then G is an abelian-by-finite group of finite special rank.

Preliminary results

We begin with the following result.

Lemma 1. Let I be a field, A be a vector space over F, and G be a subgroup
of GL(F,A). Suppose that char(F) = p is a prime. If every subspace of A is
almost G-invariant, then for every p-element g € G the subspace C4(g) has finite
codimension.

PROOF: Let m be the order of an element g. Then m = p™ for some positive
integer n. Then we can consider A as J-module where J = F(z)/((z™ — 1)F(x))
where the action of x on A is defined by the rule az = ag for each a € A. Then
J is an algebra of finite representation type (see for example, [PR, 7.1, Lemmal)).
It follows that A = @, Ax where Ay is a cyclic uniserial module (see, for
example, [DK, Chapter X, Theorem 1.1]). In other words,

Ay =anF ®axF ©- - ®aygonl
where d(A) < n and

axi(g—1) =0,ax2(g — 1) = axr, .., axax) (9 — 1) = axgny-1-
Let
M={MA€ A and a2 # 0}.

Suppose that the subset M is infinite. Put B = @, a1 F, C = Dy anal,
and D = B@® C. The subspace C is almost G-invariant. Let E = Coreg(C).
Then dimp(C/FE) is finite, in particular, F is non-zero. If a is a non-zero element
of F/, then

a = Q1ax(1) 2 T Q20x@2) 2 T T 0ax@E) 2

where a1, @, ...,aqp € F,A(1),A(2),...,A(t) € M. Observe that

a(g—1) = arayay 1 +a2axe) 1+ +aarg 1 # 0
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is a non-zero element of B. On the other hand, a(g — 1) € E < C, so that
a(g—1) € BNC = (0). Thus C cannot be almost G-invariant. This contradiction
shows that the subset M is finite. Then

A:@AA@ @ Aj.

AEM AeA\M

It follows that the subspace €D, AM Ay has a finite codimension. Now we can
observe that @, ¢\ axJ < Cal(g). O

Lemma 2. Let I' be a field, A be a vector space over F, and G be a subgroup
of GL(F,A). Let g be an element of G having finite order. Suppose that if
char(F) = p > 0, then g is a p'-element. If every subspace of A is almost G-
invariant, then A includes an F(g)-submodule B such that dimp(A/B) is finite
and every subspace of B is (g)-invariant.

PROOF: We can consider A as an F'(g)-module. Then this module is semisimple
(see, for example, [KOS, Corollary 5.15]). In other words, A = @,., Bx where
By is a simple F(g)-submodule for every A € A. Put M = {\ € A | dimp(B)) >
1}. Lemma 2.1 of the paper [KSaSu] proves that the set M is finite. Then
dimp(By) =1 for every A € A\M, and therefore we can choose elements by with
the property By = b F for every A\ € A\M. Suppose now that there are two
infinite subsets A, ¥ of A such that byg = ~by for every A € A, byg = nb, for
every A € ¥ and v # 7. Choose in A (respectively, in ) a countable subset
{0(n) | n € N} (respectively, {o(n) | n € N}). Put D, = bsim)F © byn)F,
cn = bsn) + bo(ny, n € N. Then c,g = Nos(n) + Mbo(n) ¢ cnF for all n € N.
Lemma 2.4 of the paper [KSaSu] shows that the subspace @, . Dn includes a
not almost G-invariant subspace. This contradiction shows that there exists a
subset = C A\M such that (A\M)\Z is finite and By =gy B, for all A\, u € Z.
Then A\Z is finite and every subspace of B = €D, Bx is (g)-invariant. The
finiteness of A\E implies that dimp(A/B) is finite. O

Corollary 1 of Lemma 2. Let F be a field, A be a vector space over F, and G
be a periodic subgroup of GL(F, A). Suppose that g is an arbitrary element of G.
If every subspace of A is almost G-invariant, then A includes an F(g)-submodule
B such that dimp(A/B) is finite and every subspace of B is (g)-invariant.

PRrOOF: If char(F) = 0, then this assertion follows directly from Lemma 2. Sup-
pose that char(F) = p is a prime. We have g = zy where [z,y] = 1, z is a
p-element and y is a p’-element. Put C' = Cy(z). Then C is (g)-invariant. By
Lemma 1, dimp(A/C) is finite. Since C' is almost G-invariant, C' includes an
FG-submodule E such that dimp(C/FE) is finite. Then dimp(A/FE) is also finite.
By Lemma 2, F includes an F(g)-submodule B such that dimp(F/B) is finite
and every subspace of B is (y)-invariant. The inclusion F < Cy4(x) implies that
every subspace of B is (g)-invariant. Clearly dimp(A/B) is finite. O
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Corollary 2 of Lemma 2. Let F' be a field, A be a vector space over ' and G
be a periodic subgroup of GL(F, A). If every subspace of A is almost G-invariant,
then G is locally finite.

PROOF: Let K be an arbitrary finitely generated subgroup of G, K = (g1, ..., 9n)-
Corollary 1 of Lemma 2 shows that for every element g; the space A includes a
subspace B; such that dimg(A/B;) is finite and every subspace of B; is (g;)-
invariant, 1 < j7 < n. Put
B=DBiN---NB,.

Then dimp(A/B) is finite, and every subspace of B is K-invariant. By Lemma 3.4
of the paper [KSaSu], K/Ck(B) is isomorphic to a subgroup of U(F'). In par-
ticular, K/Ck(B) is abelian. Being periodic and finitely generated, K/Ck(B)
is finite. Put H = Ck(B). We remind that every subgroup of finitely gene-
rated group having finite index is also finitely generated (see, for example, [RD,
Theorem 1.41]). Therefore H is also finitely generated, and B < C4(H), so

that dimp(A/Ca(H)) = m is finite. Thus we can consider H/Cy(A/Ca(H))

as a subgroup of GL,,(F). We observe now that the periodic subgroup of

GL,,,(F) is locally finite (see, for example, [WB, Corollary 4.8]). If follows that
H/Cu(A/Ca(H)) is finite, so that Cy(A/C4(H)) is finitely generated. It is not
hard to prove that this subgroup is abelian, and therefore it is finite. Hence, the
entire subgroup K is finite. O

Proof the main theorem and its corollaries

PRrROOF OF THEOREM 1: If ag € aF for every elements g € G,a € A, then
all is proved. Suppose that there exist the elements g1 € G and a; € A such
that a1(g1 — 1) = b1 ¢ a1 F. If follows that a1 F + b1F = a1 F @ b1 F, so that
dimF(alF + blF) = 2.

By Corollary 1 of Lemma 2, A includes an F(g;)-submodule E; such that
dimp(A/Ey) is finite and every subspace of Ey is (g1)-invariant. Without loss
of generality, we can suppose that (a1 F' + b1 F) N E; = {0}. Being almost G-
invariant, F; includes an FG-submodule L; such that dimg(E;/L1) is finite.
Then dimp(A/L4) is finite and every subspace of L; is (g1)-invariant.

If ag € aF for every elements g € G,a € Lj, then we put B = L; and
all is proved. Suppose that there exist elements g € G and as € L; such
that as(ges — 1) = by ¢ aoF. If follows that asF + boF' = asF @ by F, so that
dimp(azF 4+ baF') = 2. As above, we can choose an FG-submodule Lo of Ly such
that dimp(A/ L) is finite, (a2 F + boF) N Ly = {0}, and every subspace of Lg is
(g2)-invariant. By the choice of L;, every subspace of Lo is also (g;)-invariant.

If ag € aF for every elements g € G, a € Lo, then we put B = Ly and all is
proved. If not, we will continue this process. We have two possibilities: (i) this
process will finish after finitely many steps; and (ii) this process is infinite. In
the first case we obtain an F'G-submodule B such that dimp(A/B) is finite and
every subspace of B is G-invariant. Consider the second case. Then we obtain an
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infinite subset {g, | n € N} of elements of G and the infinite subset {a, | n € N}
of elements of A satisfying the following conditions:

(1) an(gn - 1) = bn;

(ii)) anF 4+ b, F = a,F ® b, F;
(iil) (anF & bnF) N D1 <ppcpy—1 (arF & b F) = {0};
(iv) angk € anF, bpgk € b, F whenever k < n, n,k € N.

LetC*@jeNajF D*@jerF Then C N D = (0). Let Z = Coreg(C

Then dimp(C/Z) is finite, in particular, Z is non-zero. The inclusion Z <
implies that Z N D = (O} Let a be a non-zero element of Z. Then a
Qrag(l) + Qaag) + -+ + aage) for some positive integers k(1) < <k
and aj, s, ...,a; are the non-zero elements of F. We have

)
C
(t),

a(gry — 1) = (arag) + azag) + - + aape ) (gey — 1)
= arag)(gra) — 1) + - + awape (gra) — 1)
= arby) + Beake) + - + Brak

Since a1 # 0, a1by(y) is a non-zero element of D. On the other hand, Baay ) +
+ Brage) € C, so that arby(yy + Baak(z) + -+ + Brare) ¢ C > Z. Hence in the
case (ii) we obtain a contradiction, which proves the result. ]

PrROOF OF COROLLARY 1 OF THEOREM 1: By Theorem 1, A includes an FG-
submodule B of finite codimension such that every subspace of B is G-invariant.
By Lemma 3.4 of the paper [KSaSu|, G/Cq(B) is isomorphic to a subgroup of
U(F). Put H = Cg(B). Then B < Cy4(H), so that dimp(A/Cas(H)) = m
is finite. Thus we can consider H/Cy(A/Ca(H)) as a subgroup of GL,,(F).
We observe that the periodic subgroup of GL,,(F) are locally finite (see, for
example, [WB, Corollary 4.8]), so that H/Cy(A/Ca(H)) is locally finite. Put
E = Cu(A/C4(H)). It is not hard to prove that this subgroup is abelian, and
moreover, if char(F) = p > 0, then E is an elementary abelian p-subgroup; if
char(F) =0, then E = (1). O

For the case when a group G is locally soluble, we can obtain a significantly
more detail description of the structure of G.

Let G be a group. We recall that G has finite special rank r(G) = r, if every
finitely generated subgroup of G can be generated by r elements and r is the least
positive integer with this property.

PrROOF OF COROLLARY 2 OF THEOREM 1: By Theorem 1, A includes an FG-
submodule B of finite codimension such that every subspace of B is G-invariant.
Then A has a finite series of an F'G-submodules

(0)=Bp<B=B<By<---<B,=A4

such that B;11/B; are finite dimensional simple FG-modules, 1 < j < n — 1.
By Lemma 3.4 of the paper [KSaSu|, G/Cg(B) is isomorphic to a subgroup of
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U(F). By Lemma 3.5 of the paper [KSaSu|, G/Cq(Bj+1/B;) is an abelian-by-
finite group of finite special rank. Let P = (\,<;<, Cc(Bj+1/B;). By Remak’s
Theorem (see, for example, [KM, Theorem 4.3.9]), we obtain an embedding

G/P — G/CG(Bl/Bo) X+ X G/CG(Bn/anl),

which shows that G/P is an abelian-by-finite group of finite special rank. Finally,
every element of P acts trivially on every factor Bj1/B;, so that P is a nilpotent
subgroup, and moreover, it is a bounded p-subgroup if char(F) = p > 0, and
P is torsion-free if char(F) = 0 (see, for example, [KW, Theorem 1.C.1 and
Proposition 1.C.3] and [FL, Section 8]). Since G is periodic, in the last case,
P = (1), and all is proved. O

Finally we note that the condition
(A) every subspace of a vector space A is almost G-invariant
is equivalent to the condition

(B) every subspace of A having infinite dimension, includes a non-zero G-
invariant subspace.

Indeed, it is clear that (A) implies (B). Conversely, assume that a vector space
A satisfies (B). Suppose that A includes a subspace D which is not almost G-
invariant. Clearly dimp (D) is infinite. Let K = Coreg(D). By (B), K is non-
zero. Since D is not almost G-invariant, dimp(D/K) is infinite. There exists a
subspace L such that D = K & L. Since L has infinite dimension, L includes
a non-zero G-invariant subspace 7. Then K + T is a G-invariant subspace of
D, and K +T # K. So we obtain a contradiction with the choice of K. This
contradiction proves that every subspace of A is almost G-invariant.
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