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Abstract. The paper deals with a model for water freezing in a deformable elastoplastic
container. The mathematical problem consists of a system of one parabolic equation for
temperature, one integrodifferential equation with a hysteresis operator for local volume
increment, and one differential inclusion for the water content. The problem is shown to
admit a unique global uniformly bounded weak solution.
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1. INTRODUCTION

Phase transition problems are quite popular in mathematical literature, cf. e.g. the
books [1], [2], [11]. Only few publications, however, take into account different mass
densities/specific volumes of the phases. In [3], the authors proposed to interpret
a phase transition process in terms of a balance equation for macroscopic motions,
and to include the possibility of voids. Well-posedness of an initial-boundary value
problem for the resulting PDE system is proved there, and the case of two different
densities for the substances undergoing phase transitions has been pursued in [4].

In [8] and [9], a model has been proposed to explain the occurrence of high stresses
due to the difference between the specific volumes of the solid and liquid phases,
assuming that the speed of sound and the specific heat are the same in the solid
and in the liquid. The results there include the existence and uniqueness of global
solutions, as well as their convergence to equilibria in the cases that the container is
elastic or rigid, with or without gravity. In reality, the specific heat in water is about
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the double, while the speed of sound in water is less than one half of the one in ice.
This leads to new mathematical and modeling difficulties that are discussed in [10].

Here, the model of [8] is extended to the case of elastoplastic boundary. This results
in the occurrence of hysteresis operators in the mechanical equilibrium equation, as
well as in the heat source term due to plastic dissipation on the boundary. We prove
the existence, uniqueness and global boundedness of the solution. Due to strong
memory effects, the question of convergence to equilibria is much more challenging
here than in [8], [9], and we leave it open.

The remaining text has two parts. In Section 2, we briefly describe the model, and
in Section 3, we state and prove the main existence and uniqueness Theorem 3.1.

2. THE MODEL

As the reference state, we consider a bounded connected container 2 C R? with
Lipschitzian boundary, filled with water. For modeling details, see [8], [9]. Here,
we only recall that the state variables are the absolute temperature 8 > 0, the
displacement u € R?, and the phase variable x € [0,1]. The value Y = 0 means a

solid, x = 1 means a liquid, x € (0, 1) is a mixture of the two. We define the strain

3x3

€ as an element of the space T} of symmetric tensors by the formula

(2.1) e %(Vu + (Vu)T).

Let 6 € Tg;n?j denote the Kronecker tensor. We consider the specific free energy f in

the form

22) f= 009(1 ~log (gﬁ)) + 2—20((5 —&(x)): 0)2 — g( —0)e:d

+Lo(x(1-7) +100):

where I is the indicator function of the interval [0, 1], and

(67

3(1—X)5

(2.3) &)
is the strain component due to phase transition. The process is described in La-
grangian coordinates, hence the mass density oo is constant. The coefficients «
(relative specific volume increment), ¢o (specific heat capacity), A (bulk elasticity
modulus), 3 (thermal expansion coefficient), Ly (latent heat) are assumed constant
and positive, and 6. > 0 is the melting temperature at standard pressure.
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The stress tensor o is decomposed into the sum o¥ 4+ o€ of the viscous component
oV and the elastic component o¢. The state functions o, o€, s (specific entropy),
and e (specific internal energy) are given by the formulas

(24) 0" =v(et:0)0,

(2.5) o°= Qo% =Ae:d—a(l-x))—p(0-6.))9,
0

(2.6) s:—%:colog (9—0)4-5—3)(4'%6:5,

(2.7) e=f+0s=cof+ %(s :6—a(l—x)*+ ﬁ@,;e 20+ Lo(x + I(x)),
] 90

where v > 0 is the volume viscosity coefficient. The scalar quantity
(2.8) pi=—ve:d—Ae:d—a(l—x))+ 60 —0,)

is the pressure, and the stress has the form o = —pd. The process is governed by
the balance equations

(2.9) dive =0 (mechanical equilibrium),
(2.10) ooes +divq =0 :¢e; (energy balance),
(2.11) —Yoxt € Oy f (phase relaxation law),

where 0, is the partial subdifferential with respect to x, and q is the heat flux vector
that we assume in the form

(2.12) q=—-xV0o

with a constant heat conductivity £ > 0. The equilibrium equation (2.9) can be
rewritten in the form Vp = 0, hence

(2.13) p(z,t) = P(t)

with a function P of time only, which is to be determined. Recall that in the
reference state € :d = g, : 0 = 0, x = 1, and at the standard pressure Piiang,
the freezing temperature is 6.. We thus see from (2.8) that P(t) is in fact the
deviation from the standard pressure. We assume also the external pressure in the
form Peyt = Pstand + po with a constant deviation pg. The normal force acting on
the boundary is (P(t) — po)n, where n denotes the unit outward normal vector.
The response of the boundary 052 to pressure changes is assumed to be elastoplas-
tic according to the Prager hardening model represented in Figure 1. We use the
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operator formalism introduced in [5], cf. also [1], [7], [11], and decompose the normal
displacement u - n into the sum u-n = u® + u? of an elastic component u® and a
plastic component u”. The pressure difference Py(t) = P(t) — po is also decomposed
into the sum Py(t) = p"(x,t) + p®(z,t) of a kinematic hardening component p" and
a backstress p’. We further assume that the heat transfer through the boundary is
proportional to the inner and outer temperature difference. The boundary conditions
on 0N for u and 6 then read

(2.14) Py(t) = k(z)u®(z,t),

(2.15) P (2,8) = b(z)u (2, ),

(2.16) Ip°(z,t)] < r(z) ae.,

(2.17) aait(pb(x,t) —y) =20 ae VYyée][-r(x),r(x),
(2.18) q-n=nh(z)0—6p) —pb%,

with given positive measurable functions & (elasticity of the boundary), b (hardening
coefficient), r (yield stress), h (heat transfer coefficient), and a constant p > 0
(external temperature). The term p®OuP /0t = r(x)|OuP/Ot| is the (nonnegative)
plastic dissipation rate as a boundary heat source in the energy balance.

Figure 1. A rheological model for the boundary behavior

We rewrite (2.17) as

ouP (z,t)

(219)  bla)—

(Po(t) — b(zx)uP(z,t) —y) 20 a.e. Vye€[—r(z),r(z),
which is precisely the variational inequality which defines the so-called play operator
(2.20) b(z)uP (z,t) = p(x,t) = pr(a) [Po] (2)

with threshold r(z), provided we choose the initial condition

(2.21) b(x)uP(x,0) = min{Py(0) + r(x), max{0, Py(0) — r(x)}}

corresponding to the initially undeformed state, see Figure 2.
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Figure 2. A diagram of the play operator Py — p/* = Pr(a)[Fo] with threshold r(z)

This enables us to find an explicit relation between u and P. From (2.14) and
(2.20) it follows that

1 1

(2.22) u-n = mpo(t) + @Pr(z)[Po](t)-

Assuming that 1/k and 1/b belong to L(92), we set

1 1

and obtain by Gauss’ Theorem that

(2.24) U(t) = / divu(z, ) dz = FIR() = —— Py (t)

- %
1
* /89 @pr(m[PO](t) dsS(z).

Under the small strain hypothesis, the function divu describes the local relative
volume increment. Hence, Eq. (2.24) establishes a hysteresis relation between the
relative pressure Py(t) and the total relative volume increment Uq(t). The map-
ping F defined in (2.24) is a Prandtl-Ishlinskii operator. If the function r(z) is
nonconstant, plastic yielding occurs at different pressures at different points of the
boundary, which produces a global multiyield character of the model resulting in a
smooth hysteresis diagram as in Figure 3.

Some analytical properties of Prandtl-Ishlinskii operators are listed below in Sub-
section 3.1. Here, we just point out that both F and its inverse F~' are Lip-
schitz continuous in the space C[0,T] of continuous functions as well as in the space
W0, T) of absolutely continuous functions from [0, 7] to R. The hysteresis loops
of F are oriented counterclockwise, the loops of ! are oriented clockwise. Figure 3
illustrates the situation when the pressure difference Py increases from zero to some
maximal value and then decreases to zero again (the thick part of the diagram). We
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see that a remanent deformation U* persists even if the inner and outer pressure are
in equilibrium.

—

ﬂ T U

Figure 3. A diagram of the inverse Prandtl-Ishlinskii operator F -1

We have € : § = divu, and thus the mechanical equilibrium equation (2.13), due
to (2.8) and (2.24), reads

(2.25) vdivu, + Mdiva — a(1 — x)) = 8(6 — 0.) = —po — F{Uq).

As a consequence of (2.2), the energy balance and the phase relaxation equation in
(2.10)—(2.11) have the form

(2.26) ocoly — kAG = v(divuy)? — B0 divu, — (aX(divu — a1 — X)) + 0oLo) xt,

. 0
(2.27) —00Y0Xt € aA(divu — a(1 —x)) + goLo (1 -5t 5‘]()()),

where 0 denotes the subdifferential. For simplicity, we now set
(2.28) €= 00Co, 7 :=00%, L:=00Lo.

For the unknown absolute temperature 6, local relative volume increment U = div u,
and liquid fraction x, we have the evolution system (note that mathematically, 91 ()
is the same as LOI(x))

(2.29) by — kA0 = vU? — BOU, — (aA(U — a(1 — x)) + L) x4,
(2.30) vU; + AU = aX(1 = x) + (0 — 0.) — po — F ' {Uq,
(2.31) —yxt € aNU — a1l —x)) + L(l — Gﬂ) + 01 (x),

with the boundary condition (2.18), (2.12), that is,

(232) kVO - -n+ h(l‘)(@ — 9p) = % |pr(;c)[P0]t|
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In terms of the new variables, the energy e and the entropy s can be written as

A
(2.33) e=cof + —(U —a(l —x))* + EGCU + Lo(x + I(x)),
200 00
_ 0 Ly 5
(2.34) 5= colog<9 ) +9—CX+gU.

The boundary energy term has the form

1

(2.35)  Er(t) = T

R0+ | gospin[RI0SE@) +mFIRIO +Cr

with Py = F~![Uq], and with a constant Cr which ensures that Er(¢) > 0. We may
take for example

(2.36) Cr = pO(Kr /dQ—dS )

The energy and entropy balance equations then read

(2.37) % (/Q ooe(z,t)dr + Ep(t)> = /652 h(z)(0r — 0) dS(z),
a_ kVO? v

(238) 008t + div E = 92 + EX + gU =0,
d KIVO? v o
(2.39) g Q()S({E t)de = /Q ( 02 + g X + 5 Ut ) dz

U
+ /89 (@(91“ —0)+ gb((?) |pr(z)[P0]t|(t)> dS(z).

The entropy balance (2.38) says that the entropy production on the right hand side
is nonnegative in agreement with the second principle of thermodynamics. Also the
plastic dissipation produces a positive contribution to the entropy in (2.39). The
system is not closed, and the energy supply through the boundary is given by the
right hand side of (2.37).

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS

We prescribe the initial conditions

3.1 0(x,0) = 60 x),
3.2 U(x,0) =U°(x),
3.3 x(z,0) = x°(x)
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for x € Q, and construct the solution of (2.30)—(2.31) by a fixed point argument.
The method of proof is independent of the actual values of the material constants,
and we choose for simplicity

(3.4) L=2 c=0.=a=pF=v=rk=A=v=1.

System (2.29)—(2.31) with boundary condition (2.18) then reads
/ Orw(x) dx —|—/ Vo - Vw(zx / h(z)(0 — Or)w(z) dS(z)
G19)
+/a§-ma—w+x+nmm@mx
Q

()
+ /8 bRl () aS ()
(3.6) U +U+x+F Uq] =6 — po,
xt+U+x+090I(x)>20—1,

where (3.5) is to be satisfied for all test functions w € W12(Q) and a.e. t > 0, while
(3.6)—(3.7) are supposed to hold a.e. in Q0 := Q x (0, 00).
The main existence and uniqueness result reads as follows.

Theorem 3.1. Let 0 < 0, < 0r < 6", B* > 0, and pg € R be given constants, let
b,r, h be positive functions in L*(9) such that

(3.8) r(z) < B*b(x)h(x) a.e.,
and let the data satisfy the conditions
0" € L®(Q), 0.<60%2) <0 ae,
U% X" e L=(Q), 0<xX(z) <
Then there exists a unique solution (6,U,x) to (3.5)—(3.7), (3.1)—~(3.3) such that

0 >0 ae., x €[0,1] a.e., U U, x4,0,1/0 € L®(Qoo), 0 € LE,.(0,00; (WH2(Q))),
VeaUtvxt € L2(Qoo)

Remark 3.2. Condition (3.8) is certainly not optimal. A possible relation be-
tween mechanical and thermal characteristics of 92 deserves further investigation.

The proof of Theorem 3.1 will be carried out in the following subsections. Notice
first that the term U? — U, — (U + x + 1)x; on the right hand side of (3.5) can be
rewritten alternatively, using (3.7) and (3.6), as
(3.9) Uf —0U, — (U+x+1)xs = U = 0U; + xi — 20x;

—(X+U+po+F Ua)Ui = (U + x + Dxs
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We now fix a constant R > 0, a function 6 to be specified below, and construct the
solution for the truncated system

(3.10) /Q(Gtw(x) + Vo -Vw(z))de = /Q(Ut2 +x2 = Qr(0)(U; + 2x:))w(x) dz

r(zx) 1,
n /aQ (W|pr(x)[Po]t‘(t) — h(z)(0 - ap))w(x) aS(z) Yw e Wh3(Q),

(3.11) Uy + U+ x + F ' [Uq] = Qr(6) — po,
(3.12) Xt +U+x+0I(x) 3 2Qr(0) - 1

first in a bounded domain Qr := Q x (0,T) for any given T > 0, where Qp is the
cutoff function Qr(z) = min{z*, R}. Then we define a norm in a suitable space of
admissible functions @ such that the mapping 0 — 0 is a contraction. Eventually, we
derive upper and lower bounds for # independent of R and T, so that the fixed point
0 = 6 of (3.10)-(3.12) is also a global solution of (3.5)—(3.7) if R is sufficiently large.

3.1. Prandtl-Ishlinskii operators. We give here a survey of known properties
of Prandtl-Ishlinskii operators that are needed in the sequel. The proofs can be
found in [7, Chapter II]. We restrict ourselves to the case (2.24), that is,

(3.13) Ua(t) = F[PR](t) := Kirpo(t) + /39 %x)pr(x)[Po](t) dS(z).

For monotone input functions Py, the operator F can be represented by a superpo-
sition (Nemytskii) operator. In particular, there exists a function ¢z (the so-called
initial loading curve) given by the formula

(3.14) wr(z) = Kir‘ + /69 ﬁ(z —r(z))TdS(z) for z>0

such that for every ¢ > 0 the following implications hold:

(3.15) (V7 €[0,t]: Py(t) > max{0, Py(7)}) = F[Po](t) = ¢r(Po(t)),

(3.16) (V7 €[0,1]: Ro(t) < min{0, Bo(7)}) = F[P](t) = —pr(—Fo(1)),

and similarly

(3.17) (V7 €10,t]: Uq(t) = max{0,Uq(7)}) = F 1 [Uq](t) = ¢r-1(Uq(t)),
(3.18) (V1 €[0,t]: Uq(t) < min{0, Uq(7)}) = F 1 [Uq](t) = —pr-1(=Uq(t)),
where pr-1 = 90}1. We have

(3.19) drl0) = =+ | g H=r@)dste)
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where H is the Heaviside function, hence ¢z is increasing and convex, @r-1 is
increasing and concave, ¢ x-1(0) = ¢#(0) =0, and (¢px-1)"(0) = 1/¢’=(0) = Kr.

Proposition 3.3. Let the hypotheses of Theorem 3.1 hold. Then for all U, U3 €
WH(0,T) such that UL (0) = U3(0) and for (almost) all t € (0, T) we have, denoting
Pt = F YUY, i = 1,2, the following inequalities:

320) 17 0R0) 7 RI0] < 2Kr e [UAT) - UR(7),
B21) (ORI - F RO - GR0)
> (- rro

1
i /89 5o Pr Bl (0) = 2o [F](0)7 dS(x)) ,

(322) v P(0)] < 1B < Kr[U8], i=1,2.
t
(3.23) / Py [PY1:(F) — ooy [P21e(r) dr

t t
</ |Pg—P§|(T)dT<2KF/ \US — Ua|(r) dr.
0 0

3.2. Gradient flow. Integrating (3.11) over (2 yields
(3.24) U+ Ua -+ 1917 U] = [ (@a(0) ~po ) do.
Q
System (3.11)—(3.12) is a gradient flow in L?(Q) x L?(Q) of the form

(3.25) 8(t) + p((t) 3 Fub), v(0) =",

with a convex functional 1), where

(3.26) v = (Z)
.27 w0 = [ (30407 +100) a
(3.28) flot) = (QR(é)zggg()é;f;[Uﬂ]>

The initial condition v° is given by (3.2), (3.3). We will prove the following result.
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Proposition 3.4. Let the hypotheses of Theorem 3.1 hold, and let a function 6
L% .(0,00; L*(Q2)) be given. Then there exist a unique solution (U, x) € (L™ (2x))?
to (3.24)—(3.28), and a constant Cy independent of x,t and R, such that

(3.29) U (2, ) + [Ue(z, ) + [xe(2,8)] < Co(1 + R)

a.e. in Q. Furthermore, there exists an increasing function p: (0,00) — (0, 00) such
that whenever él,ég € L2 _(0,00; L'()) are given functions and (Ut, x1), (U2, X2)

are the corresponding solutions to (3.24)—(3.28), then the differences 04 = 0, — 05,
Ug =U; — Us, xq = x1 — X2 satisfy for every t > 0 and a.e. x € ) the inequality

1/2

330) [ (Wil + lxaul)(ar)ar <9 | Iéd(x,T)ldTJru(t)( / |éd<7>|%d7>

where the symbol | - |, for p € [1, 0] stands for the norm in L”(2).

In what follows, we denote by C1, Co, ... any constants independent of z,¢ and R.

Proof. The right-hand side f of (3.25) is Lipschitz continuous in v, and we eas-
ily obtain the existence and uniqueness of solutions to (3.25)—(3.28) by a contraction
argument.

Eq. (3.24) is an ODE with a Lipschitz continuous nonlinearity, and given initial
condition, hence for every given y and @, it admits a unique Lipschitz continuous
solution Ug. It is easy to see that both Ug and UQ remain globally bounded: Let
Ug attain at some point ¢ > 0 the maximum of its absolute value, that is, Uq(t) =
I(I:_l[%}i] |Uq/(7)|. Then Uq(t) > 0, and (3.17) and (3.24) imply
T )

Ua(t) + ¢7-1(Ua(t)) < Ci(1 + R).

The argument is similar if Uq(t) = — m[%x] |Uq(7)|, and we conclude that
T€(0,t
(3.31) |Ua(t)| + [Ua(t)] < Ca(1 + R).

Equation (3.11) now has a right hand side bounded by a multiple of 1 + R, hence
|U:| + U] < C3(1 4+ R) a.e. To get the same bound for |x;|, it suffices to multiply
(3.12) by x;. This completes the proof of (3.29).

Consider now two different inputs. As above, we denote the differences {}1 — {}2
by {}4 for all symbols {}. Testing the difference of Eqs. (3.24) by Uqg and using
(3.21), we obtain after integration

t t
(3.32) / |Uqa(7)|? d7 + |Uqa(t)|? </ (104l1 + |xal)?(r)dr ¥t >0.
0 0
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To prove (3.30), we rewrite (3.25) as two scalar gradient flows

(3.33) U + 01 (U) = a,
(3.34) Xt + 02(x) 3 b,

where ¢1(U) = 2U?, 4o = 2?2 + I(x), a = Qr() —x —po — F'[Uq], b =

2Qr(0) —1—U.
By [6, Theorem 1.12], we have for all ¢ > 0 and a.e. z € 2 that

t t
635 [ (@] D) dr <2 [ (ol + a7 dr.

0 0
We multiply the difference of (3.33) by sign(Uy), the difference of (3.34) by sign(xxq),
and sum them up. Using the monotonicity of 0I and the elementary inequality
(p + ¢)(sign(p) + sign(q)) > 0, we obtain that

(3.36) Uale + |xal: <3104 + |F7Y ae.,

where F; ' := F1[UL] — F~1UZ]. By (3.32) and Proposition 3.3, we thus have

t 1/2
(337)  |Udle + buale < 3104l + 2Kr< [l + ) dr)
0

Integrating (3.37) over ) and using Gronwall’s inequality we find an increasing func-
tion w1 (t) such that

638 (F7 O VL0 + k) <m) [ Burar veso

Integrating (3.36) with respect to ¢ yields

/2

(339) (U4l + ) /|9dm|dr+(m /wd W)

From (3.35) we now immediately get the desired inequality

(3.40) /Otu(Ud) |+1(xa): ) / |adm|d7+3<m / 0alr |1d7)

for a.e. x € Q and all ¢t > 0, with p(t) = 34/p1(t). This completes the proof. ]

/2
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3.3. Fixed point argument. Let now a final time 7" > 0 be fixed. For every
given é, Eq. (3.10) is a linear heat equation with a given right hand side and boundary
and initial conditions, hence it admits a unique solution 6 with the regularity

(3.41) 0 € C([0,T]; L3(Q)), 6 € L*((0,T; WH%(Q))), V6 e L*0,T;L*(Q)).
By Proposition 3.3 we have [p,.(,)[Fol¢|(t) < Kr|Uq(t)| a.e. Testing (3.10) by w = 6,

we may use Proposition 3.4 to find a constant M (T, R) depending on 7" and R such
that

T
(3.42) supess/ 02 (z,t) dx—i—/ (/ |V9|2dx—|—/ h(x)HQdS(x)) dt < M(T, R).
t€(0,T) Q o9

We can define the mapping that associates with § the solution 6 of (3.10)~(3.12) with
initial conditions (3.1)—(3.3). We now show that it is a contraction on the set

(3.43) Err = {0 € L*(Q7): conditions (3.1) and (3.41)—(3.42) hold}.
Let 91,192 be two functions in Ep g, and let (01,U1, x1), (f2,Usz, x2) be the corre-
sponding solutions to (3.10)—(3.12) with the same initial conditions §°, U°, x°. We

see from (3.42) that 61,6, belong to Er g. We test the difference of Egs. (3.10) for
61 and 6 by w = sign(6,) obtaining

(3.44) %/ﬂ|9d(a¢,t)|dx+/m h(@)|0a(, )] dS ()

< <1+R>/<|<Ud> |+ 10ca)el + 16al) (@ ) de

[ Sl ]ds@) ac.

where we set pa(x,t) := [pr(2)[PgJt| — [Pr) [P5)e|(t). By Proposition 3.3 we have for
a.e. r € Jf) that

/ |pd X T)|d7’ QKF/ |UQd QKF/ /| Ud :L' ’7' d(Ed’T

Integrating (3.44) with respect to ¢ and using Proposition 3.4 we find an increasing
function ug(t) depending also on R such that

(3.45) a6 < ) [ a2 r) df)m
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Set ©2(t) = [ 1043(r)dr, 82(t) = [ 16u3(r)dr, fir(t) = [} p(r)dr. Let us
introduce in L*(0,T") the norm

|w|c = sup e_‘A‘R(t)|w(T)|.
T€[0,T]

Then [|©|% < %Hé”%, hence the mapping 6 — 6 is a contraction in L2(0, T; L(Q))
with respect to the norm induced by || - ||c. The set Er g is a closed subset of
L2(0,T; L*(2)). This implies the existence of a fixed point § € Zr g, which is indeed
a solution to (3.10)—(3.12). Since T has been chosen arbitrarily, the solution is global

in Q.

3.4. Estimates. A positive lower bound for 6 follows from the maximum princi-
ple. Let us introduce an auxiliary function 6°(t) = 6, /(1 + 26,t). On the right hand
side of (3.10) with 6 = 6 we have U2 + x2 — Qr(0)(Uy + 2x:) = —2(81)2. For every
nonnegative test function w and a.e. ¢t € (0,7") we thus obtain

(3.46) /QQtw(x) dz + /Q Vo - Vw(z)dz + / h(z)(0 — Or)w(x)dS(z)

o0

> —2/(9+)2w(x) dex,
Q

(3.47) /Q 02w (x) dz + /Q V6 - Vw(z)dz + /8 . h(x)(0° — Op)w(x) dS(z)

< —2/(9%%(@ dz.
Q

We subtract (3.46) from (3.47) and test by w = (6° —6)*, which yields (z,t) > 6°(t)
a.e. In particular, the temperature remains positive for all times ¢ > 0.

The energy er and the entropy sp corresponding to the fixed point 8 = 0 of
(3.10)—(3.12) have the form

1
(3.48) ooer =0 + §(U+X—1)2+U+2(X+I(X)),
(349) 00SR = 13(9) -+ 2X + U,

where Iz(0) = [/ (1/Qgr(¢') ¢, that is, Ix(6) = logh for 6 < R, Ip(8) = log R +
(1/R)(6 — R) for 6 > R.

Let Er be given by (2.35). We compute from (3.48)—(3.49) the initial values
e, B, and s for specific energy, boundary energy, and entropy, respectively. Let
E° = fQ 00’ dz, S0 = fQ 005" dz denote the total initial energy and the entropy,
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respectively. From the energy end entropy balance equations (2.37), (2.39) we derive
the following crucial balance equation for the “extended” energy oo(er — Orsg):

(3.50) / ( (U +x—-1D)?+U+ QX) (z,t)dx + Er(t)

+9r// |VQR9 Xi " U2)>(x,7-)da:d7-

QR(L‘)) Qr(0
//m Qr(0

= 0)(Qr(0r) — Qr(0))(z,7)dS(x) dr

>
r(z)
+/0/89@R Bz P (POl aS @) ar

_ B4+ B —9F30+9p/ (In(0) + 2x + U) (2, 1) da.
Q

It is easy to see that there exists Cs5 > 0 independent of R such that Oplr(6) <
0/2 + C5 if R is sufficiently large. Indeed, assuming e.g. that
R > 29p(1 +logR),

we have Oplr(0) —0/2 < 0if § > R, and Oplr(0) — 0/2 < Or(log(20r) — 1) if 6 < R.
We conclude that there exists a constant Cg > 0 independent of ¢ and R such that
for all ¢ > 0 we have

o2 2 2
(3.51) /(9+U2 x,t) dx—l—// |V | +—+U7)(a?,7')da:d7' < Gs.

In particular, the right hand side of (3.24) with = 6 is uniformly bounded inde-
pendently of R, and the argument of the proof of Proposition 3.4 entails that

(3.52) Ua(t)| + [Ua(t)] + | Bo| + [Po| + [pr@)[Pole] < C7r  ae.

For every nonnegative test function w and a.e. t € (0,7), the fixed point 6 of (3.10)—
(3.12) satisfies the inequality

(3.53)/Q Orw(x) dx + /Q Vo - Vw(z)dz
+ /BQ h(z)(0 — O — C7B*)w(z) dS(z) < Cs(1+ R)? /Q w(z) dz
with a suitable constant Cs > 0. Let us define another auxiliary function
0%(t) = 0 + C7B* + Cs(1 + R)*t
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For every nonnegative test function w and a.e. ¢t € (0,7) we then have

(3.54) /QHtuw(x) dz + /Q Vo' - Vw(z)da

+ [ h@)OF - 0r — CoB Yw(z) dS(z) > Cs(1 + R)? / w(z) da.
o9 Q

We now subtract (3.54) from (3.53) and test by w = (6 — 6%)T, which yields the

pointwise bound 6(z,t) < 6*(t). We thus have the inequalities

(3.55) 0°(t) < O(x,t) < O%(t) ae.

3.5. Uniform global bounds. The unique solution fixed point (0, U, x) to the
system (3.10)—(3.12), (3.1)—(3.3) exists globally in the whole domain 2o,. We now
show that 6 remains globally bounded independently of ¢ and R if R is sufficiently
large. Take first for instance any R > 26* + C7B*. By (3.55), we know that 6
remains smaller than R in a nondegenerate interval (0, T') with T > 0*/(Cs(1+ R)?).
Let (0,7p) be the maximal interval in which 8 is bounded by R. Then, in (0,Tp),
the solution constructed in Subsection 3.3 is also a solution of the original problem
(3.5)—(3.7). Moreover, due to estimate (3.51), we know that 6 admits a bound
in L>°(0,Tp; L'(2)) independent of R. In order to prove that Ty = +oo if R is
sufficiently large, we refer to the following statement, which is proved in detail in [8]
by a variant of the Moser iteration technique.

Proposition 3.5. Let Q C RY be a bounded domain with Lipschitzian boundary.
Given nonnegative functions h € L'(0Q) and r € L>°(0, 00; LY(Q2)) with a fixed q¢ >
N/2, an initial condition v° € L*°(), and a boundary datum vr € L= (9 x (0, 0)),
consider the problem

(3.56) v — Av+v=r(z,t)H[v] a.e. in Qo
(3.57) Vo-n=—h(z)(f(z,t,v(z,t)) —vr(z,t)) a.e. on I x (0,00),
(3.58) v(z,0) =2  ae inQ,

under the assumption that there exist positive constants Ho,Cy,V, V1, Ey such that
the following assertions hold:

i ‘ : 3 foc (200 )
(i) The mapping H: L. Qo) — LS. (Qoo) satisfies for every v € LYY (Qs) and

loc loc

a.e. (z,t) € Qo the inequality

v(z, tyH[v](z, 1) SHolv(M)I(lJrlv(a?,t)lJr/o £(t—T)|v(a?,T)|dT),
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where ¢ € W1(0,00) is a given nonnegative function such that

(3.59) £(t) < —E(0)4(t)  ae.

(ii) f is a Carathéodory function on Q x (0,00) x R such that f(z,t,v)v > Cyv?
a.e. for all v € R.

(iii) |v°(z)] <V a.e. in Q.

(iv) |vr(zx,t)| < Vr a.e. on 99 x (0, 00).

(v) System (3.56)—(3.58) admits a solution v € W,22(0, o0; (W12)(Q)) N L2,
Wh2(Q)) N L

loc

(0, 003
(o) satisfying the estimate

/ [v(z,t)|de < Ey  a.e. in (0, 00).
Q

Then there exists a positive constant C* depending only on |h|11(s0), Cy, Ho, £(0),
and 1" := |1|5(0,00;59(0)), Such that

(3.60) [v(t)|Le (o) < C*max{1,V,Vpr, Eg} fora.e. t>0.
Remark 3.6. As a consequence of (3.59), we have £(t) < £(0)e™¢(? for all

t > 0, hence fooo &(t)dt < 1. As a typical function satisfying (3.59), let us mention

for example

n
(3.61) E(t) = 2= 3 et
> org k=1
k=1
withany 0 <m; <...<mypandry >0, k=1,...,n.

We now complete the proof of Theorem 3.1 by showing that T introduced at the
beginning of this subsection is +oo if R is sufficiently large. By (3.51)—(3.52), we
obtain directly from (3.6)—(3.7) that

¢
(3.62) |U(z,t)|+|Us(z,t)|+|xe(z,t)] < Cho <1+9(x,t)+/ e '0(x, 7) d’T) a.e.
0
As in (3.9), we rewrite the right hand side of Eq. (3.5) as

—(x+U+po+F ' Ua))Us — (U + x4+ 1)xe.

By (3.51), the function U is in L*°(0,00; L?(2)) and the bound does not depend
on R. Eq. (3.5), with 6 added to both the left and the right hand side, thus satisfies
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the hypotheses of Proposition 3.5 for N = 3 and ¢ = 2. This enables us to conclude
that 0(x,t) is uniformly bounded from above by a constant, independently of R, so
that 6 never reaches the value R if R is sufficiently large, which we wanted to prove.
By (3.62), also U, Uy, and x; are uniformly bounded by a constant.

We proceed similarly to prove a uniform positive lower bound for §. We denote
Ry :=supf, and in the equation

(3.63) /Qﬁtw(x) dz + /Q Vo - Vw(z)dz = /Q (U2 +x7 — 0(Us + 2x¢)) w(z) dz

r(z) "
T /dQ (@Wxﬂpo]t\(t) —h(z)(0 - Hr))w(a:) dS(z) Yw e WH3(Q)

set w = —w/ with an arbitrary w € W2(Q). For a new (nonnegative) variable
v(z,t) :=log Ry — log f(x,t) we obtain the equation

(3.64) /Qvtw(x)dx—l—/QVv-Vzﬂ(x)dx—l—/{m h(a:)(B(z’t) 1) i(z) dS(a)

U2+ 2 v92 ~
:/ (_ ¢ QXt —|92| +Ut—|—2Xt)w(x)dx
Q

with B(xz,t) = 0p + r(x)/(b(x)h(z))|py2) [Po]¢|(t). For

. Ul +xi  |VoP
Hv] := 51gn(v)<— t@ Xe | 92| —|—Ut+2x,5)

we check that the hypotheses of Proposition 3.5 are satisfied with the choice
f(z,t,v) = (B(z,t)/Ro)(e” — 1), vr = 1 — B(z,t)/Ro, v = 1, and vH[v] < 3C7|v|.
Hence, v is bounded above by some v*, which entails § > Rpe~ . This, together
with (3.51), concludes the proof of Theorem 3.1.
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