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Abstract. In this paper we give an extension of g-Pfaff-Saalschiitz formula by means of
Andrews-Askey integral. Applications of the extension are also given, which include an
extension of g-Chu-Vandermonde convolution formula and some other g-identities.
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1. INTRODUCTION AND STATEMENT OF MAIN RESULT

The following is Andrews-Askey integral [1] which can be derived from Ramanu-
jan’s 111 summation:

(1.1) /d M dt— d(1 —q)(q,dq/c,c/d,abed; q) oo
. e (at,btq)ee 7 (ac,ad, be, bd; q) s

provided that no zero factors occur in the denominators of the integral.

Andrews-Askey integral is an important formula in basic hypergeometric series.
In [4], the author gives a more general ¢g-integral: If |¢| < 1 and no zero factors occur
in the denominators of the integral, then

(1.2) /t (qu/s,qw/t; @)oo Po(w, ¢/a; q) P (w, d/b; q)
' s (aw, bw; q) oo
t(1 = q)(¢; @)n(d; @)m (g, tq/s, s/t, abst; q)so
a™b™(as, at, bs, bt; q) oo

n .
(q_nva&atQQ)qu bs,bt, g™
X E [ .
P (q,c¢,abst; q) 392 d. abstq" 14,4 |

dew
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where
Pola,b;q) =1, Pu(a,b;q) = (a—b)(a—bq)...(a—bg" "), n=>1.

It is obvious that the case m = n = 0 of (1.2) results in (1.1). In this paper we use
(1.2) to derive an extension of the ¢-Pfaff-Saalschiitz formula. The following theorem
is the main result of this paper.

Theorem 1.1. If |¢| < 1 and no zero factors occur in the denominators, then

" (¢"™, ¢/a,c/b; k a,b,q” "
(1.3) Z(EJ /a,c/b 0t 3<pz< H n_l;q,q>

= (q,c,c/abg™ 1 q)k cq®,ab/cq

_ (@b @)m(c/a,c/biq)n
(¢ @)mn(ab/c; @)m(c/ab; q)n

Note that there are some important special cases of (1.3). For example, the case
m = 0 of (1.3) results in the ¢g-Pfaff-Saalschiitz formula:

(1.4) 3@2( wba ) _ (e/ac/bia)n

c,abc—1gt—n" " (c,c/ab;q)n

2. NOTATION AND KNOWN RESULTS

We first recall some definitions, notation and known results from [2] which will
be used for the proof of Theorem 1.1. Throughout this paper, it is supposed that
0 < |g| < 1. The g-shifted factorials are defined as

@) (@ao=1 (@aa=[[0-0), (@aw= ][0 ad")
k=0 k=0

We also adopt the following compact notation for multiple g-shifted factorials:

(22) (alaa2a .- 'aam;Q)n = (al;Q)n(aQ;Q)n cee (am;Q)na

where n is an integer or co. In 1846, Heine introduced the ,1¢, basic hypergeometric
series, which is defined by

a1,02,...,0r41 - (a17a27"'aar+1;Q)nxn
2.3 r r 14, | = E .
( ) e ( bi,b2,..., by 1 > (Qab1;b27---7br§Q)n

n=0
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The ¢g-Chu-Vandermonde sums are

a,q " a™(c/a;q)n
(2.4) 201 ( . ;q,q> _ a(e/aig)n

(¢;@)n

and, reversing the order of summation, we have

(2.5) 21 (a’i_n;%cqn/a) = %.

F.H. Jackson defined the g-integral by [3]

d (e’

(2.6) / fE) dgt =d(1— ) S F(dg™)g"
0 n=0

and
d d c

(2.7) [ roae= [ roae- [ o

3. THE PROOF OF THEOREM 1.1

In this section we use the generalized Andrews-Askey integral (1.2) to prove The-

orem 1.1.

Proof. Using the Andrews-Askey integral (1.1) we arrive at

(3.1)

/d (qt/c,qt/d; @)oo dt d(1 —q)(q,dq/c,c/d,abedg™; q) o
q
o (atq™,btq™; q)oo (acq™, adq™, beq™, bdq™; q) oo

On the other hand, if we employ the formulas

(3.2) (at; ¢)n = (—1)"a"q2) P, (t, 1/ag" s q),

(3.3) (0t; @)m = (—1)mbmq( )Pm(t, 1/bg™ 1 q)
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and use the generalized Andrews-Askey integral (1.2), we obtain
“ (qt/cqt/d; ) o [?(gt/c qt/d; q)oo(at; @)n (bE; @)m
(3.4) ST D0 g = dgt
e (atq™,btq™; q)oo ¢ (at,bt; q)oc
)
></ (gt/c, qt/d; @)oo Prn(t, @/ abg™ 75 q) Pu (t, b/bag" 1 q)
(at, bt; ¢) oo

_ (_1)n+manbmq(;)+("g)
O q)(a/bg" Y Q)m (b/ag™ " q)nlq, dg/c, ¢/d, abed; q) oo
a™b"(ac, ad, be, bd; q) 0o

i ,ac, ad; q)xq* be,bd,q™"
Xz;) (q, a/qu 1 abcd; q)k3<p2 b/aq"*l,abcdq’“’q’q ’

Substituting the relations
(=1 (0/a)™q() (a/bg™ Y @) = (b/a: Q).
and
(=1)™(a/b)"q(3) (b/ag" s q)n = (a/b; )
into (3.4) we obtain
" (at/c.at/d 9)oc
/c (atq™, btq™; q)oo dqt

_ d(1 = q)(b/a; @)m(a/b; @)n(q, dg/c, ¢/d, abed; q) o
(ac, ad, be, bd; q) oo

x Z ac, ad; q)rq" be,bd, g™
q,a/qu L abed, q) 3¥2 b/aqn—17abcquvq;q .
Combining (3.1) and (3.5) yields

d(1 —q)(b/a; q)m(a/b;q)n(q,dq/c, c/d, abed; q)
(ac, ad, be, bd; q) oo

(3.5)

(3.6)
m
(g™, ac,ad; q)rq" be,bd, g
) kzz:o (Qa a/quil, abcd; q)k 392 b/aq"*lv abcqu 4,9
_ d(]‘ - q) (qv dQ/07 C/d, abcdq"”r”; Q)oo
= (acq"7 adq% bcqm, bdqm; q)oo

Replacing bc, bd and abed by a, b and ¢, respectively, and making simple rearrange-
ments, we have (1.3). O

Letting a — oo, a — 0 in (1.3), respectively, we obtain the following extensions of
the ¢-Chu-Vandermonde convolution formula.

1134



Corollary 3.1. We have

—0 q,Cs; q) cq C; q)m-l—n

and

(3.8) Z LT (b,ccé;n;% ) = b"(()M

k=0 q,C 3 q & Q)ern

It is easy to see that the case m = 0 or n = 0 in (3.7) or (3.8) results in the
¢-Chu-Vandermonde convolution formula.

4. SOME APPLICATIONS

In this section we give some g-identities as applications of (1.3). First we give the
following g¢-identity.

Theorem 4.1. For any integer n > 1 we have

(4.1) w% Jg:w%ﬁ_“_ (-0 -0)__y(cfoe/b s,

¢, abe (I —cqn=1)(1 —abg/c)) (c,e/ab;q)n-1

Proof. Let m=1in (1.3) to get

(4.2)
. a’b’q_n . q(]‘ _q_l)(l _C/a)(l _C/b)[ avbaq_n X
JW£WWWAMO+ (0~ q)(1 —¢)(1 - c/ab) W%WMWWW%O
_ (A —-a)1 —b)(c/a,c/b;q)n
(1 —ab/c)(c; q)ns1(c/ab;q)n

Substituting the ¢-Pfaff-Saalschiitz formula (1.4) on the left-hand side of (4.2) and

making some simple rearrangements, we have

cq, abc

abv q " _ _ (1 — a)(l — b) (CQ/av CQ/ba Q)nfl
(4.3) 32 ( —lgl- n,q,q) o {1 (1—cq)(1 —ab/c)} (cq,cq/ab;q)n—1

After letting cqg = c in (4.3), we get (4.1). O
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Corollary 4.2. For any integer n > 1 we have

b,g~"  cq" Tt c—be \ (¢/b;q)n—1
4.4 4, - (1 — ) .
Y e ( c T bg —beg™ /) (¢ q)n—1
Proof. Letting a — oo in (4.1), we obtain (4.4). O
Similarly, if we let m = 2,3,..., in (1.3), we can get some more identities like

(4.1). Then we give another kind of a g-identity.

Theorem 4.3. For any integer m > 1, we have

m

(45) Z ( (qimvaab; Q)k q

£ (g,c,ab/cg™ 5 q)x 1 — cqF

k

_ (1 — a)(l - b) (C/av C/b; Q)mfl
-{-a e

—cq™)(1 —ab/c) ) (¢;q)m(c/abs @)m—1
Proof. Let n=11in (1.3) to get

(g™, ¢/a,c/b; q)kq’“3 , (a,l% q ! 0 q)
k=0 (Qacv C/aquil;Q)k quaab/07 '

= (g™ e/a, e/b;q)id g1 —g¢ H(0—a)(1-b)

=X Toeiefabr g U == a0 —ag)

= (g™, ¢/a,c/b;q)rd" _(1-a)(@-0) " (g™, c/a,c/b;q)rg" ' q*

- kzzo (q,¢,¢/abg™ "5 q)s (1 —ab/c) ; (¢,¢,c/abg™ Y5q)r 1 —cq®

— (1 — C/a)(l — C/b)(aa b; q)m
(1 —c/ab)(e; @)m+1(ab/c;q)m

Hence, we have

(4.6) (1—a)(1—b) i (™ clac/b;rd” "

(1—abje) = (g,c,c/abg™ ;q)x 1 —cqF

- i (?mvc/a,C/b; Org"  (L=c/a)(1 = ¢/b)(a,b:¢)m

= (g.c;c/abg™ )k (1 —c/ab)(c; @)m+1(ab/c;q)m’

We use the ¢-Pfaff-Saalschiitz formula (1.4) in (4.6) with n = m, a = ¢/a and b = ¢/b.
After simple rearrangements, we have

(" c/a /e
“) ,;) (¢, ¢,c/abg™ Y q) 1= cq®
ST B DR
(1= cq™)(1 = c/ab)J (¢; q)m(ab/c; @)m—1
which is equivalent to (4.5). O
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Corollary 4.4. For any integer m > 1 we have

m Or [eg™\F c—be \ (¢/biq@)m—1
(4.8) z% (c; Q)k+1 <T) B (1 Cb— bcqm) (©Dm
and

N T 1—b \ (¢/b;q)m-1
(4.9) z:;) @ede  1—cff (1 S 1- cqm) (€ @)m

Proof. Letting a — oo, or a — 0 in (4.5), we obtain, respectively, (4.8) and
(4.9). O
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