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Abstract. We give some algebraic conditions for t-tough graphs in terms of the Laplacian
eigenvalues and adjacency eigenvalues of graphs.
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1. INTRODUCTION

Let G be an undirected simple graph with vertices vy, va,...,v,. The adjacency
matrizc A = A(G) = (ai;) of G is the n x n symmetric matrix of 0’s and 1’s with
a;; = 1if and only if v; and v; are joined by an edge of G. The eigenvalues of A(G) are
ordered as A\ (G) = X2(G) = ... = A\, (G). Suppose the valence or degree of vertex
v; equals d; for i = 1, 2,...,n, and let D = D(G) be the diagonal matrix whose
(,7)-entry is d;. The matrix L(G) = D(G) — A(G) is called the Laplacian matriz
of G. The matrix L(G) is positive semi-definite with row sum 0. Its eigenvalues are
denoted by 0 = p1 < p2 < ... < pp. The eigenvalue po is often called the algebraic
connectivity. pe = 0 if and only if the graph is disconnected.

A wverter cut of G is a subset V' of the vertex set V(G) such that G — V' is
disconnected. G is a t-tough graph (where ¢t > 0 is a real number) if, for every vertex
cut S, the number of components of the graph G — S, denoted by C(G — 5), is at
most |S|/t, that is, C(G — S) < |S|/t.

A Hamiltonian circuit in G is a circuit which contains every vertex of G. A graph
which contains a Hamiltonian circuit is called a Hamiltonian graph. A k-factor of G
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is a k-regular spanning subgraph of GG. Therefore, G is Hamiltonian if and only if G
has a connected 2-factor.
In this paper we concentrate on the case 0 < t < 2.

The following simple but important theorem is due to V. Chvatal (see [3]).

Theorem 1.1 ([3]). Let G be a Hamiltonian graph, and let S be any non-empty
proper subset of the vertex-set V(G). Then

OG- 8) <|9).

It follows from Theorem 1.1 that every Hamiltonian graph is 1-tough.

We can obtain the following lemma from Theorem 1.1.

Lemma 1.2. Let G be a simple graph. If there exists a non-empty subset of the
vertex-set V (G) such that C(G — S) > |S|, then G is not a Hamiltonian graph.

In [7], Jung proved the Chvatal conjecture (see [4]) as follows.

Theorem 1.3 ([7]). If G is 1-tough, then either G is Hamiltonian, or its comple-
ment G contains the graph G| shown in Fig.1 as a subgraph.

Fig. 1. G
Combining Theorems 1.1 and 1.3, we obtain

Lemma 1.4. Let G be a simple graph whose complement G does not contain G,
as a subgraph. Then G is a Hamiltonian graph if and only if G is 1-tough.

It is known that 2-toughness is also related to some properties of graph theory.
The following theorem is one of them.

Theorem 1.5 ([5]). All 2-tough graphs have a 2-factor.
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In this paper, we will consider the existence of t-tough graphs in terms of eigen-
values of the Laplacian matrix L(G) and the adjacency matrix A(G). The first
theorem in this direction was given by Mohar (see Theorem 3.3 in [8]), but the
condition in [8] only holds for regular graphs and also involves some rather com-
plicated considerations. Later J. Vanden Heuvel ([9]) gave some results concerning
a necessary condition for Hamiltonian graphs in terms of eigenvalues of L(G) and
Q(G) = D(G) + A(G), while A. E. Brouwer derived lower bounds for toughness of a
graph in terms of its eigenvalues (see Theorem 0.1 in [1]). Up to now there exist no
more results that would show a relationship between t-tough graphs and eigenval-
ues of certain matrices associated with the graphs. In the sequel, we will give some
conditions which are simpler than the conditions in [8] for a graph to be ¢-tough in
terms of eigenvalues of L(G) and A(G).

2. CHARACTER OF {-TOUGHNESS IN TERMS OF EIGENVALUES OF L(G)

To begin with, we want to obtain an algebraic condition for 2-tough graphs. In
order to do that, now we establish some lemmas.

An inequality for disconnected vertex sets in a graph will be used, which is due to
Haemers (see [6]). Two disjoint vertex sets A and B in a graph are disconnected if
there are no edges between A and B.

Lemma 2.2 ([6]). If A and B are disconnected vertex sets of a graph with n
vertices and Laplacian eigenvalues 0 = 1 < po < ... < iy, then

|Al - |B| fin — p2\2
< .
(n—1A|)(n — |B]) (Nn“‘:UQ)

Moreover, we have the following elementary lemmas.

q
Lemma 2.2 ([2]). Let z1, x2,...,x4 be q positive integers such that y x; =
i=1

k < 2q — 1. Then for every integer | satisfying 0 < | < k there exists a subset

Ic{1,2,...,q} such that > x; =1.
iel

Lemma 2.3. The function f(z) = (x — s — 1)/(z + s — ) is an increasing func-

tion of x for x > 0, provided s > 1.
Proof. Differentiating f(z) we obtain f'(z) = 2s/(z +s — 1) > 0. O

Similarly, we have
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Lemma 2.4. p(z) = z/(ns + x) Is an increasing function of x for x > 0, provided
ns > 0.

Lemma 2.5. g(z) = 4sz/((6s — 2)x — 3s? 4+ 4s — 1) is an decreasing function of
x for x > 0, provided s > 1.

Now we shall prove our main results.

Theorem 2.6. Let G be a simple graph with n vertices and Laplacian eigenvalues
O=p Sp2 < .o < pin. If o > %un, then G is 2-tough.

Proof. Assume that G is not 2-tough. By the definition of 2-toughness, there
exists a vertex cut S of GG such that

C(G—8) > @

Denote |S| by s. Then G — S has ¢ > | 3s|+1 components. Let z; be the cardinality
of the ith component, where i = 1,2,...,q.

We consider the following two cases.
q
Case 1: n < 2|1s|+s+1.Then > z; =n—s<2[3s]+1<2(¢—1)+1=2¢—1.
i=1
By Lemma 2.2, G has a pair of disconnected vertex sets A and B with [A| = [1(n—s)]

and |B| = [4(n — 5)]. From Lemma 2.1 we have

2.1) (un - uz)Q o _ Al 1B]

fin +p2/ " ms+|Al-|Bl
Thus
(m—uz)Q (n—s)? . -
if n—s iseven;
fin + pi2 (n+s)?
_ 2 —s5)2 -1
(Mn M) (n 8)2 if n—s is odd.
fn - 2 (n+s)?—1
That is to say,
(un—u2)2>(n—8)2—1
fin+p2/ T (n4s)2 =1

Observing that [3s] +s+1<n<2[3s] +s+1and S is a vertex cut of G, we
have s > 2. Next, we prove the following inequality:

(n—s)2—1> n—s—% 2
(n+s)?2-1" \n+s—3/"
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Since

(n—s)?—-1 n—s—3\2
N (n—|—s—%)

[(n—s)>—1](n+s—3)"—(n—s—3)*[(n+s5)>—1]

[(n+s)2=1)(n+s— %)
s(2n? — 5n + 2 — 2s%)
[(n+s)2—1](n+s— 1)
s2(|is] +s+1)2—5(|ds] +s+1)+2— 257
[(n+s)2—1](n+s— 1)

>sp@@—ﬂj+s+n2—a%@—1y+&+n+2—2§]

- [(n+s)2=1](n+s— 1)

S s(5s% — 9s)

Z v o -+ s 30

=

>0,

we have

Thus
fn = py M =S5
Hn + 2 n—f—s—%'

Since S is non-empty and ¢ > s+ 1, n > L%SJ + s+ 1, by Lemma 2.3 we have

pn —piz _ lgs]+s+l-s5—3 s

b Usiwd b4 s 1
fn+p2 ~ |is]+s+1+s—13 L%8J+28+%/%(8—1)+25+% 55 5

Hence po < % tn. This is contrary to the given condition.

Case 2: n > 2|1s| + s+ 1. If s > 2, G has a pair of disconnected vertex sets A
and B such that

q
AL+ 1B = s = n s, min(4]1B) > |5 ].

‘ 2
i=1

Thus
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By Inequality (2.1), Lemmas 2.4 and 2.5,

(un—u2)2> Al 1Bl Lzsln—s—[3s])

M T+ M2 /ns+|A|-|B|/ns—i—L%sJ(n—s—L%sJ)
f(s—1D(n—s—3(s—1)) :2ns—352+4s—2n—1
/ns—l—%(s—l)(n—s—%(s—l)) 6ns —3s2+4s—2n—1
1 4dns
B 6ns —3s2+4s—2n—1
<1 4s - 2s
6s-25 —352+45—-2-25—1
=1 882 -1 882 B 1 S
B 952 — 1 952 — %52 177 25
Thus
:Un_/ﬁ2>l.
Hn + p2 5

If s =1, then G also has a pair of disconnected vertex sets A’ and B’ such that
|A']+[B'|=n—1, min(|A"],[B']) > 1.

Then
|A'|-|B'21-(n—1-1)=n-2.
By Inequality (2.1) and Lemma 2.4,

fn — H2\2 |A'| - |B| n—2 1 1 1 1
( ) = = = - =25>
I + o n+|A-|B|  n+n—-2 2 2n-1)" 4 5
So we have
pn =2 1
Hn + H2 by
Hence po < % [4n, which is also contrary to the given condition.
Consequently, we have proved that G is 2-tough. ([

Example 1. Consider the graph G2 of order 6 in Fig.2. G5 has Laplacian
eigenvalues o = 4 and pug = 6. Note that uo > %‘LLG. By Theorem 2.6, G5 is 2-tough.

Fig. 2. Go

Similarly, we can prove the following results.
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Theorem 2.7. Let G be a simple graph with n vertices and Laplacian eigenvalues
0=p1 <po<...< . For 1/k >0,k € 7, if po > k/(k + 1)y, then G is 1/k-
tough.

Corollary 2.8. Let G be a simple graph with n vertices and Laplacian eigenvalues
0= Spe < ... <y If o > %,un, then G is 1-tough.

Example 2. The complete bipartite graph K, ,, has Laplacian eigenvalues po = n
and p, = 2n. This implies that 2p0 > py,. By Corollary 2.8, K, 5, is 1-tough.

3. CHARACTER OF 1-TOUGHNESS IN TERMS OF EIGENVALUES OF A(G)

In this section, we continue to investigate the condition of 1-toughness. For regular
graphs, the conditions obtained in the previous section are improved. First of all,
we establish the following lemmas.

Lemma 3.1 ([7]). The largest adjacency eigenvalue of a graph is bounded from
below by the average degree with equality if and only if the graph is regular.

Theorem 3.2. A connected k-regular graph on n vertices with adjacency eigen-
values k = \1 > Ao > ... > \, which satisfies

k—1+i, k even;
k+1
A2 < 5
B T .
k +k‘+1’ k odd;
is 1-tough.

Proof. Let G = (V,E) be a connected k-regular graph with |V| = n and not
1-tough. By the definition of 1-toughness, there exists a non-empty proper subset S
of V(G) such that

C(G-295)>15|
Denote |S| by s. Then G — S has ¢ > s+ 1 components Gy, Gy, ..., Gy. Let z; be the

cardinality of G;, 7 =1,2,...,q, and let ¢; denote the number of edges in G between
S and G;. Since G is connected, t; > 1. Then clearly

(3.1) t; <ks, s>=1.

i=1
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Hence t; < k for at least two values of i, say ¢ = 1,2. If not, say t; > k, i =
1,2,...,q— 1, then

Zti > (q— 1)k > sk (since ¢ > s+ 1).

i=1

It implies ¢; < 0 from Inequality (3.1). This is contrary to ¢; > 1,4 = 1,2,...,q.
Moreover, since G is k-regular, we have x; > 1, where ¢ =1, 2.

Let [; denote the largest adjacency eigenvalue of G; and assume l; > [5. The
eigenvalue interlacing (see for example in [6]) applied to the subgraph induced by
G1 UG, gives

(32) Z,L' < )\,L' for i = 1, 2.

Consider Gy with x2 vertices and ey edges. Then 2eq = kxg —t2 < z2(z2 — 1). Since
to < k and z9 > 1,

kro — k < kxg —tg < :L'Q({EQ — 1)

Hence
(33) k < x9.

Moreover, let the average degree of Go be dy. Then

- 2 kxg —t t
(3.4) dy=22 0270 2.
To To To

If £ is even, then by 2e5 = kxy — t2, to must be even and hence t5 < k — 2. By
(3.3)and (3.4),do >k —(k—2)/(k+1)=k—1+3/(k+1).

If kis odd, then dy > k — (k—1)/(k+1) =k —1+2/(k+1).

Note that t3 < k < x2, hence G2 cannot be regular. By Lemma 3.1 and (3.2), we
have

Ao =1y > CZQ.
This completes the proof. ([

From the above it is clear that Ao < k — 1 implies 1-toughness of a k-regular
graph. Noting that uo = k — A2, we can obtain the following corollary in terms of
the Laplacian matrix.
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Corollary 3.3. A regular graph with algebraic connectivity at least 1 is 1-tough.

In the proof of Theorem 3.2, we saw that ¢; < x; for i = 1,2. Hence there exist
vertices u and v in G; and G respectively which are not adjacent to a vertex of S.
Therefore the distance between u and v is at least 4. Hence we have

Corollary 3.4. A regular graph with diameter at most 3 is 1-tough.

Remark 1. For regular graphs, the condition of Theorem 3.2 is better than that
of Corollary 2.8. That is to say, for a connected k-regular graph G, if pus > % jT
then \g <k —1+2/(k+1).

Proof. Since G is a connected k-regular graph, we have
,LLQZk_)\Q; Mn:k_An

Then
2k =X2) =2 k= A\
That is,

n
Noting that > A\; =0, A\; = k, we can get \,, < 0 immediately. Therefore,
i=1

On the other hand,

2 -9 1) +4 E—5)24 1
]q_1+—:§_|_(k )(k+ )+ ZE—F%
E+1 2 2(k +1) 2 2(k+1) 2

Then Ao <k —1+2/(k+1). O

Example 3. There exist 1-tough regular graphs that satisfy the condition of
Theorem 3.2 but ps < %un. G5 of order 6 in Fig. 3 is an example, whose Ao = 1 < 2%,
but 2us =2 X 2 < ug = 5.

Fig. 3. G3 Fig. 4. G4

1087



Remark 2. There exist 1-tough graphs that do not satisfy the condition of Corol-
lary 2.8. That is to say, the condition of Corollary 2.8 is not necessary. G4 of order 5
in Fig.4 is an example, whose ps = 2, pus = 5.

Remark 3. There also exist 1-tough connected regular graphs that do not satisfy
the condition of Theorem 3.2. That is to say, the condition of Theorem 3.2 is not
necessary. G5 of order 10 in Fig.5 is an example, whose Ay = 2.56 < 2.5.

v
Fig. 5. G5 Fig. 6. Gg

Remark 4. There exist connected regular graphs with diameter 5 that are not
1-tough. Gg of order 10 in Fig. 6 is an example. In fact, if S = {v}, then C(G—-S) =
2> |5 =1.

Finaly, we pose the following question.

Question. What is the smallest diameter which regular but not 1-tough graphs
are connected with?
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