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Abstract. The main purpose of this paper is to use the M. Toyoizumi’s important work,
the properties of the Dedekind sums and the estimates for character sums to study a hybrid
mean value of the Dedekind sums, and give a sharper asymptotic formula for it.
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1. INTRODUCTION

For a positive integer ¢ and an arbitrary integer h, the Dedekind sum S(h,q) is
defined as follows:

where
x — [z] — 5 if z is not an integer;
((z)) =

0 if x is an integer.

The various properties of S(h,q) were investigated by many authors. Maybe the
most famous property of the Dedekind sums is the reciprocity formula (see refer-
ences [1], [2], and [3]):

R4+ +1 1
(1) S(h,q) +S(q, h) = Tohg 4
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for all (h,q) = 1, ¢ > 0, h > 0. J.B. Conrey etc. [4] studied the mean value
distribution of S(h, k), and first proved the important asymptotic formula

k
k \2m
(2) Z h k |2m _ fm(k)<ﬁ) +O((k9/5 + k2m71+(1/(m+1)))10g3 k)),

where Y’ denotes the summation over all i such that (k, k) = 1, and
h

C(4m) C3(s +2m) '
Especially for m = 1 and k£ = p, an odd prime, we may immediately get the
asymptotic formula

p—1

(3) ZIS n)l? = 0 + 0" 108" p).

In the spirit of [4] and [5], Wenpeng Zhang [6] obtained a sharper asymptotic formula
for (2) with m =1 and k = p™. That is,

S

5 o (p?—1)? 3logk
(4) ; [S(h.p)I” = 144k p(p® —1) +O(keXp(loglogk>)’
and
k , TEQ
(5) ZS(};p) :5k<1_]%)+0(k1/2)

h=1

In this paper, we use M. Toyoizumi’s important work, the properties of the
Dedekind sums and the estimates for character sums to study the mean value

p—1
Zaksz(a,p),
a=1

and give a sharper asymptotic formula for it. That is, we shall prove the following:
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Theorem. For any odd prime p and positive integer k, we have the asymptotic
formula

p—1
S50 a0 (L)

where the constant

(144(1?

1)
y e cos(2mndyv
+i4 Z (3 1) (2m 'ZZIZ(M”ZM" (2md dz/p))

( 1)m+1 27[ 2m

n2v2m
1<m<k/2 n=1v=1

For general positive integer ¢ and m > 1, whether there exists an asymptotic
formula for the mean value .
!
> d*5*(a.q)
a=1

is an open problem.

2. SOME LEMMAS

To prove our theorem, we need several lemmas.

Lemma 1. Let g > 3 be an integer and (h,q) = 1. Then we have the identity

Stha) = 5= 2 3 xILP

where (d) is the Euler function, x denotes a Dirichlet character modulo d with
x(—=1) = —1, and L(s, x) denotes the Dirichlet L-function corresponding to x.

Proof. See Lemma 2 of [6]. O

Lemma 2. Let ¢ > 3 be an integer, let x denote any primitive character mod q.
Then we have the identity

om—1)(2m = 1)! L(2m,X) )
, 2¢"7(x) 1<mz<:n/2 ( ()—1)m+1(2n)2m X if x(=1) =1,
;a x(a) =

m)! m
2¢"7(x) Z (2”(’)(12),,11521)2;;11)() if x(—1) = —1,

o<m<(n—1)/2



q .

where 7(x) = >_ x(a)e(a/q) is the Gaussian sum, e(y) = e*™¥, L(s, ) is the Dirich-
a=1

let L-function corresponding to x, and (') = n!/(m!(n —m)!).

Proof. See [7]. O

Lemma 3. Let g > 3 be an integer. Then we have the asymptotic formula

T (> —1)° v(q) 3lng

x mod q plq
x(—1)=-1

where || denotes the product over all distinct prime divisors of q.
pla

Proof. See Lemma 3 of [6]. O

Lemma 4. Let p > 3 be a prime, let X° denote the principal character mod p,
and let x; # x° be any even character mod p. Then we have the asymptotic formula

Xl%;dp |L(L, x1)*|L(1, xx7)|* = Z }Zd‘ } +O(exp<1§g1(l)§gpp)),

x1(—=1)=-1
where " denotes the summation over all n such that (n,p) = 1.
n=1
Proof. Letr(n) = Zy(d), let x1 # X" be any even character modp. Then

for a parameter N > p, applylng Abel’s identity we have

6) LLx)LLXa) =, M S W N /N°° A x)

1<n<N

where A(y,x1) = >, xi(n)r(n).

N<n<y
Note the partition identities

Apo)= S am Y amxm+ Y amxm) S )

n<y N/n<m<y/n m</ N/n<n<y/n

(Y ) X ).

VN<n< g VN<n< g
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Applying the Cauchy inequality and the estimates for character sums
2

S Y oam = > > am

2

xX17#X? N<n<M X17#X? NSn<M<N+p
2 2
— O(n) — oy <« P 0)
o) Y. X(n) Y. X)) <=
N<n<M<N+p N<n<M<N+p
we have
2
M > Awx)P<vi Y. > > xam)x(m)
x1 mod p n<y/y x1 modp 'N/n<m<y/n
x1(—1)=-1 x1(—1)=-1

iY Y | Y um

m<y/y x1 modp 'N/n<n<y/n
x1(=1)=-1

_ \ Y )

X1 modp '\/N<n< /g
x1(—1)=-1

< yo*(p).

2

Thus from (7) and the Cauchy inequality we obtain

®) ) /“Mdyr

2
x1 mod p N Yy
x1(—=1)=-1

< /NOO/NOO ﬁ( > |A(an1)||A(Z7X1)|> dydz

x1 modp
x1(=1)=-1
% q 1/2 2
<([T% T war) )
N Y X1 mod p
x1(=1)=-1
< &0
N
Note that for (ab,p) = 1, the orthogonality relation for character sums modulo p
yields
@ if @ =0b modp;
Z xi@xa () = _ep) if a = —b mod p;
Xl_nf)oiifl 2
al-h= 0, otherwise,
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so that

9) >

X1 mod p
x1(=1)=-1

3 xi(n)r(n) |?

n

1<ngN

_ #p) Z’ r(a)r(d) _ ¢(p) N r(a)r(b)

2 ab 2 ab
1<a, bSN 1<a, b<N
:b (mod D) a=—b (mod p)
N N/p]
_ o) v Ir@F 0 Z d(b)d(ip +b)
2 a? lp +b)b
1<a<N b=1 I=1

p71
ol >

a;1 WA a(a)d(lp — a)
( DI W)

a=1 (14a/p)<I<N/p
0(p) ~='|r(n)? 2log N
= — O _—
2 nz::l n?2 + (eXp(loglogN))7

where d(n) is the divisor function and |r(n)| < d(n) < exp((1 + 5)%).

Now

w8 ()

x1 modp 1<n<N
X1 mod p

x1(—=1)=-1
< In? N/ (
x(=1)=-1

< @2 (p)N~V21I? N.

IA(y,K)I) dy

Taking the parameter N = p3, from (6), (7), (8), (9), and (10) we immediately
obtain

= |Zd X(d)|2 6logp
L(1 2 L(1.vvr 2 _ go(p) ! |n 0 .
Zd L) PIL(L ) = g e (eXp(loglogp))

x1(=1)=-1

This completes the proof of Lemma 4. O
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3 be a prime and m a positive integer, let x° denote the

Lemma 5. Let p >
principal character modp, and let x1 and X2 be any two odd characters mod p

Then we have the the asymptotic formula
Ei= S S rlaxe)L@m x| L, ) PILA, o)

x1 modp x2 modp
x1(=1)==1x2(-1)=-1

x1x27#x°
’Ed1|n Zdz\n cos(2ndy vdz /p) 3/2 6logp
+O(p eXp(loglogp))'

- Z Z n2y2m

n=1v=1

Proof. For any odd characters y; and xo modp, let x = x1x2. Note that for
(ab,p) = 1, the orthogonality relation for character sums modulo p implies

#(p) if a = 4b modp,

> x@x() =4 2
0 otherwise,

x modp
x(—1)=1

and from Lemma 4 we have

Pe Y Y

x1 modp x modp
x(=D=-1x(-1)=1

L(2m, X)|L(1, x1) [P L (1, xxa) |2

x#x°
= Y oLEmx) D L x)PIL )P
x modp x1 modp
x(=1)=1 x(=1)=-1
X#x°
S DS Lm DR+ 0( e (L))
2 S ey loglogp
x(=1)=1
x#x°
p(p) 1 I
= > o T()L(2m, %)Y x(d)
n=1 x modp d|n
x(—=1)=1
_ o(p) - a2 3/2 6logp
2 ;n (’ L(@m, x) (p ¢ p(loglogp))

n2
di|ndz|n x modp
x(=1)=1

+ O(pf"/2 exp(lfgl(l)ifgp;))
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8

S SRS ) Sk ol e A2

uda==4vdq (mod D)

0 dn EdzlnCOS(Zﬂdl’UdQ/p) +O( 8/2 o ( 6logp ))
n=1v=1 TLQ’UQm P P IOgIng .

This completes the proof of Lemma 5. O

3. PROOF OF THEOREM

In this section, we complete the proof of our theorem. From Lemma 1, Lemma 2,
Lemma 3, Lemma 4, and Lemma 5 we have

p—1 p—1 2
p
S atston) =S a5l 3 @it o)
a=1 a=1 T <p(p) x mod p
x(—1)=-1
2 p—1
S IRCCRNID WS
vop x1 modp a=1
x1(=1)=-1
p2 p—1
+42() Z Z 1X1||L(1X2|ZGX1X2()
Tet\p x1 modp X2 modp a=1
Xx1(=1)==1x2(-1)=-1
x1x27#x°
2 4 k41
__p <5np ( (31np)))((p—1) _1k)
te?(p) \ 144 +O(exp Inlnp k+1 +O(lp )")
+ 2p™ 2 (3n1) (2m — 1)
4,2 (_1\ym+1(9\2m
w2 (p) 1<m<k/2 (=1)m+i(2m)2m
x> > rhxaxe)L@m, xax2) [L(L, x1) L1, x2) [

x1 modp x2 modp
x1(=1)=—1x2(-1)=-1
X1 x27X°

_ Apk+2+0<pk+3/2 exp( 6logp )),
loglog p

where
5
A= <144(k: +1)

n 1 Z (Qm ) (2m —1)! i i'zdlln ZdQnCOS(QWdlvdz/P)>

( 1)m+1 2TE 2m n2v2m

1<m<k/2 n=1v=1

This completes the proof. O

1062



Acknowledgement. The author would like to thank Prof. Zhang Wenpeng for
his instruction and encouragement.

References

[1] L. Carlitz: The reciprocity theorem of Dedekind sums. Pac. J. Math. 3 (1953), 513-522.

[2] H. Rademacher: On the transformation of logn(r). J. Indian Math. Soc. 19 (1955),
25-30.

[3] L.J. Mordell: The reciprocity formula for Dedekind sums. Am. J. Math. 73 (1951),
593-598.

[4] J. B. Conrey, E. Fransen, R. Klein, C. Scott. Mean values of Dedekind sums. J. Number
Theory 56 (1996), 214-226.

[5] H. Walum: An exact formula for an average of L-series. Il. J. Math. 26 (1982), 1-

[6] W. Zhang: On the mean values of Dedekind sums. J. Théor. Nombres Bordx. 8 (1
429-442.

[7] M. Toyoizumi: On certain character sums. Acta Arith. 55 (1990), 229-232.

3.
996),

Author’s address: H. Yang, Research Center for Basic Science, Xi’an Jiaotong Uni-
versity, Xi’an, Shaanxi, 710049, P.R. China, e-mail: xjtu88yh@163. com.

1063



		webmaster@dml.cz
	2020-07-03T19:00:38+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




