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ESTIMATE OF THE HAUSDORFF MEASURE
OF THE SINGULAR SET OF A SOLUTION
FOR A SEMI-LINEAR ELLIPTIC EQUATION ASSOCIATED
WITH SUPERCONDUCTIVITY

JUNICHI ARAMAKI

ABSTRACT. We study the boundedness of the Hausdorff measure of the singular
set of any solution for a semi-linear elliptic equation in general dimensional
Euclidean space R™. In our previous paper, we have clarified the structures of
the nodal set and singular set of a solution for the semi-linear elliptic equation.
In particular, we showed that the singular set is (n — 2)-rectifiable. In this
paper, we shall show that under some additive smoothness assumptions, the
(n — 2)-dimensional Hausdorff measure of singular set of any solution is locally
finite.

1. INTRODUCTION

We consider a semi-linear elliptic equation

(1.1) Vi = (WP i Q

where (Q is a bounded domain in R™ and f is a real-valued, bounded function on
R, = [0,00). Here A is a real vector-valued function (called magnetic potential),
1 is a complex-valued function. V4 and V% are defined by V4 =V —iA, V is
the gradient operator and

V4Y = Ay —i[2A - Vip + (div A)p] — A% .

This type of operator is considered in Aramaki [ 2, [3] 5] and Pan and Kwek [24].
Associated with the magnetic potential A = (A1, As, ..., A,), define an anti-sym-
metric n X n matrix B = (B;;) called the magnetic vector field by

Bij:ariAjfamin for i,j:1,2,...,n.

Let us recall that superconductivity in two or three dimensional space can be
described by a pair (1, A), where ¢ is a complex-valued function called the order
parameter and A is a real vector-valued function called the magnetic potential,
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which is a minimizer of the so-called Ginzburg-Landau functional. The Euler
equation becomes

(1.2) {—Viw=m2<1—|w|2)w in Q,

v-Vay =0 on 0N

where 2 C R™ with n = 2 or n = 3 is a bounded domain and v is the outer unit
normal vector at 9€2. It is well known that any solution of satisfies || < 1 in
Q. If we choose a bounded function f on [0, 00) so that f(¢) = k%(1 —t) for [t| <1,
the first equation of is of the form .

In the superconductivity theory or the Landau-de Gennes model of liquid cristal,
it is important to know the third critical field H., or Q.,. It is associated with the
lowest eigenvalue of the magnetic Schrédinger operator of type fvg A L€,

V2,40 =p(qA)p in Q,
v-Veay =0 on 0.

If we put f(t) = u(gA) which is a constant, the first equation of is also of
form . For the superconductivity theory, see Lu and Pan [I7], [I8] and Pan
[22]. For the theory of liquid cristal with A = n which is a unit vector field, see
Pan [21]. Helffer and Mohamed [I5] and Helffer and Morame [16] have extensively
considered the eigenvalue problem for the magnetic Schrédinger operator of type
—V? forn > 2.

In the equation (T.2)), the nodal set {z € Q; ¥ (z) = 0} means the normal state
there. Pan [23] has studied the structure of the nodal set and the singular set
{x € Q; ¢¥(x) =0, V¢(z) = 0} of any non-trivial solution of in the three
dimensional domain.

In the previous paper Aramaki [4], we showed that the nodal set and the singular
set of any non-trivial solution of in the general n dimensional domain are
(n — 1) and (n — 2)-rectifiable, respectively.

For the second order linear elliptic equations with the real coefficients, there are
many articles on the nodal set or the singular set. For example, see Garofalo and
Lin [9], Han [11], [I2] and Han et al. [I3]. In particular, Hardt et al. [I4] proved that
for any non-trivial solution of a linear elliptic equation with real smooth coefficients,
the (n — 2)-dimensional Hausdorff measure of the singular set is locally finite.

However it seems that there are not many articles on the structure of the singular
set of complex-valued solutions of equations of type (cf. Elliot et al. [1]).

In this paper, we shall estimate the (n — 2)-dimensional Hausdorff measure of
singular set of any non-trivial complex-valued solution ¥ of .

We assume that

(H) AeL>(Q;R"),divA e L] (Q) withg >n/2ifn>4and ¢>2ifn=3,
and B € L (Q; R™).

Our main result on the singular set is the following.

Theorem 1.1. Let Q@ C R® (n > 3) be a bounded domain, assume that the
hypothesis (H) holds, and let i) € WIE’CQ(Q;(C) be any non-trivial complex-valued
weak solution of with V a1 € WE(Q:C") and foo == || F([¥]?)] (o) < o0-

loc

(1.3)
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Then there exists an integer M > 0 depending on 1, foo and ||Bl|p(q) such that
if, in addition, A € CM(Q;R"), divA € CM(Q) and f € CM([0,00)), then for
any ' € Q, there exists a constant C > 0 depending on M, 1, fuo, ||AllL=), &,
CM(QY") norms of A, div A, f(|1|?) for some Q' € Q" € Q such that

(1.4) H" ?({z € V0(z) =0,Vy(z) =0}) < C

where H" ™2 is the (n — 2)-dimensional Hausdorff measure.

2. PRELIMINARIES

In this section, we shall list up some propositions which are needed later and
held under the hypothesis (H). All the propositions and theorem are found in [4]
(c.f. [23]).

At first, we have the regularity of the solution.

Proposition 2.1. Assume that the hypothesis (H) holds and let i) € VVlicz(Q, C) be
any weak solution of (L.1). Then ¢ € VVif(Q, C)NCR.(8;C) for some o € (0,1),

and for any Bag(xo) € Q and 1 < p < q, there exists a constant C > 0 depending
on p,q and || Al q) such that

R*|D*Y| Lo (Br(ao)) + BRIV Lr (Br(ze)
< C{IYll e (Br(zo)) + RENF(012)0 — i(div A)Y|| Lo (B (o)) } -

Next, we state the doubling property of solutions. Let ¢ # 0 be any weak
solution of (1.1)). For any B,.(z¢) € 2, we define some quantities.

(2.1) Iumrw:ﬁ;()ﬂvAwF—fu¢me%dx

mmm:/ Mw&,Dmm:/ Vol de,
6B7»(ZE0) BT(IO)

rl(zo,r) rD(xg,r)
H(anT) ’ H(l‘O)r)
where dS,. denotes the surface area of 9B, (zg). Then we have

Proposition 2.2. Assume that the conditions of Theorem[I.1 hold for any non-trivial
weak solution ¥ € WH2(Q;C). Then there exist rq,co, N > 0 where rq depends
only on fo, and co and N depend only on Q, 1, foo and || B| 1 q) such that for
any 0 < r <ro/2 with Ba,.(xg) € 2, we have the following.

(1) M(I(M T) S €o,

(i)

M(xo,r) = N(zg,r) = it H(zo,7)#0

[ wparsr [ s,
By (o) 9B (z0)
and the doubling property:

(i)
[ wpa<ey [ P,
Bar(x0) B.-(x0)
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If ¢ # 0 is a weak solution of (|I.1]) and satisfies that faB”(IO) |v|2dS, = 0 for
some 0 < 1 < 19/2 with B, (z9) € €2, it follow from (ii) that fBr(zo) |¢|*dz = 0.

Therefore, from the unique continuation theorem (cf. Aronszajn [6]) or the doubling
property (iii) (cf. [9]), ¥ = 0 in Q. Thus we have

H(zg,r) = / 2 dS, # 0
aBT(IO)

for any 0 < r < rg/2 with Ba,.(zg) € 2, and so we see that M (zg,r) and N(xg, )
are well defined. From Proposition (i) we see that M(xzg,r) < c¢o for any
0 <r <rg/2 with By.(zg) € Q.

We get an important fact.

Proposition 2.3 ([4] or [23]). Assume that the conditions of Theorem [I.1] for any
non-trivial weak solution 1 € W2(;C) of (T.1). Then we have

loc
(2.2) }EI%) M(xo,7) = lli% N(zo,r) for any xo € Q
and the limit is a non-negative integer.
From this proposition, we can define the vanishing order of ¢ at zy € 2 by
Oy(zo) = rhi% M (zo,r) = rhi% N(zg,7) .
Of course, if ¢ is smooth enough, we see that
{Daw(mg) =0 for any a with |a| < Oy (o),
DP(xg) # 0 for some B with |8] = Oy(z0)
where D* = 9% = 9!l /9.
We note that the vanishing order of v is uniformly bounded in €2, i.e.,
(2.3) Oy(z) <cy for z€Q

where cg is the constant as in Proposition [2.2] (i) and depends only on v, Q, fs
and ||B||Loo(Q).
Next, we state the decomposition of the solution of (1.1)).

Proposition 2.4 (cf. [4], [23] and [I1]). Assume that the conditions of Theorem
hold for any non-trivial weak solution v of (1.1). Then for any 0 < R < ry/2
with Bag(xg) € Q, there exists an integer m > 0 such that we can write

(2.4) Yz +x0) = Pn(z) + ¢(2), = € Bgr(0)

where P, is a non-zero, complex-valued homogeneous, harmonic polynomial of
degree m, and ¢ satisfies

(2.5) |6(2) < Clz[™"* in Bgr(0)

for some o € (0,1), and a constant C > 0 which depends only on m, || A| =),
||div A||L2(an(mo)) and foo-
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We call P,,, = 9, the leading polynomial of ¢ at xy. We see that m is the
vanishing order of ¥ at g, so m = Oy(2¢) < co. Now we define the singular set of

¥ by
S() ={z € Q;0y(z) = 2}.
In the previous paper [4], we showed
Theorem 2.5. Assume the the conditions of Theorem [I_1] hold for any non-trivial
weak solution ¢ € WH12(Q;C). Then for any Q' € Q, S(x) N Q' is countably
(n — 2)-rectifiable, more precisely, if we define
S«(¥) = {x € S(v); the leading polynomial of v at x is a polynomial
of two variables after some rotation of coordinates} ,

then S() N Q' \ Si(¢) is countably (n — 3)-rectifiable. Thus
(2.6) H*2(S(W) N\ Su(3) = 0.

3. ESTIMATE OF THE SINGULAR SET

In this section, we shall estimate the Hausdorff measure of the singular set of
any non-trivial weak solution of (1.1]). In addition to the hypothesis (H), we assume
that for an integer M > 1,

(K)m A€ CM(Q;R™),divA e CM(Q) and f € CM([0,00)).

In the following, for any given Q' € Q, we always choose

Q' = {z € Q;dist (x,00) > min(ro,dist (?',090))/3},
where r( is as in Proposition 2.2} and define
(81)  AQ") = [Algam + AL gy + [div Aless oy + £ P oo
if » € CM.(€2; C). We also use the notations

[DIg()| = Y (DY ()],
181=i
|D?(x) = D (y)| = [ D7 (9(x) — ¢ (y))] -

At first, we obtain the regularity of any solution of (1.1]) under the hypotheses
(H) and (K)ars.
Proposition 3.1 (Regularity). Addition to the hypothesis (H), assume that (K)as
holds for some integer M > 1. Let i) € VVliCz(Q, C) be any weak solution of (1.1).
Then ¢ € CMT1*(Q;C) for some o € (0,1). Moreover, we have the Schauder type
estimate: for any QO € Q, there exists Ry > 0 depending on n, M, a, Q) and A(Q")
such that for all0 < R < Ry and zy €

M+1 .
Z R? sup |D7y(z)
= x€BR(xo)
DM+1 _ DM+1
4 RMHHe g | ¥(z) Yl <C sup |Y(x)]

z,y€EBR (o) |‘T - y|a z€Baor(zo)
THy
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where the constant C' depends on n, M, o, Q, Q' and A(Q").

Proof. By Proposition we see that 1 € C2(Q;C) N W24(Q;C) for some
a € (0,1) and 1 satisfies the equation (I.1). We note that A € CM(Q;R") —
O =he(Q; R™). Similarly, div A, |A]? belong to CL~1*(9). Since f € CM(Ry) —

CMLYR,), we have f([9]?)y € C2. (9% C). Therefore, it follows from Gilbarg
and Trudinger [I0, Theorem 9.19] that ¢ € CIZOCO‘ (€; C). By the boot-strap method,
we see that ¢ € CrTh(Q; C).

Next, we shall get the estimate. In order to do so, we write (1.1) into the form:
(3.2) — AY+20A -V + (i(divA) + [AP) Y = f([9]*)y in Q.

We simply write 3R; = min (ro, dist (Q, BQ)) and we choose Q" as above. Then
for any 0 < R < Ry and xg € /, Bag(xg) C Q’. We shall apply the Schauder
estimate [I0, p.142] in Bag(xo). We use the following notations as in [I0]. For
g€ Ck,a (Br(‘TO));

(o) (@) (o)
1915 0 Bo (20) = 19158, (20) T 9.0, B, (20) -

where

k
9k oy = > sup diF7|DIg(a)],
j:OmeB'r'(‘TO)
Dk _Dk
sup dﬁawl g(z) 9(y)|

2 yEBL(z0) o —yl®
TFY

)

— 140
Z,a,BT(xO) - |g|k,a,Br(a¢0)’

d, = dist (x, 3BT(xo)) , dgy =min(d,,dy).

lg

It follows from the hypothesis (K)s that
(1) : (2) 2)(2)
|A|M—1,a,BgR(x0) + |d1VA|M—1,o¢,BgR(xU) + ||A‘ |M—1,o¢,BgR(xo)
< OA(Q") < 0

for some constant C' depending only on 2. Therefore we can apply the result of

[10] to (3.2) to get
* 2
(33)  [¥lhrstaBante) < C(%l0Banto) + LIV o Bonies))

where C' depends on n, M, «, Q2 and A(Q").
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We estimate the last term in the right hand side of (3.3)). Since
P € CMHLa(Byp(xg)) € OMFLY(Q7) (M > 1), we have
M—1

M—-1
sup I |DI[f([(@)P)p(@)]| < C Y sup  diPE|DIg(a)

=0 r€B2r(x0) j=0 x€B2r(x0)
M-1
<CiR*Y . sup d DM ()]
=0 x€B2r(z0)
where the constant C; depends on A(Q”). Similarly we can estimate

g+ (DM f (@) P)e ()] = DM ([ ()2 ¢ )]

sup . -
z,y€Bar(z0) |95 - y|
TF#Y
—  sup  dMtlte |DMf ([ () )¢ (@)] = DM f ([0 ()P ()]l
z,yEBar (o) oy |.23 - y|
TFy
X |o —y[t e
M
<Gy s sup dfFDIGG) e -y

j=0 ®:YEB2r(20) 2EB2r(z0)

M
< C3R*Y . sup  d|DIy(2)]
j=0 Z€B2R(IO)

where the constant C3 also depends on A(Q”). Thus we see that

2 *
PP o panony < CaR2Tr 1 0 Bonoo)

where C; depends on A(Q2”). If we choose Ry > 0 so that CCy;R% < 1/2 where C
is as in (3.3) and Ry < Ry, then it follows from (3.3 that for all 0 < R < Ry

|’¢)|7\4+1,(1732R(x0) < C|¢|0732R(7«'0)
where the constant C' depends on n, M, o, Q and A(2”). Since
d, = dist (z,0Bagr(x0)) > R for © € Br(zg), we obtain the conclusion. O
We choose an integer M > 1 in Theorem so that

(3.4) M > 2c3

where cg is the constant as in Proposition (). We note that it follows from

that the vanishing order of ¢ is uniformly bounded in © : Oy (z) < ¢ for all € Q.
Let 9 be any non-trivial weak solution 1 of and Q' € Q. Then for all

zo € Q' and 0 < R < Ry where Ry is as in Proposition 1) has a decomposition

in BQR(Z‘()) e Q"

(35) 1/1(95 + 370) = Pm(x) + ¢(17)7 LS BR(O)

where P, is a non-zero complex-valued homogeneous, harmonic polynomial of
degree m and ¢ satisfies (|2.5]).
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We estimate the remainder term ¢.

Lemma 3.2. Assume that the hypotheses (H) and (K)y hold. Then in the decom-
position of ¥ in (3.5), ¢ satisfies

, CRm=+e | j=0,1,...,m,
D7 ¢(z)| < ,
C, j=m+1,... M+1
in Br(0) where the constant C depends on n, M, Q and A(Q").

Proof. Since P,, is harmonic in R", we have
A¢(x) = 7A’l/)(l’ +I0) in BR(O)

Therefore we can apply the Schauder estimate as in the proof of Proposition [3.1]
S0 we can get

M+1
ZRﬁ sup |DY ()|
IGBR(O)
M—1
<cf sw jo(@)+ Y R sup |DIAG()|
z€BR(0) =0 zE€BR(xo)
DIA — DIA
(3.6) 4+ RM+1+a sup | () - w(y)‘}
z,yEBR(zo) ‘LE - y|
TFY

where C' depends on n, M and 2. We write the equation into the form
At = 2iA - Vi +i(div A + [AP% — f([¢]*)

Then applying Proposition we shall estimate the last two terms in (3.6)). In the
following we denote constants depending only on 2 and A(Q"”) by C' which may
vary from line to line. For 0 < j < M — 1, we have

R sup  |DIAY(@)]

x€BR(xo)
=R sup  |DY[2iA -V +i(div A)y + AP — f([[)9]|
zE€BR(xo)
Jj+1

<SCRIT2Y " sup  |DRy(a))
k=0 zE€BR(zo)
J+1
<CRY R* sup |D*(z)|
h—0 zE€BR(zo)
<CR sup [|¢(z)|<CR™.
z€Bagr(x0)
We can similarly estimate the last term in (3.6)). Thus we get
M+1

ZRJ sup |Dig(x)| < C{ sup |g(x)|+ R™H} < R
z€BR(0) z€BR(0)
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Therefore, for 7 =0,1,...,m, we have

|Dig(z)| < CR™ 9+ in  Bg(0).
For j=m+1,..., M + 1, since D’ P, = 0, we see that Di¢(z) = DI¢(x + x0) in
Bpr(0). Thus we have

|D/¢(x)| < sup |D?¢(z)| < sup [D7y(x)| < C; in Bg(0).
zEBR (o) zeQ

This completes the proof. ([

Now we show a property of a complex-valued harmonic polynomial.

Lemma 3.3 (cf. [13]). Let P be a complez-valued non-zero homogeneous, harmonic
polynomial of degree m > 2, and of two variables in R™. Then there exist §4, 7. > 0
depending on P such that if ¢ € C*™ (By(0);C) satisfies lo = Plcem? (g, 0y:c) < 05
then

Hn—2<‘V(P|_1{O} N BT(O)) < c(n)(m _ 1)27,,n—2
for all0 <r <r,.

Proof.

Step 1. It suffices to prove the case where P and ¢ are real-valued.

In fact, assume that Lemma[3.3| holds for the case where P and ¢ are real-valued.
Let P and ¢ be complex-valued functions satisfying the hypotheses in the lemma.
Since either of RP or P is non-zero, let RP # 0. We choose 6, and r, corresponding
to RP. If | — P\szz(Bl(O);C) < Oy, then Ry — %P|Cgmz(31(0);c) < 0,. Since
V| 71{0} C |[VRp| {0}, we get the conclusion.

Step 2. We shall show the lemma for the real case. Though the proof is identical
as [I3} Lemma 3.2], we introduce an outline of the proof. We choose a coordinates
T = (T1,T2,...,Ty) € R", and the polar coordinates T; = rcosf, Ty = rsinf in
R2. By the hypothesis on P, we may assume that

P(Z) =r™cosmb .
Then we have

D~ P(Z) = mr™  cos(m — 1)8,

x1

D~ P(Z) = mr™ tsin(m — 1)6.

X2

By the formulae:

COS(m _ 1)9 — 2m—2 Wﬁl Sin (6 + M)
st 2(m—1)/"
m—1 ( . 1)

sin(m — 1)§ = 2m~2 H sin (9 + %) ,

r=1
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there exists 2(m — 1) non-zero vectors vi € R? (i = 1,2,k =1,2,...,m — 1) such
that

m—
H :Cl,ajg for i=1,2.

We note that

(3.7) det (v, 1)) #0 for (i k) # (4,1)

and D~ P(F) =0 for i = 3,4,...,n. Here for v}, = (v} ,,v} ,) € R?, det(v}, vl) =
i J

det V?’l yljl). We take a change of coordinates * = Ox with an orthogonal

Vka Via
matrix O = (0;;) to be chosen. Let n; = (01;,02;) € R?, i =1,2,...,n. Then we get

Dy, P(x H v+ (N Vli)xn)
k=1
m—1
(3.8) +oai [] (O -vi)wr+ -+ (- vD)an)
k=1
fori=1,2,...,n. We note that if D,, P(z) does not vanish, it is a homogeneous

polynomial of degree m — 1, and that (3.8]) contains only first two rows of O. For
any 1 <i < j<n and p € R", we define two dimensional planes

Plj(p) = {<p17 sy Pi—1,Tiy Pidly ooy Pj—15L5, Pj41y -« - 7p’n)}
and P;; = P;;(0). Then it follows from (3.8)) that

m—1
(3.9) (Dmpmij) = <OH 02i> ( h=1 ((m~1fé)m+(nj'vé)“)>
Dy Ple; ) \ovg 035) \ILS ((ni - v)as + (- vR)ay)
If we require that
N 01;  O1j
(3.10) det(%ﬂj) = det (022, 02j) 70,

then that D, P = D, , P =0 on P is equivalent to

m—1

H -vp)ai + (- vi)zg) = [T (- v)i + (ny - vi)a;) = 0.

k=1

Byand- forany 1 <k, Il <m—1,
det (Ui . V’E e ) = det(n;, n;) det(v}, v}) #0.
v My
Thus if we require that in the orthogonal matrix O,

det (O” OQi) £0 forall 1<i<j<n,
015 025

we obtain that for fixed 1 <i < j < n, f;j = (Da, P, Dy, P)|p,, : R* — R? has only
one zero at x; = x; = 0. If we replace (x;,z;) in (3.9) with (2, 2;) € C?, we see
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that f;;: C* — C? has also only zero at z; = z; = 0. We apply [13, Theorem 4.1]
with n = 2 due to Hilbert’s Nullstellensatz. For fixed 1 < i < j < n, there exist
d;; > 0 and r;; > 0 depending on f;; such that for any v € CM(Bf/Q(O);RQ) with
IU — fij|CM(Bl/2(0);R2) < 52‘]‘, we have

(3.11) card (v™'{0} N B (0)) < (m —1)?

where B2Z(0) denotes the ball centered at the origin with radius r in R? and
M = 2(m — 1)* which is independent of 4,j. Put §, = 1 mini<icj<n d;; and
T« = Mminj<;<;j<n ;. Moreover, we assume that ¢ € c2m’ (B1(0);R) satisfies
lp— P|02m2(31(0),R) < d,. If we take r, smaller if necessary, for any 0 < r < r, and
for any p € B;(0), vijp := (D, 9, Da; )b, (p) satisties |vij, — fij|c]\/I(Bf/2(0);R) <
20 < d;5. Hence from (3.11))
—1 2 2

card (v;;,{0} N B;(0)) < (m —1)°.

Since |Vp|~1{0} NP;;(p) C v;j}p{O}, if we set the projection
7Tij((E1, e ,.’En) = (.’L’h e 7.’)3‘¢,1,£L'7;+17 e axjfhijrlv e ,,’L‘n) s
then for any ¢ € B?72(0) CR" 2 and any 1 <i < j <mn,
card (|Vgp\71{0} N 71'1-;1((]) N BT(O)) < (m—1)2.

By the general area-coarea formula (cf. Federer [8, 3.3.22] or Morgan [20, 3.13]),
we have

H' (Ve =10} 1 B, (0))

> / o (IV] {0} N 752 (q) (1 B, (0)) dH" g
B 2(0

1<i<j<n
(3.12) <c(n)(m —1)*""2.
Since M + 1 =2(m — 1)?2 + 1 < 2m?, this completes the proof. O

Now we can get the following

Proposition 3.4. Assume that the conditions of Theorem [I.]] hold. Then for any
Q' € Q and any € > 0, there exist C(e) = Ce" 2 and v(g) = ve" 2 where C' and
v depend on v, Q' and A(Q"), and a collection of finitely many balls {B,,(x;)}:
with r; <e, z; € S(Y) NQ such that

W2 (@) N\ B (@) < CC).

S,

Proof. By (2.6), we have H"~2(S(¢) N\ S, (1)) = 0. Therefore (n — 2)-spherical
measure of S(¢) N Q' \ S«(v¥) is equal to zero (cf. Mattila [I9, p. 75]). Thus for

(3.13)
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any € > 0, there exist at most countably many balls {B,,(z;)} with r; < ¢ and
x; € S(Y) N Q' \ S.(¢) such that

> i < (e, Q)

where y(g,9,Q') — 0 as e — 0.

Then we shall show the following claim.

Claim: For any y € S, () N, there exist R = R(y, 4, Q") and ¢ = ¢(y, ¥, Q)
with R < Ry where Ry is as in Proposition [3.1] such that for any 0 < r < R,

H"2(S() N N B, (y)) < er™ 2.

Here R and ¢ depend only on y, ¢, ' but also on A(Q").
We prove the claim. Let y € S.(¢)N€Y'. By the construction of Q”, Bag, (y) € Q.
If R < Ry, it follows from Proposition [2.4] that we can write

(z+y) = Pu(z) +¢(z) in Bg(0)

where P, is a non-zero homogeneous, harmonic polynomial of degree m > 2 of two
variables after some rotation of coordinates, and from Lemma [3.2] we have

‘ CR™ it j=0,1,....,m,
|D?¢(x)| < .
C j=m+1,...M+1
in Br(0). If we choose R = R(y,, ) small enough with R < Ry, we have
1 *
(3.14) ‘md) <4,
B o Broie
where 4, is as in Lemma [3.3] In fact,
1 M1 _
— — v Di
)Rm ¢ CM+1(BR(0);C) Rm zebgp(o) D7 é()l

m M+1
<C[Z£m3mﬂ+a+ _Z w
7=0 j=m+1

< CR*

where C depends on y, ¥, Q and A(QY”). Thus if we choose R > 0 small enough,
we get (3.14). That is to say, we have

| (6 +9) — P)

—~

*

CM+1(Br(0);0)

By scaling:  — Rz and using the homogeneity of P,,, we have

1
Sy + Re) = P(2) <.

CMH1(B1(0);C)
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Since from and ( . M > 2c¢¢ > 2m?, we can apply Lemma to W (y +
Rz) and get

c(n)(m —1)*r""% > H" 2 ({2; Vo (y + Rz) = 0} N B,(0))
e o )

SH' 2 (IVY[ {0} N B.(y))

Rn
for all 0 < r < r,. Here we may assume that R < 1. Therefore, we get
(3.15) H'2(|Vy|7H0} N Be(y)) < e(n)(m —1)%m 2

for all 0 < r < Rr,. Since we can replace R with a smaller one, we can take Rr, < e.
Thus the claim holds.
Therefore, since

Se W) C U Br(y) (y) 5
yESL(Y)
we have

SH)NQ = (S) N\ S () US.(v)
C U BT’i (xz) U U Br(y) (y)
i YES.(¥)

Since S(1)NQY is relatively compact, there exist finitely many z; € S()NQ'\ S, (¥)
(t=1,2,...,k=k(e,¢)) and y; € S,(¥) (j =1,2,...,1=1(e, 1)) such that

k

l
S(’@[J) na' c U B’I‘i(xi) U U st (yj)
j=1

i=1
and

k
Zr? 2 < Ze” 2= (e, ) = ke" 2.
i=1

i=1

Thus it follows from the claim that

Hn%&WﬁQ\OBM%»

MN

H"72(S(4) N Q' N By, (y5))

.
I

I/\
&MN —

<
Il
—_

l
Z = Cle" 2.

This completes the proof. O

Finally, we have
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Theorem 3.5. Assume that the conditions in Theorem hold. For any Q' € Q,
there exists a constant C' > 0 depending on 1, Q' and A(Q") such that

H(S(W)NQ) < C.

Proof. Let 0 < R < Ry where Ry is as in Proposition[3.1} Since {Bg(z)}scq is an
open covering of a compact set €/, there exists finitely many points z1, . . . Ty €
such that ' C Ufil Bg(z;). We put a collection of the balls ¢g = { Br(z;)}¥ .
Fix any € > 0. Then we have the following

Claim: There exist collections of balls ¢1, ¢2, ... such that for any [ > 1,

(i) rad (B) < (2¢)'Ry for all B € ¢; where rad (B) denotes the radius of the ball
B.

(ii) The center of B is contained in ' for all B € ¢.

(i) - peg, (rad (B))" 2 < 7(e)".

(iv) H*2(S(y) NN (UBG(M_1 B ~Upeg, B)) < C(e)y(e)'" where () and
C'(e) are as in Proposition

First, we show that the claim implies Theorem [3.5 In order to do so, we show
that

S(w)ﬂQ’CG(S(w)OQ’ﬂ( U B~ UB))
=1

Bepi-1 Beg,
(3.16) u (sw)m'm (U U B)).
1=0 j=1 BEg,
In fact, let p € S(¢) N Q' and assume that
(3.17) r¢ |y B~ B
Begi—1 Beg

for all [ > 1. Since p € Upe,, B, clearly p € S(1)NQ'N (U;io Uses, B). It suffices
to show that for any & > 0,

(3.18) pe (k] (sw)rm’m (G U B)).

j=l BE®;

We show (3.18))) by induction on k. When k = 1, by (3.17), p ¢ (UB€¢0 B)\
(UBE¢1 B) and p ¢ (UBe¢1 B)\ (UB€¢0 B). Since p € Upeg, B: Wwe see that

peswn@'n( |J B) cswnen (UUB)

Beg j=1 Beo;
Thus we have
1 e’}
re) (S(¢)mQ’m (U U B)).
=0 j=l Beg;

Therefore (3.18); holds. Assume that (3.18)); holds for j < k (k > 1). Then
peSH)NQ and p € U;’ik UBG% B. That is to say, for some 7 > k, p € UBG% B
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If j > k+1, then p € U;’ik_H UBe¢j B. Hence (3.18)441 holds. If j = k, then

p e UBE¢ B. From » D€ UBeaﬁkH - UJ —k+1 UBe¢ B. Thus (3.18)x41
holds. T herefore k holds for any k > 0.
From , we see that

H"-z(sw)mg’)giﬂn-2(s NN ( U B~ U B))

Begi—1 Beg;
. n—2 /
+%QE;B%jH (S(W)NQ' NB).
Here it follows from that
H"2(S(y) N Q' N B) <H"2(|Vy| {0} N B)
< e(n)(m —1)*(rad (B))"™* < ¢(n)M (rad (B))
Therefore, from the claim, we have

H'2(S(y) N Q)

€) ;7(5)l71 + C(n)M}EEZ Z (rad (B

~ j=l Beg;

n—2

o0

&)Y (e +e MZH;EZV
=1

If we choose € > 0 small enough so that y(¢) < 1/2, we have
H'2(S(¢) N Q) < 2C(e).

Thus the theorem holds.

Finally we prove the claim. Note that ¢9 = {Br(z;) k"l is independent of €.
We shall construct {¢;};>1 by induction on [. Assume that we have constructed
G0y D1y, P1—1 (I > 1). Let B = B.(y) € ¢i1-1, (y € ). If we choose £ > 0
small enough, if necessary, by induction hypothesis, r < (2¢)'"'Ry < Ry. Then
Bo,.(y) € Q and 1) satisfies the equation

—Vay = f([Y1*)¢ in Bay(y).

By Proposition replaced € with er, there exist a finitely many balls {B,, (z;)}
with r; <er and z; € S(¢) N Q' N B,.(y) such that

(3.19) Hn2 (S(z/)) NQ' N B,( (U B, (z; )) C(e)rn=2

and
ZTZFQ <A(re)" 2 =y(e)r" 2.

Let ¢f = {Br,(z:)}i and ¢y = {¢{’} peg,_,- Then
r <er <e(2e) 'Ry < (2¢)'Ry.
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Thus (i) in the claim holds. (ii) is clear. Since

S (rad(B)" = Y Y2 <aene) =),

Beg, Begi—1 i

(iii) holds. It follows from (3.19) and the induction hypothesis that

H"‘Q(S(qp)mﬂ’m( U s~ U B))

Begr—1 Beg;

< Y H"‘2<S(w)mQ’mBr(y)\(UBri(m)))

B (y)€di—1

< C(e) Z 2 < Ce)y(e) .

B (y)€Epi—1

This proves (iv). Thus the claim holds. This completes the proof of Theorem
3.0 0

n
2
3
4

5

It is clear that this Theorem implies Theorem
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