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KYBERNETIKA — VOLUME 46 (2010), NUMBER 3, PAGES 501-512

MAXIMAL SOLUTIONS OF TWO-SIDED LINEAR
SYSTEMS IN MAX-MIN ALGEBRA

PAVEL KRBALEK AND ALENA POZDILKOVA

Max-min algebra and its various aspects have been intensively studied by many authors
[1, 4] because of its applicability to various areas, such as fuzzy system, knowledge man-
agement and others. Binary operations of addition and multiplication of real numbers used
in classical linear algebra are replaced in max-min algebra by operations of maximum and
minimum. We consider two-sided systems of max-min linear equations A ® z = B ® z, with
given coefficient matrices A and B. We present a polynomial method for finding maximal
solutions to such systems, and also when only solutions with prescribed lower and upper
bounds are sought.
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1. INTRODUCTION

Max-min algebra (R, ®,®) is the set R = R|J{—00, 00} equipped with operations
® = min and & = max. These operations are used instead of the operations of mul-
tiplication and addition, respectively. Algebraically, max-min algebra is an idempo-
tent semiring. In many application, the operations maximum and minimum can be
considered for fuzzy relations [6]. Fuzzy relation equations are important in dynamic
systems, knowledge engineering and other areas.

Max-min algebra belongs to the family of so-called extremal algebras. Interval
systems in extremal algebras were investigated by [3], two-sided systems in max-plus
algebras were studied by [2]. Two-sided systems of max-min linear equations are also
treated in [5].

In this paper an approach to solving the two-sided problem is described. Suppose
A, B are two matrices of dimension m x n and z is a vector of unknown values of
dimension n x 1. The main problem is to find a maximal solution of system

A®r=B®ux, (1)

sets of indices M = {1,2,...,m}, N = {1,2,...,n}. The second section describes
how to find the maximal solution for two-sided problem for system (1) of dimension
(1,n), as well as solutions with prescribed lower and upper bounds (in a remark).
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Section 3 presents an algorithm with complexity O(m?n), which finds the maxi-
mal solution for system (1) with dimension m z n, and also when upper and lower
bounds for the solutions are given apriori. The theoretical results are accompanied
by numerical examples.

2. MAXIMAL SOLUTION FOR MATRICES A, B OF DIMENSION (1, N)

In this section we are finding the maximal solution of the system (1) for given
matrices A, B of dimension (1, n) without restriction, and also with lower and upper
bound constraint for the solution. In more details, the equation can be written in

the form
X1 A

(au aig ... a1n>® :(bll bia ... b1n>® , Oor
In Tp

(011 Q21) B (012Qx2) B ... B (A1n ®Tpn) = (011 @ 1) B (b12Qz2) B ... B (b1, @ Ty)

Equivalently, we are looking for maximal values of the unknown vector x satisfying

the equation
n n

Play; @) = Pby; @ ).
j=1 j=1
Let us denote

j=l..n

n n

a = ‘mlax (au,...,aln):@alj, b= ‘mlax (bll,...,bln):@blj.

) Jj=l..n )
Jj=1 Jj=1

There are 3th three possibilities: a = b, a < b, or a > b. The following lemmas
describe the first two cases; the third is similar to the second one.

Lemma 2.1. If a=b, then Z = (00, 00,...,00)T is the greatest solution of linear
system AR z= B ® .

Proof. Let a =b. Direct computation shows that T is the solution of (1):
L = A®f:®(a1j ®OO) =

n

Jj=1 Jj=1
n

Jj=1

(a1) = a,

P-

R = BeT=(bh;®o0)=E(b;) =0

J=1

Thus L = R holds and T is the solution of system (1). Obviously T is the greatest
solution. ]

Lemma 2.2. Let us denote Ny = {j € N : a;; > b}. If a > b, then z =

(%1, %2,...,%Z,)7 is the greatest solution of linear system A ® z = B ® z, where
T b if je Ny
77 oo otherwise,

forj=1,...,n.
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Proof. Assumption a > b. We can verify by direct computation, whether T is a

solution:
n

R=BeT=@)(b,®T;) <b.
j=1
There exists k € N, for which by = b holds true, R > (b®7%;) =b, for j = 1,...n,
hence R =b. Then Z; = b for j € N; and T; = oo for j € N — N;. We have

n

L=A2Z=P(a;27)= | Pa;eb) |e| P (am;ex)

j=1 jEN: JEN—N;

=b® @ aij =b.

JEN—N;
Therefore L = b = R and T = (T1,T2,...,%,)7 is the solution of system (1).
It remains to prove that T is the greatest solution. The proof will be done by
contradiction. Let 2’ = (2}, 2}, ...,2,)T be a solution of (1). Suppose that T is not

greater than x’. There exists k € N with T, < z},. Then necessarily T), # oo, hence
k € Ny and a; > b = Tj. By substituting 2’ into the original system (1) we get:
L' > ap ® x}, > b, because ar > b and z}, > Ty, = b. On the other hand R’ < b,

hence L' # R’ and 2’ is not a solution. O
T T

Example 2.3. (3 7 2)® To =(4 2 5)® To ,
T3 T3

n

az@(alj) =1, b:@(blj) =5,a> b,

Jj=1 Jj=1

3

so according to Lemma 2.2:
T1 = 00,T2 = b, because ag > b, Ty = 00, 80 T = (00,5, 00).

Remark 2.4. Maximal solution with given lower-bound constraint (I1,...,l,)T <
(w1,...,2,)T is defined analogously as the maximal solution without restriction. If
the maximal solution without restriction is not greater than or equal to the given
lower bound [, than system AQx = B®x,l < x has no maximal solution. Otherwise
solution is the same as the solution of the system without any restriction.

2.1. Maximal solution of A ® + = B ® ¢ with defined upper bound for
matrices A, B of dimension (1,n)

We are finding maximal existing solution T = (T1,Te,...,T,) of linear system
A®T = B ® T, matrices A, B of dimension (1,n), with constraint condition
(1, . 20)T < (ug, ... un)T.
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Denote a« = A® u, b = B ® u. There are three possibilities: ¢ = b, a < b, or
a > b. The following two lemmas describe the first two cases; the third case can be
described analogously as the second case.

Lemma 2.5. If a = b, then vector u = (uy,us,...,u,)T is the greatest solution of
linear system A ® z= B ® z with upper bound u.

Proof. Let a =b. Direct computation shows, that « is the solution of (1):

n

L=a®u=@(a1j®uj)=a

j=1
and
n
R=b@u=EHbr; ®u;)=b
j=1
and because u is the upper boundary, u is the greatest solution. O

Lemma 2.6. Let us denote No = {j € N : a1; @ u; > b}. If a > b, then the
greatest solution of linear system A ® x = B ® x with the upper bound u is the
vector Z = (1,2, .., )" defined as follows:

xj =

_ b if je N
Uj otherwise,
forj=1,...,n.
By definition of Z, we have z; = b < a1;®u; < borz; = u; <wuj, forj=1,...,n.

Proof. Let a>b. We verify by direct computation that T is a solution of (1):

R=BoT=(b,;®7;) <b.

j=1

There exists k € N, for which by ® ur = b holds true, R > (b®7T;) =, for j € N,
hence R = b. We have

n

LZA@EZ@(CLU ®fj): @(CLlj@b) ® @ (a1j®uj)

j=1 JEN1 JEN—N,

=b® @ (a1j®uj) =b.

JEN—N;

Consequently L =b = R and T = (T1,T2,...,%,) is the solution of system (1).
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It remains to prove that T is the greatest solution. The proof will be done by
contradiction. Let 2’ = (2,25, ...,2")T be a solution of (1). Suppose that 7 is not
greater than 2. There exists k € N with Z, < 2}.. Then necessarily Ty, # us, hence
k € Ny and ay; ® ug > b = Ty. By substituting 2’ into the original system (1) we
get: L' > (a1 @ u) ® x), > b, because aix @ ug > b and =), > T = b. On the other

hand R’ < b, hence L’ # R’ and ' is not a solution. O
1 1 11
Example 2.7. ( 10 8 10 )® To = ( 9 9 9 )® To ,U = 11
T3 T3 11

Set x =u,a(r) =A®u=10,b(z) = B®u =9,a(x) > b(x), so according to
Lemma 2.6: Ty = 9, because a1 ® x1 = 10® 11 > 9,73 = 9, because a13 ® x3 =
10 ® 11 > 9. There is the maximal solution Z = (9, 11, 9).

Lemma 2.8. Assume a > b and denote Ny = {j € N : a;; ® u; > b}. Suppose the
interval solution z:

u%‘._{<b,b> if j € Ny
77 <byu; > otherwise,

forj=1,...,n.

Interval solution £ means that value Z;, j € N, defined by Lemma 2.6 can be
changed to a value from the interval £; . Then Vz € 2 holds A® & = B ® 2 and
moreover:

ARit=A®Rz, Bi=BQz.
Proof. We can verify by direct computation that & is a solution of (1), then:
a)z=bforje N — Ny

n

R=Boi=@Pb,ei)=|P0,eb)|e| @ @,0b)]=bab=>h

j=1 JEN2 JEN—N,

LZA@JA}:@(GU(@@]'): @(a1j®b) ® @ (a1j®uj) =b.

j=1 JEN, JEN—N,

Hence holds L = b = R and 2 is the solution of system. O
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Example 2.9.
T T 20
T | _ T | 20
(9 18 7 11)® Zs =(10 10 4 9)® o R
T4 T4 20

According to Lemma 2.8 there is interval: &7 = (b, u1) = (10, 20),
Zo = (b) = (10), &3 = (b, uz) = (10,20), &4 = (b) = (10).

Lemma 2.8 about interval vector & will be used in the proof of theorem 3.7 in the
next section.

3. MAXIMAL SOLUTION FOR MATRICES A, B OF DIMENSION (M, N)

Algorithm. Maximal solution of linear systems equation z = (1, Z», ..., T,)" is
establihed by the algorithm with four steps. Let us define system A ® z = B® z and
matrices A, B of dimension (m,n). Algorithm works in cycles and identifies Z* in
cycle k and computes with

w(@)=Payod, b@") =Py
j=1

in ith row. Variable k is increasing during the algorithm. FEach row of system
is chosen only once. The maximal possible number of cycles in the algorithm for
(m, n) equals to number of rows in system, so k € {0,..., K}, K < M, K is number
of cycles.

T =0

Initial values before first cycle are k=0, u = (00, 00, ...,00)*, Z° = u.

Step 1. Set k = k + 1. Exchange left and right hand side if necessary according
to inequality

ai(@ 1) > () (2)

at the beginning of each cycle.
Step 2. Select ith row of system (1) for next computing such that

M, ={reM: a, (1) # br(fk_l)} (3)
i € Iy,

I, = {Z c M, : bi(.fk_l) = zglﬁi bi(l‘k_l)} . (4)
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Step 3. Find solution in the ith row, iy = ¢ € Ir. The solution in the ith row

is denoted as z* and will be formulated according to Lemma 2.6 with upper bound
wk—1
X b

n

by, = @ (bikj ® E?il) (5)

j=1
Jr={j €N :a;; 5" > b} (6)
J T, otherwise,

forj=1,...,n.
Step 4. Check whether z* is the solution to A ® ¥ = B ® z*. If yes, 7" is the
maximal solution and stop the cycle, else continue with Step 1.

Lemma 3.1. Assume z* is defined in the ijth row according to the Step 3 in the
k-cycle. Then Z* can be changed to a value from the interval &*:

ok (br, br) it jeJg
i <bk,f?*1> otherwise,

for j=1,...,n, and

iy, (j’.k) = bik (zﬁk)

Proof. Lemma 2.8 defines the interval solution & to the maximal solution z with
defined upper bound u for matrices of dimension (1,n):

[ ifjen,
T (byuy) otherwise,

forj=1,...,n.

Analogically Step 3 defines the maximal solution Z* with defined upper bound
Z*=1 for the i;th row, then:

Lﬁk L <bk,bk> ifj € Ji
i <bk,f?*1> otherwise,

forj=1,...,n. O
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Lemma 3.2. Assume Z" is defined according to the Step 3 in the k-cycle and zF~1
is the maximal solution in the (k — 1)-cycle then

k< L

Proof. According to the algorithm f;fl > Q4,5 ®a’c§71 > b = ff if j € Ji, hence
gk < k-1, O

Let us denote

Sy ={s€M—1I;: b (") > b}, S0 = {s € M — I}, : by (") < by, }.

Lemma 3.3. Assume by, is defined in the k-cycle (computed with the upper bound
#F~1) and by is defined in the (k4 1)-cycle (computed with the upper bound z*).
Then

br+1 > by.

Proof. According to the minimal b; = by, (4), ¥ results from lowering certain

coordinates of 7! to the level by then such s € S; that as(z*¥) > bs(z*) and
bs(Z") > by,. Then for minimal by, s € S; in the next cycle holds b, = by hence
b1 > bg. O

Lemma 3.4. Assume z* is defined according to the Step 3 then for such s € Sy,
holds that:
as(z%) = by (z%).

Proof. According to the Lemma 3.1 solution Z* for sth equation can be changed
to a value from the interval ¥ := (by, z*~1), in the concrete such value is by, in
(k 4+ 1)th cycle and according to Lemma 3.3 bg11 > by is in the interval. O
Lemma 3.5. According to the Jj (6) certain a’c;c is specified then this coordinates
is not changed in l-cycle, | > k,l < K.

Proof. Suppose 9?5 can change in I-cycle, | > k,I < K then a;,; ® 9‘02_1 > by, but
fé_l = b1 and b;—; < b; according to Lemma 3.3. Hence b;_1 < b < a;,;5 ®a’c§»_1, a
contradiction. O

Lemma 3.6. A maximal solution to the system (1) does not exceed the maximal
solution to any equation computed in the Step 3 of the algorithm.



Maximal Solutions of Two-Sided Linear Systems 509

Proof. Byinduction, ! is computed with the upper bound z°, that is the maximal
solution according to Lemma 2.6. Then there exists k such that maximal solution
does not exceed zF. The proof will be done by contradiction. Let Z > Z* be a
solution. Then necessarily Z cannot be greater than upper bound z*~!, hence z;,
Jje Jp. WegetZ; >a;;® f;fl > by, then ax(Z) > br(Z) and Z is not a solution.
Hence ZF does not exceed the greatest solution then it does not exceed z*+1. O

Theorem 3.7. The maximal solution Z for system A®x = B®x and matrices A, B
of type (m,n), sets of indexes M = {1,2,...,m}, N ={1,2,...,n} is defined by the
polynomial algorithm defined above. Then Z¥ is the maximal solution according
to the polynomial algorithm defined above. The complexity of the algorithm is
O(m?n).

Proof. From Lemma 3.6, it follows that the greatest solution to A® x = B®
does not exceed the vector found by the algorithm. As this vector is itself a solution,
Theorem 3.7 follows.

The algorithm complexity is stated as a function relating the input equation
system to the number of inner steps. The first step of the algorithm computes
maximal solution of each equation side for n coordinates. This is for all m rows hence
complexity of each cycle is mn. The next limit for the run-time of the algorithm is
the steps count that is determined by rows count m. Hence the presented algorithm
can be said to be of order O(m?n) that express the worst-case scenario for the given

algorithm. 0
Remark 3.8. Maximal solution with given lower-bound constraint (I1,...,1,)T <
(x1,...,2,)T is defined analogously as the maximal solution for system of type

(m,n) without restriction. If maximal solution without restriction is not greater
or equal than the given lower bound [, than system A ® £ = B ® Z,l < Z has no
maximal solution. In other cases maximal solution is the same as the solution of the
system without any restriction.

Example 3.9. Example of using algorithm for matrices of type (m,n):

5 1 3 . 5 2 3 .
08 6 39 7
115®§_823®§
5 4 1 71 0

Following four steps will be repeated in cycle, until maximal solution will be found by
using algorithm defined above. The elements in matrices is lined through if equality
of left and right hands side holds true.

1. To order left and right sides of equations
2. To select ith row in the k-cycle

3. To find solution in selected ith row
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4. To check whether found solution is also solution of system 1

First cycle, first step:
2 is the maximal solution for the 1st row of the system. Non-ordered set:

A A B ~ hp 2 B ~ a(@) =5 n(E@T)=p5
08 6 | (V-39 7 |gl s ax(T) =8 bo(T) =9
1 1 5 ~ 8 2 3 < )’ az(TH) =5 b3(T') =8
5 4 1 7 1 0 a (TH =5 b)) =7
Ordered set:
A A B hr 2 B a(@) =5 b(E@T)=5
3.9 7 |, z o8 6|, z a;(fl):Q b;(fl):8
8 2 3 ~ 1 1 5 < )’ az(@) =8 by(@') =5
7 1 0 5 4 1 ay(T) =7 b(T) =5
First cycle, second step:
I, = {3,4}. Ordered set:
A A B A 2 B a(@)=p b(T)=p
3.9 7 |, g o8 6|, z a;(fl):9 b;(fl):8
8 2 3 ~ 1 1 5 < )’ az(T) =8 b3(T) =5
7 1 0 5 4 1 a(T) =7 @) =5

First cycle, third step:
The solution for the 3rd row is computed, 4th row holds equality too. Ordered set:

poA B . poroA s\ @) =5 h@)=p
3 9 7 ol o | = 0 8 6 ol oo az(TH) =9 by(T') =38
B 2 B ~ A LB ~ Caz(T) =p b(T) =5
7 A p A A A as(T) =5 bu(T') =5
First cycle, fourth step:
5 5
9 8
5 7 5
5 5
Second cycle, first step:
Ordered set:
poA B . B2 oA s\ w@)=p h(@)=p
3 9 7 of = | = 0 8 6 ol oo ax(T?) =9 by(z?) =38
B 2 B ~ ALK o ) @) =p b(@) =P
7 A p A A A ay(@) =5 ba(T%) =}
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Second cycle, second step:
I, = {2}. Ordered set:
AL B A 2 B al(T?) =p bi(T°) =5
5 5 —2 —2
3 9 7 ol o | = 0 8 6 ol oo az(T7) =9 b(z°) =8
B 2 B ~ A LB ~ | as(fz) =5 b3(fz) =5
7 A p A A A as(T7) =5 ba(T%) =5
Second cycle, third step:
The maximal solution for the 2nd row is computed. Ordered set:
A LB 5 A 2 B al(fz) =5 bl(fz) =5
BT ol s o 2B 8 |of 5 ) eE)=8 neE)=s
B 2 B ~ A LB ’ as(fz) =5 b3(32) =5
7 A p A A A as(T7) =5 ba(T%) =5
Second cycle, fourth step:
5 5
g = g . The maximal solution of the example system is T = 8
5 5 >
ACKNOWLEDGEMENT

This work was supported by the Czech Science Foundation under Grant 402/09/0405.

(Received April 14, 2010)

REFERENCES

(1]

2]

F. L. Baccelli, G. Cohen, G.J. Olsder, and J. P. Quadrat: Synchronization and Lin-
earity. An Algebra for Discrete Event Systems. Wiley, Chichester 1992.

P. Butkovi¢ and K. Zimmermann: A strongly polynomial algorithm for solving two-
sided systems of (max,plus)-linear equations. Discrete Applied Math. 154 (2006),
437-446.

K. Cechlarova and R. A. Cuninghame-Green: Interval systems of max-separable lin-
ear equations. Linear Algebra Appl. 340 (2002), 215-224.

R. A. Cunninghame-Green: Minimax Algebra. (Lecture Notes in Economy and Math-
ematical Systems 166.) Springer-Verlag, Berlin 1979.

M. Gavalec and K. Zimmermann: Solving systems of two-sided (max,min)-linear
equations. Kybernetika /6 (2010), 405-414.

E. Sanchez: Resolution of eigen fuzzy sets equations. Fuzzy Sets and System 1 (1978),
69-74.



512 P. KRBALEK AND A. POZDILKOVA

Pavel Krbdlek, Department of Information Technologies, University of Hradec Krdlové,
FIM Rokitanského 62, 50008 Hradec Kralové 8. Czech Republic.
e-mail: pavel.krbalekQuhk.cz

Alena Pozdilkovd, Department of Information Technologies, University of Hradec Krdlové,
FIM Rokitanského 62, 500 03 Hradec Krdlové 3. Czech Republic.
e-mail: alena.pozdilkova@uhk.cz



		webmaster@dml.cz
	2013-09-21T15:33:48+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




