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Abstract

This paper discusses the notion, the properties and the application of
multicores, i.e. some compact sets contained in metric spaces.
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1 Introduction

The compactness of a map is a fundamental and important assumption of the
fixed point theory. Thus, we should be interested in the properties of compact
sets in metric spaces and not only in the properties of the spaces themselves.
In the paper [7] G. Fournier and A. Granas consider a topological space of
NES(compact) type and prove that this type of a space is a Lefschetz space,
i.e. every compact map f: X — X is a Lefschetz map. From this proof it results
that every compact set in this space, especially a set f(X), has a property thanks
to which a map f is a Lefschetz map. Hence the idea of the introduction of the
notion of multicores, i.e. certain compact sets in metric spaces. In the paper, we
examine three types of multicores. It proves that every metric space that has at
least one point of convergence contains all types of multicores. There is a metric
space that is not of AANMR type but its every compact subset is one of the
three types of multicores. Finally, it is worth to note that every admissible and
compact multivalued map ¢: X — X for which ¢(X) is a respective multicore,
is a Lefschetz map. Thanks to the Dugundji theorem about the extending of
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continuous maps, in the definition of AR, ANR and AANR(: (aproximative
ANR in the sense of Clapp) we can use locally convex spaces instead of normed
spaces (see [20]).

2 Preliminaries

Throughout this paper all topological spaces are assumed to be metric. We shall
assume that all single-valued mappings considered in the paper are continuous.
Let H, be the Cech homology functor with compact carriers and coefficients
in the field of rational numbers ) from the category of Hausdorff topological
spaces and continuous maps to the category of graded vector spaces and linear
maps of degree zero. Thus H.(X) = {H,(X)} is a graded vector space, Hy(X)
being the g-dimensional Cech homology group with compact carriers of X. For
a continuous map f: X — Y, H.(f) is the induced linear map f, = {f,} where
fq: Hy(X) — Hy(Y) (see [2] and [8]). A space X is acyclic if:

(i) X is non-empty,
(if) Hq(X) =0 for every ¢ > 1 and
(ifi) Ho(X) ~ Q.

A continuous mapping f: X — Y is called proper if for every compact set
K CY theset f~1(K) is non-empty and compact. A proper map p: X — Y is
called Vietoris provided for every y € Y the set p~1(y) is acyclic. Let X and YV’
be two spaces and assume that for every x € X a non-empty closed subset ¢(x)
of Y is given. In such a case we say that ¢: X — Y is a multi-valued mapping.
For a multi-valued mapping ¢: X — Y and a subset U C Y, we let:

e '(U)={z € X; p(z) CU}.

If for every open U C Y the set o~ 1(U) is open, then ¢ is called an upper
semi-continuous mapping; we shall write ¢ is u.s.c.

Proposition 2.1 (see [2, 8]) Assume that ¢: X —Y and¢: Y —o T are u.s.c.
mappings with compact values and p: Z — X is a Vietoris mapping. Then:

(2.1.1) for any compact A C X, the image p(A) = U, c 4 ¢(x) of the set A
under ¢ is a compact set;

(2.1.2) the composition Y op: X — T, (Yo p)(x) =, e YY), is an u.s.c.
mapping;

(2.1.3) the mapping p,: X —o Z, given by the formula p,(z) = p~'(x), is u.s.c.

Let ¢: X — Y be a multivalued map. A pair (p,q) of single-valued, con-
tinuous map of the form is called a selected pair of ¢ (written (p, q) C ) if the
following two conditions are satisfied:

(i) pis a Vietoris map,

(i) g(p~'(x)) C p(z) for any = € X.
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Definition 2.2 A multivalued mapping ¢: X — Y is called admissible pro-
vided there exists a selected pair (p, ¢) of ¢.

Remark 2.3 We can assume that an admissible multivalued mapping
p: X —o Y is u.s.c. and for each x € X ¢(x) is compact, because in the fixed
point theory it is sufficient to consider some multivalued admissible selector
1: X —o Y, such that for every x € X:

(i) () C p(2),

(ii) ¢(p~'(x)) = (z), where (p,q) C ¢ the fixed pair of selectors of the
mapping .

Theorem 2.4 (see [8]) Let ¢: X — Y and ¢: Y —o Z be two admissible maps.
Then the composition 1 o p: X —o Z is an admissible map.

Lemma 2.5 (see [8]) If ¢: X —o Y is an admissible map, Yo C Y and Xy =
0 1(Yy), then the contraction po: Xo — Yy of ¢ to the pair (Xo,Yy) is an
admissible map.

Theorem 2.6 (see [2]) If p: X — Y is a Vietoris map, then an induced map-
ping
Ps: Ho(X) = Hio(Y)

s a linear isomorphism.

Let u: E — FE be an endomorphism of an arbitrary vector space. Let us
put N(u) = {z € E: u"(x) = 0 for some n}, where u™ is the nth iterate of u
and E = E/N(u). Since u(N(u)) C N(u), we have the induced endomorphism
U: E — E defined by u([z]) = [u(z)]. We call u admissible provided dim E < cc.

Let u = {uq}: E — E be an endomorphism of degree zero of a graded vector
space E = {E;}. We call u a Leray endomorphism if

(i) all uy are admissible,
(ii) almost all qu are trivial.

For such an u, we define the (generalized) Lefschetz number A(u) of u by putting

A(u) =Y (=1)tr(uy),

q

where ¢r(uy) is the ordinary trace of ug (comp. [2]). The following important
property of a Leray endomorphism is a consequence of the well-known formula
tr(u ov) = tr(v ou) for the ordinary trace. An endomorphism u: E — E of
a graded vector space E is called weakly nilpotent if for every ¢ > 0 and for
every x € I, there exists an integer n such that uj (z) = 0. Since, for a weakly
nilpotent endomorphism u: E — E, we have N(u) = E, we get:

Proposition 2.7 If u: E — E is a weakly nilpotent endomorphism, then
A(u) =0.
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Proposition 2.8 Assume that, in the category of graded vector spaces, the
following diagram commutes

E’ E"
u/ x u//
u
E’ E"

If one of v, u” is a Leray endomorphism, then so is the other; and A(u') =
A(u").

Let p: X — X be an admissible map. Let (p,q) C ¢, where p: Z — X
is a Vietoris mapping and ¢: Z — X a continuous map. Assume that ¢, o
p;l: Ho(X) — H.(X) is a Leray endomorphism for all pairs (p,q) C . For
such a ¢, we define the Lefschetz set A(p) of ¢ by putting

A(p) = {A(a:p. ") (p,q) C ¢}

Let us observe that if X is an acyclic or, in particular, contractible space, then for
every admissible map ¢: X — X and for any pair (p, q) C ¢ the endomorphism
qpyt: Ho(X) — H.(X) is a Leray endomorphism and A(g.p; ') = 1.

Theorem 2.9 (see [8]) If p: X — Y and ¢: Y — T are admissible, then
the composition ¥ o p: X —o T is admissible and for every (p1,q1) C ¢ and
(p2,q2) C 1 there exists a pair (p,q) C ¥ oy such that q.py, © 1Py = Gps

Definition 2.10 An admissible map ¢: X —o X is called a Lefschetz map
provided the generalized Lefschetz set A(¢) of ¢ is well defined and A(p) # {0}
implies that the set Fix(¢) = {x € X: x € p(z)} is non-empty.

Theorem 2.11 (see [17]) Let U be an open subset of a normed space E and
let X be a compact subset U. Then for each sufficiently small € > 0 there exists
a finite polyhedron K. C U and a mapping p.: X — U such that:

22.1 ||z —pe(z)]| <€ forallz e X,
2.2.2 p(X)C K.,

2.2.3 pe is homotopic to i, where i: X — U is an inclusion.

Let Y be a metric space and let Idy: Y — Y be a map given by formula
Idy (y) =y for each y € Y.

Definition 2.12 A map r: X — Y of a space X onto a space Y is said to be
an r-map if there is a map s: Y — X such that r o s = Idy.

Definition 2.13 A metric space X is called an absolute neighborhood retract
(notation: X € ANR) provided there exists an open subset U of some normed
space E and an r-map r: U — X from U onto X.
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Definition 2.14 A metric space X is called an absolute retract (notation: X €
AR) provided there exists a normed space E and an r-map r: £ — X from E
onto X.

Let A C X be a nonempty set. We shall say that A is a retract of X if
there exists a continuous map 7: X — A such that for each x € A r(z) =z. A
nonempty set B C X is a neighborhood retract in X if there exists an open set
U C X such that B C U and B is a retract of U.

Theorem 2.15 (see [8]) X € ANR if and only if for each homeomorphism h
mapping X onto a closed subset h(X) of a metrizable space Y, the set h(X) is
a neighborhood retract in Y.

Theorem 2.16 (see [8]) X € AR if and only if for each homeomorphism h
mapping X onto a closed subset h(X) of a metrizable space Y, the set h(X) is
a retract in Y.

Now we shall recall a generalization of the concept of absolute neighborhood
retracts, which was introduced by Clapp.

Definition 2.17 We shall say that a compact metric space X is an approx-
imative absolute neighborhood retract in the sense of Clapp (notation: X €
AANR() provided for every € > 0 there exists an open subset U of some
normed linear space F and two maps r.: U — X, s.: X — U such that
d(x,re(se(z))) < e for any = € X.

Theorem 2.18 (see [8]) X € AANR¢ if and only if for each homeomorphism
h mapping X onto a closed subset h(X) of a metrizable space Y, for each e > 0
there exists an open set U: D h(X) of X and ro: Us — h(X) such that for each

y € MX) dre(y),y) <e.

Definition 2.19 Let E be a topological vector space. We shall say that E is
a Klee admissible space provided for any compact subset K C F and for any
open neighborhood V' of 0 € F there exists a map 7y : K — FE such that the
following two conditions are satisfied:

(2.19.1) 7wy (z) € (x+ V), for any z € K,

(2.19.2) there exists a natural number n = ng such that 7y (K) C E™, where
E™ is an n-dimensional subspace of E.

Definition 2.20 We shall say that a topological vector space F is locally convex
provided that for each z € E and for each open set U C FE such that x € U
there exists an open and convex set V' C E such that x € V C U.

It is clear that if F is a normed space then F is locally convex.

Theorem 2.21 (see [2, 7]) Let E be locally convex. Then E is a Klee admissible
space.
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Theorem 2.22 (see [9]) Let E be a Klee admissible space. For each compact
subset K C E and for any open set U C E such that K C U there exists a
continuous map 7 : K — U such that the following conditions are satisfied:

2.22.1 7 (K) C E™, where E™ is an n-dimensional subspace of E,

2222 7wg: K — U and i: K — U are homotopic, where i: K — U 1is an
inclusion.

The following theorem is obvious.

Theorem 2.23 Let E5 be a locally convexr space for every s € S. Then the

space E = [[,cq Es is a locally convex space.

Theorem 2.24 (see [9]) Let U be an open subset in a Klee admissible space E
and p: U — U be an admissible and compact map, then ¢ is a Lefschetz map.

Definition 2.25 A metric space X is of finite type provided that for almost
every ¢ € N Hy(X) = {0} and for any ¢ € N dim H,(X) < oo.

Theorem 2.26 ([8]) Let X be a compact metric space of finite type. Then there
exists € > 0 such that for every two maps f,g: Y — X, where Y is a Hausdorff
space, the condition d(f(y),g(y)) < e for each y € Y implies f. = g..

Definition 2.27 (see [19]) A map 7: X — Y of a space X onto a space Y
is said to be an mr-map if there is an admissible map ¢: Y —o X such that
roe = Idy.

In the definitions below instead of normed spaces (see [19]), we will use
locally convex spaces (see [20]).

Definition 2.28 (see [19, 20]) A metric space X is called an absolute multi-
retract (notation: X € AMR) provided there exists a locally convex space E
and an mr-map r: £ — X from F onto X.

Definition 2.29 (see [19, 20]) A metric space X is called an absolute neigh-
borhood multi-retract (notation: X € ANMR) provided there exists an open
subset U of some locally convex space F and an mr-map r: U — X from U
onto X.

Theorem 2.30 (see [19, 20]) A space X is an ANMR if and only if there exists
a metric space Z and a Vietoris map p: Z — X which factors through an open
subset U of some locally conver space E, i.e. there are two continuous maps o
and B such that the following diagram

is commutative.
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Definition 2.31 (see [20]) Let X be a compact space. We shall say that X is
an approximative ANMR (we write AANMR) provided that for any € > 0 there
exists a locally convex space F. and an open set U. C E., a map r.: U, - X
and an admissible map ¢.: X —o U, such that for any z € X

r=(p=(x)) C B(z,e),

where B(z,¢) is an open ball in X of a center in  and of a radius € > 0.

Theorem 2.32 (see [20]) A space X is an AANMR if and only if for any e > 0
there exists a space Z., a Vietoris map pe: Z. — X, a locally conver space E,
an open set U, C E., and maps ro: U. — X, q.: Z. — U. such that for any
z € .

d(re(g=(2)),p=(2)) <e.

Theorem 2.33 (see [8]) Let X and Y be acyclic and compact spaces. Then
X XY is a compact and acyclic space.

3 The multicores in metric spaces

We shall present the definition of a multicore in a metric space.

Definition 3.1 We shall say that a compact set K C X is an absolute multi-
core (we write K € AMC(X)) provided that there exists a metric space Z, a
locally convex space E and maps r: E — X, q: Z — E such that the following
conditions are satisfied:

(3.1.1) forany z € Z, r(q(2)) € K,
(3.1.2) amap p: Z — K given by p(z) = r(q(2)) for any z € Z is Vietoris.

Definition 3.2 We shall say that a compact set K C X is an absolute neigh-
borhood multicore (we write K € ANMC(X)) provided that there exists a
metric space Z, an open subset U of some locally convex space E and maps
r: U — X, q: Z — U such that the following conditions are satisfied:

(3.2.1) for any z € Z, r(q(2)) € K,
(3.2.2) amap p: Z — K given by p(z) = r(q(2)) for any z € Z is Vietoris.

Definition 3.3 We shall say that a compact set K C X is an approximative
absolute neighborhood multicore (we write K € AANMC(X)) provided that for
any € > 0 there exists a metric space Z, a locally convex space E., an open set
U. C E., a Vietoris map p.: Z. —+ K and maps r.: U. — X, q-.: Z. — U. such
that the following conditions are satisfied:

(3.3.1) for any z € Z., r(q-(2)) € K,

(3.3.2) for any z € Z., d(r:(q:(2)), pe(2)) < e.
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We observe that for any metric space X we have
) £ AMC(X) Cc ANMC(X) C AANMC(X),

since {z} € AMC(X) for each z € X (see 3.5). The following theorem consists
of some properties of multicores. Let C1 (X) = AMC(X), Co(X) = ANMC(X)
and C3(X) = AANMC(X). We will denote the set

{Kl x Ko: Ky € Cl(Xl) and K5 € Ci(Xg)},
with C;(X1, X2) whereas the set
{KlXKQX...XKnX...IKjECi(Xj), j=1,2,...,7’l,...}

will be denoted by C; (X1, Xsa,..., X,,...),i=1,2,3.
Let K(X)={K C X: K is a nonempty and compact set}.
Theorem 3.4
34.1 C1(X) C Cy(X) C C5(X).
342 Let X CY. Then Ciy(X) C C;(Y), i =1,2,3.
343 Cy(X1,Xs) C Ci(Xy x Xy), i=1,2,3.
344 Cs(X1,Xa,.. ., Xn,...) C C5([7%, Xa).
3.4.5 Let K € C;(X). Then for each compact set AC K, A€ Ci(X),i=1,2.
3.4.6 Let K1, Ky € C;(X) and K1NKy = 0. Then (K1 UK>) € Ci(X), i =2,3.
3.4.7 Let V C X be an open set and let K CV be a compact set. Then

(KeCy(V) e (K eCi(X)), i=2,3.

3.4.8 Let X = U:o:1 X, where X, is open of X and X,, C X1 for any n.
Then

3
|
—

3.49 Letp: X =Y be a Vietoris map. Then for each compact set K CY
(p~HK) € Cy(X)) = (K € C4(Y)), i=1,2,3.

3.4.10 (X € AMR) = (C1(X) = K(X)),
(X € ANMR) = (C2(X) = K(X)),
(X € AANMR) & (X € C3(X)).

If the metric space X is compact, we can substitute the above implications with
equivalence.

3.4.11 Let K C X be a compact set. Then
(K € AMR) = (K € C1(X)),
(K € ANMR) = (K € C12(X)),
(K € AANMR) = (K € C53(X)).



The multicores in metric spaces and their application. . . 83

Proof The properties 3.4.1 and 3.4.2 are obvious.

We will show the property 3.4.3 for i = 3. Let K; € C5(X;) and K> €
C3(X2). Let ¢ > 0 and 6 = 5. Then there exist locally convex spaces E},
E2, metric spaces Z}, Z2 open sets U} C E}, U2 C EZ, maps r}: Ul — Xi,
r(%: U52 — X, qé: Zg — Uél, qu Zg — U(SQ and Vietoris maps pé: Zg — Ky,
p3: Z7 — K> such that r}(q}(2)) € K1, r3(q3(z)) € K> and

d(r}(gi(2)),ps(z)) < & for each z € Z}

and
d(r3(q3(2)),p3(z)) < & for each z € Z2.

Let X = X7 x X5 and let K = K7 x K5. Then the metric d in X given by

d((z1,22), (y1,y2)) = di(w1,91) + d2(22,92),
where d; and ds are metrics in X; and X5 respectively. We define
E.=F; xE}, Z.=27; xZ3, U.=Uj xUg,

re: U. — X given by r.(ui,uz) = (7§ (u1), 73 (uz)) for each (u1,us) € U x UZ,

qe: Z. — U. given by q-(21, 22) = (g3 (21), q3(22)) for each (21, 22) € Z} x Z32,

5 (
pe: Z. — K given by p-(21, 22) = (ps(21),p3(22)) for each (21, 20) € Z3 x Z3.
From 2.33 the map p. is Vietoris. It is clear that maps r., ¢. and p. satisfy the
definition 3.3. Hence K € C3(X; X X3). For i = 1,2 the proof is analogous.

3.4.4 Let (X,,d,) be a metric space for each n € N and let K = [[°" | K,,,
where K,, € C5(X,,) for all n. Assume that for any n and for all z,,,y, € X,
dp (T, yn) < 1. We define the metric in a space X given by:

-y
ny Jn

where r = (z1,22,...,%n,...), ¥y = (Y1,%2,-- -, Yn,...). Let e >0 andlet § = 5.
From the definition 3.3 for any n we get ry: Uy — X, ¢§: 23 — Uy and a
Vietoris map p§: Z5 — K, such that for all z,, € Z}

dn (75 (45 (20)): P () <9,

where Uy C EY is an open subset in some locally convex space.
Let E. = [[°Z Ej (from 2.23 E. is a locally convex space) and let Z, =

Hzozl Z5. We observe that the space Z. is compact. There exists a natural
number ng such that for any n > ng

i dn(@nyn) _ s _ €

2n 2
n=ng+1
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We define an open set in the space E. given by:

no ) oo
U.=]]ui x ] E5-
=1

n=no+1

Let r.: U — X be given by:

rf(xlvx%'“axnv"') = (ré(xl)ﬂ,’%(xQ)ﬂ'"77ngl0(xn0)7yno+1v"'aymv"')

for each (z1,29,...,2n,...) € Z., where y,, € X,,, for all m > ng are stationary
points and let ¢.: Z. — U, be given by:
Ge(z1, 22,y 2, ) = (q5(21), 45 (22), - -, @5 (2n), - - 2)

for each (21, 2,...,%n,...) € Z.. A Cech homology theory is continuous, there-
fore a map p.: Z. — X given by

(21,22, oy 2Zn,y...) = (p};(zl),pg(@), oo p5(Zn)s )

for each (z1,22,...,2n,...) € Z is a Vietoris map (see [20]) since
o0
P o) = T 00 (@)
n=1

for any x = (z1,22,...,Zn,...) € X. It is clear that maps 7., ¢. and p. satisfy
the definition 3.3.

3.4.5 Let K € C5(X) and let A C K be a compact set. From definition 3.2
there exists a locally convex space E’, a metric space Z’, an open set U’ C E’,
maps 7': U — X, ¢': Z' — U’ such that for all z € Z’ v'(¢/(z)) € K and the
map p': Z' — K given by p'(z) = r'(¢/(2)) for each z € Z' is Vietoris. Let
E=FE,Z=p Y A),U=U",r=1"and q= q;Z. It is clear that maps r and
q satisfy the definition 3.2. For ¢ = 1 the proof is analogous.

3.4.6 We prove the property for i = 3. The proof for ¢ = 2 is analogous. From
the assumption, for each ¢ > 0 there exists locally convex spaces E!, E2, metric
spaces Z1, Z2, open sets Ul C E}, U2 C E?, maps r!: U} - X, r2: U2 = X,
qt: 2} - UL, ¢?: Z2 — U? and Vietoris maps pl: Z! — Ky, p?: Z2 — K>
such that for each z € Z! rl(¢l(2)) € K and d(rl(ql(2)),pl(2)) < € and for
each z € Z2 72(¢2(2)) € K and d(r2(¢2(2)),p2(2)) < e.

Let E. = E} x E2, U. = (Ul x Va) U (Vi x U2) C E., where V; C E.,
Vo C E2 are open sets such that 1, NU} =) and Vo N U2 = ) and let

Z. = (Z} x{s2}) U ({s1} x 22) C Z} x 22,
where (s1,52) € Z1 x Z? such that s; # s3. We observe that

(UlxVo)n(Vi xU2) =0 and (Z!x {s2})Nn({s1} x Z2) = 0.
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We define:
! f Ul x V4
re: Us — X, given by r.(z,y) = {rz(x), or (z,y) € Us x V2
TE

(y), for (x,y) € Vi x UZ,

. (qel (Z)aUQ) for (Zat) € Zel X {52}
e Lo — Us by ¢-(z,t) =
‘ given by de(=,1) {m,qs(t)), for (=,1) € {s1} x 22,
PL(2), for (2,t) € 70 % {2}

et Z. — K1 U K3 given by pe(z,t) =
) 1V Ko given by pe(2,1) {pz<t>, for (2,1) € {m) x 22,

where (v1,v3) € Vi x V, is a stationary point. It is clear that maps 7., ge, pe
satisfy the definition 3.3.

3.4.7 Let V C X be an open set and let K C V be a compact set. It is clear
that if (K € C;(V)) = (K € Ci(X)), i = 2,3. Assume that K € C5(X). Then
for each € > 0 there exists a locally convex space E., an open set U, C E., a
metric space Z., maps r.: U, — X, ¢.: ZL — U, and a Vietoris map p.: Z. —
K such that r.(¢.(z)) € K for all z € Z! and

d(ri(gz(2)),pL(2)) <e

for each z € Z!. Let E. = E., U. = r"Y(V), Z. = ZL, r. = (rl) v, 4= = 4.
and p. = p.. We observe that maps 7., ¢. and p. satisfy the definition 3.3 for
X = V. Hence K € C3(V) and the proof is complete. For ¢ = 2 the proof is
analogous.

3.4.8 Let K € C;(X), i = 2,3. Then there exists n such that K C X,,. From
3.4.7 we get that K € C;(X,,), i = 2,3. Hence K € U:ozl Ci(X,) and Ci(X) C
Uo—, Ci(X,), i = 2,3. We observe from 3.4.2 that for any n C;(X,,) C C;(X),
i=2,3,50 %, Ci(X,) C Ci(X),i=2,3.

3.49 Let p: X — Y be a Vietoris map and let KX C Y be a compact
set. Assume that p~'(K) € C3(X). Let € > 0. The map p: p~}(K) — K is

uniformly continuous, so there exists § > 0 such that
(d(z1,22) < 0) = (d(p(z1),p(22)) <€), for each 21,2 € p~ ' (K). (3.1)

From assumption there exists a locally convex space Ej, an open set Us C Ef,
a metric space Z§, maps r5: Us — X, ¢5: Z5 — Uy, a Vietoris map pj: Z§ —
p~}(K) such that 75(¢}(z)) € p~*(K) for each z € Z§ and d(r§(g5(2)),p5(2)) < &
for each z € Z§. We define

E.=Ej;, U.=U;, Z.=2Z;, re=pors, ¢ =45 ps=poDps.

It is clear that p. is a Vietoris map (see [8]) and r.(¢-(2)) € K for all z € Z..
From (3.1) we get

d(re(ge(2)), p=(2)) = d(p(r5(g5(2))), p(p5(2))) < e

For i = 1,2 the proof is analogous.
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3.4.10 The third implication is obvious. We shall present the middle im-
plication. It is obvious that C(X) C K(X). From assumption and 2.30 there
exists a locally convex space E’, an open set U’ C E’, a metric space Z’ and
maps 1’ : U — X, q': Z/ — U’ such that v’ oq': Z' — X is a Vietoris map. Let
p'=1"0q and let K € K(X). We define

E=E, U=U, r=r:U—X, Z=p"YK), ¢=q)5: Z—U.
We observe that r(q(z)) € K for all z € Z and the map s: Z — K given by

s(z) = r(q(2)) for each z € Z is Vietoris. For i = 1 the proof is analogous.

3.4.11 It is obvious. O

Now we shall present a few examples of multicores. Let X be a metric space.
By B(xg,r) we denote an open ball, whereas by K (zq,7) a closed ball in X of
a center in zg € X and of a radius r > 0. Let R denote the set of real numbers.

Example 3.5 Let K = {z}, where z € X. Then K € AMC(X).
Justification: We define:

E=R, r: E— X given by r(t) = z for each t € R,
Z =K(0,1) C R, where K(0,1) is a closed ball in R,
q: Z — E given by ¢(z) = z for each z € Z,

p: Z — K given by p(z) = x for each 2z € Z.

Example 3.6 Let K = {x1,22,...,2,} C X be a finite set. Then K €
ANMC(X).
Justification: We define:

E=R,UCE,

U:U?:lB(i,%), where B(z’,%) isanopen ballin R, i =1,2,...,n,
r: U — X, given by r(u) = z;, for alluEB(i,%), 1=1,2,...,n,
Z=U., K (i, i), where K (i, %) is a closed ball in R,

q: Z — U given by ¢(z) = z for each z € Z,

p: Z — K, given by p(z) = x;, foreachzeK(i,i), 1=1,2,...,n.

Example 3.7 Let K = ({z,}52, U{zo}) C X where a sequence {z,}52 such
that lim,_yco &, = ©g. Then K € AANMC(X).

Justification: Let € > 0. Then there exists ng such that for any n > ng
d(xn,x0) < €.
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We define:
o 1 1 2ng + 1 1 1
U.=| |B|Z,—— U |-1,——— here B = ——
) L:Jl (i’2i(i+1)> ( ’2no(no+1)>’ where (i’2i(i+1)>
2 1
is an open ball in R and | —1, _“mot? is an open interval in R,
2no(ng + 1)

1 1
rezUE%Xgivenbyrs(u)zxiforuEB(—, 7), 1=1,2,...,m9

26+ 1)
2ng + 1
€ = fi € _177 )
re(u) = xo for u < 2n0(n0+1)>
a 1 1 1 1
Je = K- —— h Kl—-,———
N U (n’ 3n(n+1)) U {0}, where (n’ 3n(n+1)>

n=1
is a closed ball in R,
qe: Ze — U, given by ¢(z) = z for each z € Z,
1 1
pe: Ze — K given by p.(z) = x,, for each z € K (E,m) ,n=12...
and p:(0) = zo.

We observe that if X € AMR then
AMC(X) = ANMC(X) = AANMC(X) (see 3.4.1, 3.4.10).
however, if X is compact, X € ANMR and X ¢ AMR (see [19]) then
AMC(X) c ANMC(X) = AANMC(X) (see 3.4.1, 3.4.10)

and if X = (Y x {z0})U({yo} x Z)) CY x Z, where (yo,20) € Y X Z, yo # 20,
Y € AANMR, Y ¢ ANMR (see [20]) and Z is compact, Z € ANMR, Z ¢ AMR
(see [19]) then

AMC(X) € ANMC(X) C AANMC(X) (see 3.4.1, 3.4.10, 3.9).

The above inclusions cannot be substituted with an equality. Now an important
theorem shall be presented. First, however, we shall prove the following lemma.

Lemma 3.8 Let E be a locally conver space and let U be an open set in E.
Assume that a map q: Z — U induced a monomorphism q.: H.(Z) — H.(U)
where Z is a compact metric space. Then Z is of finite type.

Proof Theorem 2.22 implies that for a compact set K = ¢(Z) C U C E there
exists a map mx: K — U such that 7x(K) C E™ and maps 7g,i: K — U are
homotopic, where E™ C FE is an n-dimensional subspace of F and i: K — U
is an inclusion. Let i1: U N E™ — U be an inclusion, ¢: Z — K given by
q(z) = q(z) for each z € Z and

t: Z —UNE", given by t(z) = mx(q(2)) for each z € Z
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then we have the following commutative diagram:

H.(UNE™).

In the above diagram we get that i1, 0t. = g« and, hence, ¢, is a monomorphism.
From the Schauder theorem, for a compact set K1 = nx(K) CUNE" =V
and for sufficiently small £ > 0 there exists a projection p.: K; — V such that
p:(K71) C K. and maps p.,i2: K1 — V are homotopic, where is: K1 — V is an
inclusion and K. is a polyhedron of finite type such that K. C V. We have the
following commutative diagram:

H.(Z) H.(V)
N ‘ iB*
H* (Ks)v

where i3: K. — V is an inclusion and r: Z — K given by r(2) = p.(t(z)) for
each z € Z. Tt is clear, that r, is a monomorphism. Hence Z is a space of finite
type. O

Theorem 3.9 Let K € K(X) and let i: K — X be an inclusion such that
iv: Ho(K) — H.(X) is a monomorphism. Then

3.9.1 (K € AMC(X)) = (K is acyclic),
3.9.2 (K € ANMC(X)) = (K is of finite type).

Proof 3.9.1 We have the following commutative diagram:

H(7)—"% m.(x)

N

H*(K)a

where p. = (r o ¢).. Hence a map ¢: Z — E induced a monomorphism
g+: H.(Z) — H.(E). Since H,(Z) ~ H.(K), therefore the set K is acyclic.
3.9.2 Acting analogously as in 3.9.1 we get a monomorphism g.: H.(Z) —
H,.(U). From 3.8 we get that Z is of finite type. Since H.(Z) ~ H,.(K),
therefore the set K is of finite type. o

We recall that a metric space X € NES(compact metric) if for any compact
metric space Y, for any closed subset A C Y and for each continuous map
f+ A — X there exists an open set U C Y and a continuous map F: U — X
such that A C U and for each y € A F(y) = f(y).
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Theorem 3.10 Let X be a metric space and X € NES(compact metric). Then
ANMC(X) = K(X).

Proof Let K € K(X). We embed K into a Hilbert cube ) in a normed
space E (in particular a locally convex space). Let us denote by s: K — K the
homeomorphism of K onto K cC Q. Consider the map i’ o s~ !: K — X where
s7!: K — K is an inverse homeomorphism and i’ : K — X is an inclusion. Since
X € NES(compact metric), there is an open set U C @ containing K and the
extension h: U — X of i’ 0o s~ over U. Let j: K — U be inclusions. It is clear
that hoj =i os™!. Let 7': E — @ be a retraction and let V =+"1(U) C E,
ry = r'/V: V — U and i: U — V be an inclusion. We define:

r:V — X given by r = hory,
Z=Kand q: Z —V given by g=10jos.
We observe that for each z € Z r(¢(z)) = z and the proof is complete. O

Theorem 3.11 Let Y,, € ANMR for each n (not necessarily compact) and let
Y = [[02,Y.. Then for any compact set A C 'Y there exists a compact set
K CY such that AC K and K € AANMC(Y).

Proof Let A CY be a compact set. Let 7,: Y — Y,, be a map given by

Tn(Y1,Y2, -3 Yny - --) = Yn

for each (y1,92,...,Yn,-..) € [[7eq Yn, n =1,2,... We define the compact set
KcY:

K =[] m(4).

It is clear that A C K. From 3.4.10 and 3.4.4 we get that K € AANMC(Y).
O

Theorem 3.12 Let X € AANMR and Y € ANMR, (not necessarily compact).
Then for any compact set A C X x Y there exists a compact set K C X xY
such that A C K and K € AANMC(X xY).

Proof Let7w: XxY — Y be amap given by 7(x,y) = y for each (z,y) € X xY
and let A C X xY be a compact set. We define K = X x w(A). It is clear that
A C K. From 3.4.10 and 3.4.3 we get that K € AANMC(X x Y') and the proof
is complete. O

Theorem 3.13 Let X = Uzozl U,, where U, C Up+1 and U, is an open set in
X for each n. Assume that for each n U, € ANMR. Then K(X)= ANMC(X).
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Proof Let K C X be a compact set. We observe that there exists n such that
K C U,. From 3.4.10 and 3.4.8 we get that K € ANMC(X) and the proof is
complete. O

‘We shall now present an example for a metric space that is neither of ANMR
type nor of AANMR type but its every compact subset is either of AMC(X) or
ANMC(X), or AANMC(X).

Example 3.14 Let X = {1} U {0} U (2,3) where (2,3) C R is an open
interval. We observe that X ¢ AANMR, since X is not a compact space.

From 3.4.10 and 3.9.2 X ¢ ANMR. If K C X is a compact set, then
K = K1 U K5, where K1 C ({%}20:1 @] {0}), K5 C (2,3), KiNKy=0and K,
K5 are compact.

From 3.4.10 if K3 # 0 then K5 € AMC(X). Theset K1 = {1}, n=1,2,...,
then K; € AMC(X) (see 3.5) or K; = n%,n%,...,%}, k > 1, then K; €
ANMC(X) (see 3.6) or K1 = {nLk}/?il U {0}, then K; € AANMC(X) (see 3.7).

From 3.4.6 the set K € ANMC(X) or K € AANMC(X). In particular, if
K; = ) and K> is any compact and nonempty subset of the interval (2,3) or
K, = {%}, n=1,2,... and Ky =) then K € AMC(X).

4 Fixed point result

In this part of the paper we shall present a few applications of multicores in the
fixed point theory.

Theorem 4.1 Let X be a metric space and let p: X —o X be an admissible
and compact map. Assume that

K = p(X) € ANMC(X).
Then ¢ is a Lefschetz map.

Proof From the assumption we get a locally convex space E, an open set
U C E, amap r: U — X, a metric space Z, a map ¢q: Z — U such that the
map p: Z — K given by p(z) = r(q(z)) for each z € Z is a Vietoris map.
Let : X — K be a multivalued map given by @(z) = ¢(x) for each z € X,
¢: K —o K be a multivalued map given by @(z) = ¢(z) for each z € K and let
i: K — X be an inclusion.

We have the following commutative diagrams:

roq

S

K

Z

?
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K X
1)

K —— x,
K-y
&‘wr (gp~")o@or
Ky

‘We observe that

(Bor)o(qgop™) =

=po(rog)op” '

'=Fo(iop)op ™t =(poi)o(pop™)=goldx =&

The map 1 = (gp~!) o p or is admissible and compact. From 2.24 ¢ is a
Lefschetz map. Using the above diagrams and applying a method of proving
commonly known in mathematical literature (see [2, 7, 8, 9, 10, 11, 19, 20, 21]),
it can be proved that the map ¢ is a Lefschetz map. O

The following theorem is the simple consequence of the above theorem.

Theorem 4.2 Let X be a metric space and let p: X —o X be an admissible
and compact map. Assume that K = p(X) € AMC(X). Then ¢ has a fized
point.

Theorem 4.3 Let X be a metric space and let p: X —o X be an admissible
and compact map. Assume that there exists a compact set K C X such that K
is of finite type, p(X) C K and K € AANMC(X). Then ¢ is a Lefschetz map.

Proof From the assumption we have for each € > 0 a locally convex space F,
an open set U C E., a map r.: U, — X, a metric space Z., a Vietoris map
pe: Ze — K such that the map s.: Z. — K given by s.(2) = r:(¢:(z)) for each
z € Z satisfied the condition d(s.(z),p:(z)) < eforeachz € Z.. Let : X — K
be a multivalued map given by @(z) = ¢(x) for each z € X, ¢: K — K be a
multivalued map given by ¢(z) = ¢(z) for each x € K and let i: K — X be
an inclusion. Let (p,q) C ¢. Then (p,q) C ¢ and (p,q) C ¢ where p, q, G are
respective contractions of maps p, q. From 2.26 there exists €; > 0 such that for
each 0 < € < &1 Sex = Pex.
We have the following commutative diagrams:
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H
"

H (K) —2— H.(X),
exDoy
H.(K) = H.(U.)
?1“*1'5*1‘ tes (gexpit) © tex

—1
H*(K)%» H,(U.),

where t., = (¢.p; ') o 7... Hence the homomorphism ¢.p; ' is a Leray endo-
morphism. Assume that A(¢) # {0} then there exists (p,q) C ¢ such that
A(q.p; ') # 0. Hence for each 0 < ¢ < ¢ there exists z. € ((qspgl)ozzo re)(Te),
s0 re(w:) € (reo(gepst)o z/b\) (re(ze)), where ¥ =gp? (see the above diagrams).
We have 2. € (p-! oqE)(rs(xg)) such that 72(ge(z¢)) = re(ze), pe(ze) € @(rg(xs))
and d(re(z:),pe(ze)) = d(re(qe(2)), pe(z:)) < €. We observe that for each € > 0
re(ze) € K is the e-fixed point of the map {/; = gp ! (see the above diagrams).
The set K is compact, so ¢ has a fixed point. It is clear that Fix(¢)) C Fix(¢)
and the proof is complete. ]

We recall that an admissible map ¢px: X — X is a compact absorbing
contraction (we write ¢x € CAC(X)), provided that there exists an open set
U C X such that the following conditions are satisfied:

(i) the map py: U — U given by oy (x) = ¢x(x) for each x € U is compact
and py(U) C U,

(ii) for each x € X there exists a natural number n such that ¢% (z) C U,
where ¢ = px 0 px o...0px, (n-iterate).

Theorem 4.4 Let X be a metric space and px: X — X be an admissible
map. Assume that px € CAC(X) and oy(U) € ANMC(X), then ¢x is a
Lefschetz map.

Proof Let ¢: (X,U) — (X,U) given by ¢(z) = ¢x(z) for each z € X
and let (p,q) C vx. Then there exists a space Z such that p: Z — X is a
Vietoris map and ¢: Z — X is a continuous map. Let p: p~1(U) — U given
by p(x) = p(z) for each x € p~1(U) and ¢q: p~1(U) — U given by ¢(z) = q(x)
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for each z € p~}(U). Then (p,q) C ¢y. From 3.4.5, 3.4.7 and 4.1 we get
that the homomorphism q.p;!: H.(U) — H,.(U) is a Leray endomorphism.
Let p,q: (Z,p~Y(U)) — (X,U) given by p(z) = p(r) and g(x) = q(z) for each
x € Z. Then (p,q) C . The homomorphism ¢,p, *: H.(X,U) — H.(X,U)
is weakly nilpotent (see [8, 21]). Hence, ¢.p, ' is a Leray endomorphism and
Agept) = A(qp.t) (see Lemma 2.6 in [21] and 2.7). Assume that A(px) #
{0} then there exists (p,q) C ¢x such that A(g.p; ') # 0. The above deduction,
4.1 and 3.4.7 implicate that Fix(py) # 0 and the proof is complete. ad

Remark 4.5 Generally, the last theorem can be proven with the assumption
that px € GCAC(X) (see [10, 11, 21]).

Open problem 4.6 Let X be a metric space that is not compact. Assume that
ANMC(X) = K(X). Is the space X € ANMR?
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