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Abstract

In a O-distributive lattice sufficient conditions for an a-ideal to be an
annihilator ideal and prime ideal to be an a-ideal are given. Also it is
proved that the images and the inverse images of a-ideals are a-ideals
under annihilator preserving homomorphisms.
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1 Introduction

Varlet [7] introduced O-distributive lattices as a generalization of distributive
lattices and pseudo-complemented lattices. The theory of 0-distributive lattices
was further studied by Balasubramani, Venkatanarsimhan [1,2], C. Jayaram
[5], and Pawar and Mane [6]. W. H. Cornish [3] introduced and studied the
properties of a-ideals in distributive lattices. Generalization of the concept of
a-ideals in O-distributive lattices is carried out by C. Jayaram [5]. Additional
properties of a-ideals in 0-distributive lattices were obtained by Pawar and Mane
[6] which generalize the results of Cornish [3].

In this paper a joint study of annihilator ideals and a-ideals in 0-distributive
lattices is continued to supplement the results of Jayaram [5] and Pawar, Mane
[6]. We prove that the image and the inverse image of an a-ideal are a-ideals un-
der annihilator preserving homomorphism of a 0-distributive lattice. Further it
is proved that in a 0-distributive lattice the set of all prime ideals is an antichain
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64 Y. S. PAWAR, S. S. KHOPADE

if every prime ideal is an annihilator ideal. This result facilitates us to charac-
terize finite Boolean algebras. Several properties of a-ideals in a 0-distributive
quasi-complemented lattice are studied. Necessary and sufficient conditions for
the set of all a-ideals of a 0-distributive lattice to be semi-complemented are
furnished.

2 Preliminaries

For basic concepts in lattice theory, we refer to Grétzer [4]. Throughout this
paper by a lattice L = (L, A, V) we mean a bounded lattice with the least element
0 and the greatest element 1. L is said to be 0O-distributive if a A b = 0 and
aNc=01imply aA(bV¢)=0forall a,b,cin L. For any non-empty subset A of
L define A* ={x € L|xAa=0foreacha € A}. A* is called the annihilator of
A. When A = {z}, A* = {z}" = (2]*, where (z] is the principal ideal generated
by v € L, ie. (z] ={y € L | y < x}. Note that L is 0-distributive if and only if
for any non-empty subset A of L, A*is an ideal of L. An ideal I of L is called an
annihilator ideal if I = A* for some non-empty subset A of L, or equivalently if
I =T1**. An element d € L is called dense if (d]” = (0]. An ideal I of L is called
a dense ideal if I* = (0]. We denote the collection of all dense elements by D.
An ideal I of L is called an a-ideal if (z]** C I for every = € I. We denote the
set of all a-ideals of L by I, (L). L is pseudo-complemented if for every a € L
there exists a* € L such that (a]* = (a*]. L is called quasi-complemented if
for any a € L there is b € L such that a Ab =0 and (a VvV b]* = {0}. An ideal
J # (0] of L is a semi-complement of an ideal I of L if I NJ = (0]. A family
IC of ideals of L is said to be semi complemented if every element of K has a
semi-complement in it. L is said to be disjunctive if for all a < b there is ¢ € L
such that a A ¢ =0 but b A ¢ # 0. By a homomorphism we mean a 0-1 lattice
homomorphism. For an ideal I of L, we define

I*={z €L (a]* C (2 for some a € I}.
Note that I° coincides with I’ = {& € L | # € (a]** for some a € I} defined by
Jayram [5].
In sequel, we need the following results:

Result 1 Fvery annihilator ideal in L is an a-ideal.

Result 2 [7] A lattice L is quasi-complemented if for any x € L there exists
y € L such that (x]** = (y]*.

Result 3 [5] For any ideal I in L the set
I¢ = {xz € L|(a]* C (a]" for some a € I}

18 the smallest a-ideal containing I and an ideal I in L is an a-ideal if and only
if I =1°.

Result 4 L is 0-distributive if and only if
(aVb]* = (a]* N (b]* for all a,b e L.



«a-ideals and annihilator ideals in 0-distributive lattices 65

Result 5 [6] For any ideal I in a O-distributive lattice L, the following are
equivalent:

1. I is an a-ideal.

2. I =Ugep(z]*.

3. For any x,y in L, (z]* = (y|* andx e I =y < I.
Result 6 [7] L is a 0-distributive lattice if and only if the set I(L) of all ideals
of L forms a pseudo-complemented lattice.

Result 7 [4] Let (L, A, V) be a pseudo-complemented lattice and
S(Ly={a€L|a=a"}.
Then (S(L),N,U) forms a Boolean algebra, where for a,b € S(L) we have
afb=aAb and alb=(a*"Ab*)".

Result 8 Any 0-distributive and disjunctive lattice is distributive.

Result 9 [4] In a distributive lattice L, if a < b, then there exists a prime ideal
P containing a but not b.

Result 10 [5] Let I be an a-ideal of a 0-distributive lattice L and S be a meet
sub-semilattice of L such that I NS = (). Then there exists a prime a-ideal P
of L such that I C P and PN S = 0.

Result 11 [4] (Nachbin’s Theorem) Let L be a bounded distributive lattice. L is
a Boolean lattice if and only if o, the set of all prime ideals of L, is an antichain.

Result 12 [4] If f: L1 — Lo is a 0-1 lattice homomorphism, then

1. For any ideal I of L1, f(I) is an ideal of Ls.
2. For any ideal J of Lo, f~(J) is an ideal of L.
3. Ker f = {z € L1 | f(z) =0'} is an ideal of Ly where 0 is the least element

Of L2.
3 a-ideals and annihilator ideals

Throughout this section L denotes a bounded 0 — distributive lattice and D be
the set of all dense elements of L.
We begin with the following result.

Theorem 3.1 Let S be any non-empty subset of L which is closed under A
operation. Define,

Iz{xéL‘x/\yzOforsomeyES}.

Then I is an a-ideal of L.
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Proof Obviously 0 € I. If 1 < 29 in L and x5 € [ then z1 € I.

Now, let x1,22 € I. Then 1 A s; = 0 and 2 A so = 0 for some s1,s9 € S.
Hence 21 A (81 A s2) =0 and 22 A (81 A s2) = 0 imply (21 V 22) A (s1 A s2) =0
(since L is 0-distributive). As s1Asa € S, we get 21 Vaa € I. Thus I is an ideal
of L. Let z € I and y € (x]**. Clearly z € I implies 2 A s = 0 for some s € S.
But then s € (z]* and hence, y As = 0. This shows that y € I and consequently
(z]** C I. Hence I is an a-ideal of L. O

From Theorem 3.1, the result of Pawar and Mane ([6], Theorem 3) follows
as a corollary.

Corollary 3.2 For any filter F in L,
O(F):{xEL|a:/\y=OforsomeyEF}
is an a-ideal of L.

An ideal I of L is called a 0-ideal if I = O(F’) for some filter F' [6]. Hence
we get

Corollary 3.3 Every 0-ideal of L is an a-ideal of L.

Every minimal prime ideal in L is an a-ideal ([6], Theorem 1) but not ev-
ery prime ideal in L is necessarily an a-ideal. For this consider the following
example:

Consider the lattice L = {0,a, b, ¢,d, e,1} whose Hasse diagram is as in Fig.
1. The ideal (e] is a prime ideal but not an a-ideal. For d € (e, (d]** = L ¢ (e].

1
e
d
b
c
a
0
L
Fig. 1

Sufficient condition for a prime ideal in L to be an a-ideal is given in the
following theorem.

Theorem 3.4 If a prime ideal P of L is non-dense, then P is an «-ideal.



«a-ideals and annihilator ideals in 0-distributive lattices 67

Proof By assumption, P* # (0]. Hence there exists € P* such that x # 0.
But then (z]* D P** gives (z]* 2 P as P C P**. Further if ¢t € (z]*, then
tAxz=0¢€ P. But as P is a prime ideal, t € P (since PN P* = (0] = z ¢ P).
But this shows that (z]* C P. Combining both the inclusions, we get P = (z]*.
Hence P is an annihilator ideal. By Result 1, P is an a-ideal. o

A sufficient condition for a 0-distributive lattice to be quasi-complemented
is given in the following theorem.

Theorem 3.5 If no proper a-ideal of L is dense, then L is quasi-complemented.

Proof Let z € L and put I = (z]* V («]**. Then I¢ is an a-ideal in L (by
Result 3). Further, (z]* C I C I¢, we get (I°)" C (z]** and (z]** C I C I°¢
imply (1¢)" C (2]*. Hence (I¢)* C (z]* N (z]** = (0]. Therefore I°¢ is a dense
a-ideal in L. By the assumption I¢ = L. As D # (), there exists d € D such
that d € I¢ . There exists t € I such that (¢]* C (d]* = (0] and hence (¢]* = (0].
Ast eI = (z]*V(x]**, we have t < a Vb for some a € (z]* and b € (z]**. Hence
aAb=0. Further (a Vv b]* C (¢]* = (0] gives (a]* N (b]* = (0] (see Result 4) and
hence (a]* C (b]**. As b € (z]**, we get (b]** C {(2]**}* = (z]**. Thus we have
(a]* C (x]**. At the same time a € (z]* gives (a]* 2 (z]**. Combining both the
inclusions we get (a]* = (z]**. Thus for any = € L, there exists a € L such that
(a]* = (z]**. Hence L is quasi-complemented (by Result 2). O

Consider the 0-distributive lattice L = {0, a, b, ¢,1} whose Hasse diagram is
as in Fig. 2. All a-ideals of L are principal ideals. Note that not every principal
ideal in a 0-distributive lattice is an a-ideal, e.g. (a].

1
b
c
a
0
L
Fig. 2

Every finite 0O-distributive lattice is both quasi-complemented and pseudo-
complemented. This follows by the following theorem.

Theorem 3.6 Let every a-ideal in L be a principal ideal. Then L 1is both
quasi-complemented and pseudo-complemented.

Proof Let x € L. Then (z]* is an a-ideal in L (by Result 1). By assumption,
(x]* = (a] for some a € L. Then x* = a. Therefore L is pseudo-complemented.
Further (x]** = (a]* shows that L is quasi-complemented (by Result 2). O
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Theorem 3.7 If L is a quasi-complemented lattice and if a prime ideal P of
L contains no dense element, then P is an a-ideal.

Proof Let (a]* = (b]* and a € P for some a,b € L. As L is quasi-complemented,
there exists ¢ € L such that (a]** = («]* (by Result 2). Hence aAz = 0. Further

(aVz]" = (a]* N (z]* (by Result 4)
= (a]" N (a]™ = (0].

This implies aVz € D. As PND =0,aVxz ¢ P. We have z ¢ P due to a € P.
Clearly = € (a]* implies = € (b]* and hence bAx =0. AsbAz € Pandz ¢ P
we get b € P. Thus given (a]* = (b]* and a € P we conclude b € P. Finally, P
is an a-ideal (by Result 5). O

Corollary 3.8 If L is a quasi-complemented lattice such that no proper a-ideal
of L is a dense ideal, then every prime dense ideal of L contains a dense element.

Proof Let P be a prime dense ideal of L. Assume PN D = (). Then by
Theorem 3.7, P is an a-ideal. As P is a proper a-ideal, by assumption, P is
non-dense, which is a contradiction. Hence P N D # () and the result follows.

O

In L, every annihilator ideal is an a-ideal but not conversely. A sufficient
condition for an a-ideal to be an annihilator ideal is given in the following
theorem.

Theorem 3.9 If every dense ideal in L contains a dense element, then every
a-ideal in L is an annihilator ideal.

Proof Let I be an a-ideal of L. Clearly I C IV I* gives (I VI*)" C I'* and
I* C IV I*yields (IVI*)* C I**. Hence (IVI*)" C I* N I** = (0] showing
that (I'V I*) is a dense ideal of L. By hypothesis, (IVI*) N D # ¢. Let
de (IVI*)ND. Asd € IV I* we have d < a Vb for some a € T and b € T*.
Hence by Result 4, (a]* N (b]* C (d]" = (0] gives (b]* C (a]**. Let x € I**. Then
bAx=0asbeI*. Thusx € (b]* C (a]**. Asa €I and [ is an a-ideal, we get
(a]** C I. But then z € I shows that I** C I. But as [ C I** always holds, we
get I = I'"* and the result follows. o

Though an a-ideal of L needs not be an annihilator ideal, there are some
0-distributive lattices in which every a-ideal is an annihilator ideal.

In a O-distributive lattice L whose Hasse diagram is as in Fig. 2, the a-ideals
are (0], (], (c] and (1] = L. Each of them is an annihilator ideal.

The set I, (L) of all a-ideals of L forms a complete distributive lattice with
(0] as the least element and L as the greatest element and the set theoretic
intersection as the infimum. The supremum of I,J € [,(L) is given by I @
J = (IVJ) (see [4]). As L is a O-distributive lattice, the set I (L) of all
ideals of L forms a pseudo-complemented lattice (see Result 6). Hence the set
{I € I(L) | I = I"*} forms a Boolean algebra (by Result 7). But I = I** if
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and only if I is an annihilator ideal of L. Thus the set I, (L) of all annihilator
ideals of L forms a Boolean algebra. For a 0-distributive lattice in which every
a-ideal is an annihilator ideal we have the set I, (L) of all a-ideals of L forms
a complete Boolean algebra.

We know that L* = (0]. Hence L is always a dense ideal of L. But L needs
not be the unique dense ideal of L. For this consider the following example.

Consider the 0-distributive lattice L = {0, a,b,c,d,e, 1} whose Hasse dia-
gram is in Fig. 3. Here (a]" = (b]" = (¢|" = (d]" = (¢]" = (0]. Thus (a], (], (],
(d], (€] are all proper dense ideals of L.

1
d
e
c
b
a
0
L
Fig. 3

Theorem 3.10 If the lattice 1,(L) is semi complemented, then L is the only
dense a-ideal in L.

Proof Obviously, L € I, (L) as L* = (0] and (0]* = L. Suppose that there
exists a proper a-ideal I of L such that I* = (0]. By assumption there exists
J € I,(L), J # (0] such that IN.J = (0]. But then J C I'* = (0] implies J = (0],
which is a contradiction. Hence L is the only dense, a-ideal of L. o

Remark 1 Not every ideal has to be an a-ideal in a 0-distributive lattice.
Indeed, consider the 0-distributive lattice L = {0, a, b, ¢, 1} whose Hasse diagram
is given in Fig. 2. Let I = (a] = {0,a}. Then I is an ideal of L. Now for a € I,
(a]** = {0,a,b} ¢ I. Hence I = (a] is not an a-ideal. We know that L is
disjunctive if and only if (a]* = (b]* gives a = b. Hence if L is a disjunctive
lattice, then every ideal in L is an a-ideal.

Remark 2 In a bounded distributive lattice, not every ideal has to be an a-
ideal. For this consider the following example: The set L = {1,2,4,5,10,20}
with respect to divisibility is a distributive lattice. The ideal (2] = {1, 2} is not
an a-ideal of L. The Hasse diagram of L is given in Fig. 4.
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20
4 10
2 5
1
L
Fig. 4

Under the condition of disjunctivity in L we have

Theorem 3.11 Let L be a bounded distributive lattice. L is disjunctive if and
only if every ideal in L is an a-ideal.

Proof (=) In a 0-distributive, disjunctive lattice, every ideal is an a-ideal and
any distributive lattice with 0 is a O-distributive lattice. Hence the implication
follows.

(<) Let every ideal in a distributive lattice L be an a-ideal. We prove that
L is disjunctive. Let z,y € L be such that (z]* = (y]" and  # y. As L is
distributive, there is a prime ideal P containing exactly one of them. Assume
that y € P. As (z]* = (y|" and y € P imply = € P, since P is an a-ideal,
which is a contradiction. Hence (z]* = (y]* gives 2 = y and shows that L is
disjunctive. ]

From the proof of Theorem 3.11, we immediately get

Corollary 3.12 Let L be a bounded distributive lattice. Then the following
statements are equivalent:

1. L is disjunctive.
2. FEwvery ideal of L is an a-ideal.

3. Every prime ideal of L is an a-ideal.

Theorem 3.13 If any proper a-ideal of L is non dense, then any dense ideal
of L contains a dense element.

Proof Let I be a dense ideal of L, i.e. I* = (0]. We have I C I° by Result 3.

Hence (I¢)" C I* = (0] imply (I¢)" = (0]. Let (I°) N D = (). Since I° is an
a-ideal (by Result 3), there is a prime a-ideal P such that /¢ C P and PND = {)
(by Result 10). As P is a proper a-ideal, by assumption, P* # (0]. But I¢ C P
yields P* C (I¢)* = (0]. Thus P* = (0], which is a contradiction. Therefore
(Ie)ND # 0. Let d € (I°) N D. Then d € (I¢) gives the existence of a € I such
that (a]* C (d]* = (0]. Hence a € I N D and consequently I N D # (). O

Combining the above results we get



«a-ideals and annihilator ideals in 0-distributive lattices 71

Theorem 3.14 The following statements are equivalent in L:

I* # (0] for any proper a-ideal I of L.
IND #0 for any dense ideal I of L.
Every a-ideal is an annihilator ideal.

I, (L) is semi-complemented.

SN

I,(L) has a unique dense element.

Further any of the above conditions imply that L is quasi-complemented.

In the following theorem we give a sufficient condition for the collection of
all prime ideals of L to be an antichain.

Theorem 3.15 Let L be a 0-distributive lattice in which every prime ideal is
an annihilator ideal. Then p, the collection of all prime ideals of L, is an
antichain.

Proof Let P,Q € p be such that P C Q. Choose g € @\ P and = € Q*. Then
xAqg=0¢€P. As P is a prime ideal and ¢ ¢ P, we get « € P. Thus Q* C P.
P C @ implies Q* C P*. Thus Q@* C PN P* and so Q** = L. By assumption,
Q*" = Q, thus Q = L , which is a contradiction, as () is a proper ideal. Hence
no two of prime ideals are comparable. m]

Corollary 3.16 A bounded distributive lattice L is a Boolean lattice if every
prime ideal in L is an annihilator ideal.

Proof By Theorem 3.15, the collection g of all prime ideals of L is an antichain
and hence by Nachbin’s Theorem (Result 11), L is a Boolean lattice. a

If I is an ideal in a finite Boolean lattice L, then I = (] for some = € L.
Hence I* = (2'], where 2’ denotes the complement of = in L. Therefore I** =
("] = (] = I. Thus every ideal in a finite Boolean lattice is an annihilator
ideal. Hence we have

Theorem 3.17 For a finite distributive lattice L the following statements are
equivalent:

1. Fwvery ideal in L is an annihilator ideal.
2. Every prime ideal is an annihilator ideal.
3. p is an antichain.

4. L is a Boolean lattice.
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4  Annihilator preserving homomorphisms and a-ideals

Throughout this section L and L’ denote bounded 0-distributive lattices with
the least elements 0 and 0’ respectively and f: L — L’ denotes a 0-1 lattice
homomorphism. f is called an annihilator preserving if f(A*) = {f(A4)}"
for any (0) € A C L. We say that f~! preserves annihilators if f~!(B*) =
{rt (B)}* for any (0') C B C L.

Theorem 4.1 Let f: L — L' be a homomorphism. Then we have:

1. If f is an annihilator preserving epimorphism, then for every annihilator
ideal A of L, f(A) is an annihilator ideal of L.

2. If f~' preserves annihilators, then for every annihilator ideal B of L,
f~Y(B) is an annihilator ideal of L.

Proof (1) Let A be an annihilator ideal of L, i.e. A** = A. By Result 12, f (A)
is an ideal of L’. As f is annihilator preserving, {f(A4)}"" = f(A**) = f(A).
This shows that f(A) is an annihilator ideal of L'.

(2) Let B be an annihilator ideal of L’. Hence B** = B. By Result 12,
f7Y(B) is an ideal of L. Since f~! preserves annihilators, we get

{13y} =B =171(B).

This proves f~1(B) is an annihilator ideal of L. O

Corollary 4.2 If f: L — L' is a homomorphism such that f~! preserves the
annshilators, then Ker f is an annihilator ideal and hence an a-ideal in L.

Proof Kerf={ze L| f(x) =0} where 0/ is the least element in L'. Hence
Ker f = f~1((0']). As (0'] is an annihilator ideal in L/, by Theorem 4.1, Ker f
is an annihilator ideal in L and hence an a-ideal in L (by Result 1). ]

Theorem 4.3 Let f: L — L' be an epimorphism. If Ker f = {0}, then f is
annihilator preserving and f~1 preserves annihilators.

Proof (1) We prove that f is an annihilator preserving map.

Let (0] C A C L. Then we have f (A*) C (f(A))". Let z € (f(A))" C L.
As f is onto, there exists y € L such that f (y) =z € (f(4))"
fWNAfla)=0 forallae A
= flyna)=0
= yAac€Kerf={0}
= yAa=0forallac A
—
—

!

y e A*

fly) € f(A") le. z e f(A¥).
Hence (f(A))" C f(A*). Combining both the inclusions we get f(A*) =
(f (A))". This proves that f is annihilator preserving.
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(2) We prove that f~—! preserves annihilators.
Let (0] CAC L' and z € {f~* (A)}* Then z Aa=0 for all a € f~1(A).
=z Aa=0forall f(a) € A
= f(z)A f(a) =0 forall f(a) e A
= f(x) € A
=z e f1(A%)
Hence {f~1(A)}" C f~1(A%).

Suppose x € f~1(A*) and a € f~1(A4). Then f(z) € A* and f (a) € A.
Hence f (x)Af (a) = 0 gives f (x Aa) = 0'. ThusxzAa € Ker f = {0}. Therefore
zha =0, foralla € f~' (A). Thusz € {f~! (A)}* This shows that { f ! (A)}*
C 7 (A*). Combining the two inclusions we get f~* (A*) = {f~* (A)}* O

Theorem 4.4 Let f: L — L' be an annihilator preserving epimorphism. If
Ker f = {0}, then we have:

A" = B" if and only if { f(A)}" = {f(B)}"
for any non-empty subsets A, B of L.

Proof Assume that A* = B*. Then clearly f(A*) = f(B*). Since f is an
annihilator preserving we get {f (A)}" = {f (B)}".

Conversely, suppose {f (4)}" = {f (B)}". Let x € A*. Then z Aa = 0 for
all a € A.
= f(xANa)=0forallae A
= f(@x)ANf(a)=0 forallae A
— F @) e ()Y
= f(z) € {f(B)}" by assumption
= f(x)ANf(b)=0 forallbe B
= f(xAb)=0"forallbe B
=z ANbeKerf={0}forallbe B
=z Ab=0forallbe B
=€ B”

Hence A* C B*. Similarly we can prove B* C A*. Thererfore A* = B*. O

A necessary and sufficient condition for the inverse image of an a-ideal to
be an a-ideal is given in the following theorem.

Theorem 4.5 Let f: L — L’ be an epimorphism. For every a-ideal J' of L’,
f7H(J") is an a-ideal in L if and only if for each &' € L', f=((z']" ) is an
a-ideal in L.

Proof (=) Choose any 2’ € L’. As the annihilator ideal (2]" is an a-ideal (by
Result 1), the proof of ‘only if part’ follows by assumption.

(<) Let J' be an a-ideal of L'. Then f~! (J’) is an ideal of L (by Result 12).
Let z,y € L be such that (z]* = (y]" and x € f~1 (J'). We claim that (f (z)]" =

(f W] -
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Indeed, f(t) € (f (z)]" implies f( YA f(x) =0, thus f(x) € (f(¢)]" and
re f1 [(f( )] } By assumption f~! [(f (¢)]"] is an a-ideal of L. As (z]* =
(y]" and z € f71[(f (1)]"], we get y € f~H[(f (£)]"] (by Result 5). But then

()7 F(3) = 0 gives £(3) € (F ()] thus y € 71 [(£ ()] and consequently
(t) € ( (y)]". Thus we get (f (x)]" C (f (y)] . Similarly, we can prove that

()] € (/ @) - Hence (f (1)) = (/ (5)]"- Now x € -1 (') yields f (x) €
J'. As J' is an a-ideal, (f (x )]* = (f(y)]" and f(x) € J give f(y) € J' (by
Result 5). But then y € f~1(J'). Thus (z]* = (y]" and = € f~1(J') imply
y € f~1(J'). Hence by Result 5, f~! (J’) is an a-ideal of L. O

We prove that the images and the inverse images of a-ideals under annihi-
lator preserving homomorphism of 0-distributive lattices are again a-ideals.

f
f
(

Theorem 4.6 Let f: L — L' be an annihilator preserving epimorphism.

1. If I is an «-ideal of L, then f(I) is an a-ideal of L'.

2. If J' is an a-ideal of L', then f~1(J') is an a-ideal of L.
Proof (1) Let I be an a-ideal of L. By Result 12, f (I) is an ideal of L’. Let
f(a) € f(I),ie. a€l. AsIisan a-ideal, (a]** C I. Hence f ((a]**) C f(I).

Since f is annihilator preserving we have f ((a]**) = (f (a)]™. Thus (f (a)]"™ C
f(I). This shows that f (I) is an a-ideal of L.

(2) Let J' be an a-ideal of L. Let x,y € L with (z]* = (y]" and x € f=* (J').
() = (" implies [ ((z]*) = f((s]"). By assumption, (f ()] = (f ()]"
Further z € f~1(J') gives f (z) € J'. Now (f (2)]" = (f (v)]", f(z) € J' and
J' is an a-ideal of L', consequently f (y) € J' (by Result 5) and y € f~1(J').
Thus (z]* = (y]" and z € f~1(J') imply y € f~1(J'). Finally, by Result 5,
f~1(J") is an a-ideal of L. a
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