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Uniform non-squareness and property
(8) of Besicovitch-Orlicz spaces of almost

periodic functions with Orlicz norm

FAaTiHA BOULAHIA, MOHAMED MORSLI

Abstract. We characterize the uniform non-squareness and the property (3) of
Besicovitch-Orlicz spaces of almost periodic functions equipped with Orlicz norm.
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1. Introduction

A Banach space (E, || - ||) is said to have the fized point property (f.p.p.) if
for any nonempty, closed, bounded and convex subset A of E, any non expansive
mapping P : A — A (satisfying ||P(z) — P(y)|| < ||# — y|| for any z,y € A) has a
fixed point z € A (that is, P(z) = z).

The fixed point property is a fundamental tool in applied mathematics. It
is then important to obtain some practical characterizations of this property in
general Banach spaces as well as in some usual function spaces.

Metric properties of Banach spaces are very useful in this direction. In [4],
R.C. James introduced the notion of uniform non-squareness, namely, a Banach
space (E, | - ||) is said to be uniformly non-square if there is a § > 0 such that for
any x,y in the unit sphere of F we have

lz+yll <2(1-96) or [z—yl <2(1-0).

It was proved that uniformly non-square Banach spaces are reflexive. Recently,
a new interest on this property was motivated by its connection with the fixed
point property. It was proved that uniformly non-square Banach spaces have the
fixed point property (see [7]).

For the same purpose, S. Rolewicz ([14]) was the first who introduced the
metric property called (3)-property. In [8] this notion was reformulated in a more
convenient form: A Banach space (E, || - ||) is said to have the property (3) if, for
every ¢ > 0 there exists § > 0 such that for each € B(F) and each sequence
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{zn} C B(E) with sep({z,}) > €, there is an index k for which

1
H§(1‘+$k)

’§1_67

where sep({z,,}) = inf{||z, — x|, n # m}.

The importance of the property (3) is related to the following assertions:

If a Banach space E has the property () then it is reflexive and both E and
E* have the fixed point property.

All these properties and their characterizations were subject to investigations
in the class of Orlicz spaces (see [9] and [3]).

Here, we consider such a characterization in the widest class of Besicovitch-
Orlicz spaces of almost periodic functions.

2. Preliminaries

2.1 Orlicz functions. A function ¢ : R — R™ is said to be an Orlicz func-
tion if it is even, convex, ¢(0) = 0, ¢(u) > 0 iff u # 0 and lim,_,o # =0,
limy,— oo @ = +o0.

An Orlicz function admits a derivative qbl everywhere except perhaps on a
countable set of points. It satisfies ¢ (0) = 0, ¢ (Ju|) > 0 whenever u # 0 and
lim |y 400 ¢ (Ju|) = 400, so that it is increasing to infinity (see [1]).

For every Orlicz function ¢ we define the complementary function ¢ by the
formula

Y(y) = sup{zly| — #(z),z > 0}, yeR.

The complementary function 1 is also an Orlicz function.
The pair (¢,1) satisfies the Young inequality

xy < o(x) +Y(y), R, yeR.

We say that an Orlicz function ¢ satisfies the As-condition if there exist a
constant K > 2 and ug > 0 for which

¢(2u) < K¢(u), u > up.
In this case we write ¢ € As. If ¢ € Ay and Y € Ay we write ¢ € Ny N Vo

(see [1]).

If ¢ € Ag then for every 0 <y <1 there exists 0 < 8 < 1 such that

(2.1) o(yu) < VA¢(u)  Vu>uy (see [2] and [3]).

An Orlicz function ¢ is said to be
(1) strictly convex if ¢p(“F2) < M for all u,v € R, with u # v,
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(2) uniformly convex on [d,+ool if for any € > 0 there exists d(¢) €]0, 1] such

that the inequality
o (“5) = - (M54

holds true for all u,v € [d, +o0o[ satisfying |u — v| > e max(|ul, |v|) (see [1]).

2.2 The Besicovitch-Orlicz space of almost periodic functions. Let M (R)
be the set of all real Lebesgue measurable functions and p the Lebesgue measure
on R. Let ¢ be an Orlicz function.

The functional pgs : M(R) — [0, +00],

S 1
ppe(f) = TEIEOO oT

+T
/ o7 (0)]) dp,

is a pseudomodular (see [10]).
The associated modular space

BYR) = {f €M), lim ps(af) =0}
= {f e M(R),pgs(Af) < +oo for some A >0}

is called the Besicovitch-Orlicz space. This space is endowed with the pseudonorm

[ fllge = inf {k >0, ppe (g) < 1}7 f e B*R),

called the Luzemburg norm (see [10]).
Let now A be the linear set of all generalized trigonometric polynomials, i.e.

A= P(t)= Zaj exp(iXt), Aj; €R, o; €C, jeN

j=1

The Besicovitch-Orlicz space of almost periodic functions denoted by B®a.p.(R)
(resp. B%a.p.(R)) is the closure of A in B?(R) with respect to the pseudonorm
Il - |gs (resp. to the modular pgs); more exactly:

Blap.(R) = {f € BR) : I(Pu)nz1 € Ast. lim |[f = Poflpe = 0}
_ {f € BY(R) : 3(Pa)nz1 C A st Yk >0, lim pps(k(f — Po)) = 0} :
B%ap.(R) = {f € BO(R) : I(Pa)uz1 © Asit. 36> 0, lim ppo(k(f — Pn)) = o} .

It is known that B%a.p.(R) = B%a.p.(R) iff ¢ € Ay (see [10]).
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From [10] we know that if f € B?a.p.(R) then the limit in the expression of
pps(f) exists (and is finite), i.e.:

+T
puolf) = lim o [ ol dn, f € Blap(®).
=T

This fact is very useful in our computations.

Beside the Luxemburg pseudonorm defined on B?a.p.(R), we may define an
Orlicz pseudonorm in the following way

1fl1%s = sup {M(fg), g € BYap.(R), pps(g) <1},

where M (f) = limr— o0 55 fj_g |f(®)| dp.
Let P(R) be the family of all subsets of R and ¥(R) the X-algebra of Lebesgue
measurable sets. We define the set function

+T

— — 1 — 1

) = fim 57 / xa(t)ydt = Jim omp(AN[=T,+T7),
=T

where x4 denotes the characteristic function of A € X(R).

Some geometrical properties of these spaces are considered in [10], [11], [12]
and [13], where it is shown that the space (B?a.p.(R), || -||%e) is uniformly convex
if and only if ¢ is uniformly convex and it is of Aa-type (see [13]). It is reflexive
if and only if ¢ € Ay N V2 (see [11]).

3. Auxiliary results

We give here some technical results that will be helpful in the proof of our
main theorem.

Lemma 1 ([10]). Let {an}n>1, an > 0, be a sequence of real numbers. With
every n > 1, we associate a measurable set A,, C [0,1] in such a way that:

(a) AiNA; =0if i #j and |J,~; An C [0,0], where 0 < a < 1;

(b) Y51 ¢lan)p(An) < +oo.
Consider the function f =3 -, anxa, on [0,1] and let ]”v be the periodic exten-
sion of f to the whole R, With_period 7 =1. Then fe E‘f’a.p.(R).

Proposition 1 ([11]). Let f € B%a.p.(R), || f||zs # 0. Then,
(1) If%s = infrso £[1 + pge(kf)]. Moreover, the set K(f) = {k > 0 :

1% = £[1+ ppe(kf)]} is nonempty.
@) [Ifllge < Il %e < 201l 5e-
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These two norms are equivalent, nevertheless, the corresponding geometric
properties between them are different.

Lemma 2. (1) If ¢ € Ay then
k=inf{ke K(f):||f|%s =1, f € Bap.(R)} > 1.
(2) If 4, the conjugate function of ¢, is of Ay-type, then the set

Q={keK(f),a<|fl <b feBlap(®))
is bounded for each b > a > 0.

PrOOF: The arguments are exactly the same as those used in the Orlicz space
case (see [1]), so we omit it. O

Lemma 3. [12] Let ¢ satisfy the Ag-condition, and L?([0,1]) be the classical
Orlicz space of functions defined on [0,1]. Then the mapping defined by:

o (L2([0,2]) 01+ lls) — Blap.(R)
f - f

(where ]”vjs the periodic extension of f), is an isometry for the respective modulars
and also an isometry for the respective norms.

4. Results

Now, we can state our main results concerning the characterization of uniform
non-squareness and property () in the Besicovitch-Orlicz space of almost periodic
functions.

Theorem 1. The space B%a.p.(R) equipped with the Orlicz norm is uniformly
non-square if and only if both the functions ¢ and its Young’s conjugate 1 satisfy
the As-condition.

PRrROOF: Sufficiency. Let fi, fo be two functions in the unit sphere of
(B?a.p(R),|| - |%,) and let k; € K(f3), i.e.,

o 1 .
L= |fillgs = T (14 ppe (kifs)) i=1,2.

Define

S]
I

inf {k € K(f): | fll%e =1, f € B®a.p(R)},
= sup{ke K(f): |fl%s =1,f € B%apR)}.

By Lemma 2,1 < a < b < 4o0.
From the convexity of ¢ we have

(4.1) ¢( ik (u1 +U2))§ k2 P(kru) + ¢ (kauz) .

1
k1 + ko k1 + ko k1 + ko
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Note that since ¢ is even, we may assume without loss of generality that u; > 0,
u2 Z 0.
Take uo = 3¢~ [2(1 — 1)], by (2.1) there exists 0 < § < 1 such that

(4.2) 6 (bjb) SO0 Lrow), iz

Using the fact that the function u — M is increasing, we obtain

a b

d(lu) < I(1 — 8)(u) WE[;niﬁz

] and |u| > ug.

Assume that max(uy,us) > ug. Then, since
obtain

klkg k2 kl
QS U1 — U = Q k U1 — k u
<k’1+k’2 ( ! 2)> <k’1+k’2 i ki1 + ko 2 2)

€[%.-5]i=1,2, we

ki
kl -‘rkz (L-‘rb ? a+b

A
g
o
"
—
©-
N\
e
i
+
>~
¥
>~
=
<
=
N——
o~ ASH
= 7 N
>
[Sh
+
>~
¥
>~
¥
<
¥
N———
——

|
ASH
7N
>
B
o~
=
<
=
~~_
+
ASH
7N
>
=
o~
[\V)
o~
(V)
<
(V)
'

It follows that

k1ko
ki1 + ko

ka
k1 + ko

13) o (2 - w)) < (1-0) | 2ol + ok

1
ki1 + ko

Combining (4.1) and (4.3) we can write

k1 + ko k1ko kiks
ke [¢ (k1 G “2)) o (m G “2))}

<(2-9) {kilda(klul) + kqus(km)} .

(4.4)

If max(uy,u2) < ug, the convexity of ¢ gives

k1 + ko k1ks k1ks
ke ko P<m+@ﬁ”+wo+¢<m+@“”wﬁ}

<12[£¢(k1uﬂ—+ ¢(k2u2ﬂ.

(4.5)
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Put E; = {t € R: |fi(t)| > uo} and denote by Ef the complement of E;. Then,
there exists Ty > 0 such that for each T' > Ty,

11 11

[T, T]NES

¢ (kiuo) p (=T, +T] N EY)

(4.6)

IN

l_ig (1 _ %) w (=T, +T] N EY)

IN

N =
7N N
—

\
SN
~

We then deduce that

kiths 1 [ [¢ (kffi@ (f1(t) + fz(t))l)

kiko 2T
7
kiko
+(b</€1+k’ It/ )]
kit 1
bkl / < 0+ folt >>|)
[-T,TIN(E1UE>)
k1ko
+Qs<k1-|-k I/ >
k'1+k'2 1 kle
t
ke L { <k ke ()+f2())|>

[T, TIN(E1UE>)¢

1k2
+¢<k Y )]
1

<@-0) / o (BAO) + 0 (ke fa(0)) dt

=T, TIN(E1UE2)

v [ (RenA@D+ Solkno)) @

[-T, TIN(E1UES)°

<o (kilaﬁ(lklfl(t)lw%2¢<Ik2f2<t>|>) at
[-T.7]

i (kilqsuklfl(tm+,§2¢<|k2f2<t>|>)

=T, TIN(E1UE2)

ce-0y [ <ki1¢(|k1f1(t)l)+kiszﬁ(lefz(t)l)) dt

[_TvT]
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vime (kil¢<|k1f1<t>|>+k—12¢<|k2f2<t>|>)

[ T,T]ﬁ(EluEQ)C

<=0z [ (petuA@h+ Loluhn) a+s(i-1).

[7T7T]

Then, letting T tend to infinity and using (4.6), it follows that

k1 + ko k1ks ki ko
il [Pm (k1 T (fr +f2)) + ppo (k1 T h (fi— fQ))]

k
<(2-9) [kilpm (k1f1) + k%pmﬂﬁ(kzh)} +0 (1 - é) :

Thus, we have the following inequalities:

11+ follge + /1 = follBs

k k ki1k
< 21—;22 [1+PB¢ (k e (f1+f2))]

k'1+k'2 k12
+ Ko [1+P (k s (f1 — f2))]

k1 + ko ki + ko k1ko Ey ko
kyko K1k { (k T (f1+f2))+p3¢<kl+k (flfg)ﬂ

<2

+

<2t )+ B e (G (4 ) me (e (- 1)
<2 (ki"f'ki) +( [ o (k1 f1) + k—th¢¢(k2f2)] +5(1—2)

<2 (k:il + k;i) +( [ o (k1f1) + ;203¢¢(k2f2)] +4 <1 - é)

< o (1 s )]+ - (14 ppe (ko)

5[ peo (k1 1) + épm%f?)]” (1‘2)

1 1 1
< 2| fillBe + 20 f2llGe — 0 | —pBe (k1f1) + ——ppe (kafo)| +0 (1 — =
k1 ko a

g45(11).
a
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Finally,

a

win {[|f1 + fol[ e |1 — Fall o} <2 (1 _ % (1 _ 1))

and so B%a.p.(R) is uniformly non-square.
Necessity. If we suppose that B?a.p.(R) is uniformly non-square, then it is
reflexive. Consequently, ¢ € Ay NVs. O

Theorem 2. Let ¢ be an Orlicz function. Then the space B¢a.p.(R) with Orlicz
norm has the property (8) if and only if ¢ is uniformly convex and satisfies the
As-condition.

PRrROOF: Sufficiency. If ¢ is uniformly convex and satisfies the condition-As
then by Theorem 1 in [13], B?a.p.(R) is uniformly convex and then it has the

property (63).

Necessity. Suppose that B%a.p.(R) has the property (3). It follows that it is
reflexive and then (see [11]) ¢ € Ay N V.

We show that ¢ is uniformly convex. Note that, considering the canonical
isometry of Lemma 3, we deduce that L?[0,1] has the property (3) and so ¢ is
uniformly convex (see [15]). O

REFERENCES

[1] Chen S., Geometry of Orlicz spaces, Dissertationes Math. 356 (1996).

[2] Chen S., Hudzik H., On some convezities of Orlicz and Orlich-Bochner spaces, Comment.
Math. Univ. Carolin. 29 (1988), 13-29.

[3] Cui Y., Pluciennik R., Wang T., Property (3) in Orlicz spaces, Arch. Math. 69 (1997),
57-69.

[4] James R.C., Uniformly non-square Banach spaces, Ann. of Math. 80 (1964), 542-550.

[5] Hudzik H., Uniformly non-l} Orlicz spaces with Luzemburg norm, Studia Math. 81 (1985),
271-284.

[6] Hudzik H., Geometry of some classes of Banach function spaces, Proceeding of the In-
ternational Symposium on Banach and Function Spaces (Kitakyshu, Japan, October 24,
2003), pp. 17-57.

[7] Garcia-Falset J., Llorens-Fuster E., Mazcunan-Navarro E.M., Uniformly nonsquare Banach
spaces have the fized point property for nonexpansive mappings, J. Funct. Anal. 233 (2006),
494-514.

[8] Kutzarova D.N., k — (8) and k-nearly uniformly convexr Banach spaces, J. Math. Anal.
Appl. 162 (1991), 322-338.

[9] Kolwicz P., The property (3) of Orlicz-Bochner sequence spaces, Comment. Math. Univ.
Carolin. 42 (2001), 119-132.

[10] Morsli M., On some convexity properties of the Besicovitch-Orlicz space of almost periodic
functions, Comment. Math. Prace Mat. 34 (1994), 137-152.

[11] Morsli M., Bedouhene F., Boulahia F., Duality properties and Riesz representation theo-
rem in the Besicovitch-Orlicz space of almost periodic functions, Comment. Math. Univ.
Carolin. 43 (2002), no. 1, 103-117.

[12] Morsli M., Boulahia F., Uniformly non-l. Besicovitch-Orlicz space of almost periodic func-
tions, Comment. Math. Prace Mat. 45 (2005), no. 1, 25-34.

[13] Morsli M., Bedouhene F., On the uniform convezity of the Besicovitch-Orlicz space of
almost periodic functions with Orlicz norm, Colloq. Math. 102 (2005), no. 1, 97-111.



426 F. Boulahia, M. Morsli

[14] Rolewicz S., On A-uniform convezity and drop property, Studia Math. 87 (1987), 181-191.

[15] Dhompongsa S., Equivalence of the properties (3) and (NUC) in Orlicz spaces, Comment.
Math. Univ. Carolin. 41 (2000), no. 3, 449-457.

LABORATORY OF APPLIED MATHEMATICS, UNIVERSITY OF BEJAIA, ALGERIA

E-mail: boulahia_fatiha@yahoo.fr

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES, UNIVERSITY OF T1z1-OUZOU,

ALGERIA

E-mail: mdmorsli@yahoo.fr

(Received November 3,2009, revised February 17,2010)



		webmaster@dml.cz
	2013-09-22T10:40:15+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




