Applications of Mathematics

Xingyong Zhang; Yinggao Zhou
On periodic solutions of non-autonomous second order Hamiltonian systems
Applications of Mathematics, Vol. 55 (2010), No. 5, 373-384

Persistent URL: http://dml.cz/dmlcz/140708

Terms of use:

© Institute of Mathematics AS CR, 2010

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/140708
http://dml.cz

55 (2010) APPLICATIONS OF MATHEMATICS No. 5, 373-384

ON PERIODIC SOLUTIONS OF NON-AUTONOMOUS SECOND
ORDER HAMILTONIAN SYSTEMS*

XINGYONG ZHANG, YINGGAO ZHOU, Changsha

(Received January 14, 2008)

Abstract. The purpose of this paper is to study the existence of periodic solutions for
the non-autonomous second order Hamiltonian system

{u(t) = VF(tu(t)), ae. tel0,T],
u(0) — u(T) = u(0) — 4(T) = 0.

Some new existence theorems are obtained by the least action principle.
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1. INTRODUCTION

Consider the non-autonomous second order Hamiltonian system

(1.1) {i’;(t) = VF(tvu(.t)), ae tel0,7],
u(0) — u(T) = w(0) — u(T) = 0,

where T > 0, F: [0,7] x RN — R satisfies the following assumption:

* This work was supported by the Graduate degree thesis Innovation Foundation of Central
South University (No. 3960-71131100014), the Outstanding Doctor degree thesis Implan-
tation Foundation of Central South University (No. 2008yb032), and by the Postdoctoral
Science Foundation of Central South University.
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(A) F(t,z) is measurable in t for every z € RY and continuously differentiable
in z for a.e. t € [0,T], and there exist a € C(RT,R™), b € L'([0,7]; RT) such that

[E(t, 2)| < a(lz))b(t), [VF(t )] < allz])b(t)

for all z € RY and a.e. t € [0, 7.
The corresponding functional ¢ on H1. given by

o(u) = 5/0 |u(t)|2dt+/0 F(t,u(t))dt

is continuously differentiable and weakly lower semicontinuous on H4., where

HE: = {u: [0,T] — RY | u is absolutely continuous,

u(0) = u(T) and @ € L?(0,T; R™)}

is a Hilbert space with the usual scalar product and norm (see [4]). Moreover, one
has

(¢ (w),v) = / (G(t), 5(8)) + (VF (L, u(t)), v(t))] dt

for u,v € H}. It is well known that the solutions of problem (1.1) correspond to the
critical points of ¢ (see [4]).
For u € H:, let =T} fOT u(t)dt and a(t) = u(t) — a. Then one has

N T (T
a2, < —

S5 |a(t)|?dt (Sobolev’s inequality)
0

(see [4], Proposition 1.3).

In many papers (see [1], [3]-[10]) it has been shown by the least action principle
that problem (1.1) has at least one solution which minimizes ¢ on H} . When F(t, ")
is convex for a.e. t € [0,7], Mawhin-Willem [4] studied the existence of a solution
which minimizes ¢ on H% for problem (1.1). For non-convex potential cases, using
the least action principle, the existence of a solution which minimizes ¢ on H1
has been investigated by many people (see [3], [6]-[10] and the references therein).
Inspired and motivated by the results in [3] and [8]-[10], we consider problem (1.1)
with the potential F(t,x) = Fy(t,z) + Fa(t,z). In our Theorem 2.1, it is assumed
that

(1.2) it x) = Ga)| ()],

374



where G(x) is subconvex and VFy(t,x) has sublinear growth. In Theorem 2.2, it
is assumed that Fi(t,z) satisfies (1.2) and Fy(¢,x) has subquadratic growth. In
Theorem 2.3, it is assumed that Fi (¢, x) satisfies (1.2) and

(1.3) Fy(t,x) = (h(t), x) + (1),

where h(t) € LY(0,T;RY) and g(¢t) € L'(0,T;R). In Theorem 2.4, it is assumed
that Fy(t,x) is subconvex with subquadratic growth and Fs(t, ) satisfies (1.3). In
Theorem 2.5, it is assumed that Fj(t,z) — +oo uniformly for a.e. t € [0,T], as
|z| — oo and F(t, ) satisfies (1.3). By using the least action principle, we obtain
that system (1.1) has at least one solution. Theorems 2.1-2.4 develop and generalize
the corresponding results in [8] and [10] and Theorem 2.5 is a new result.

2. MAIN RESULTS AND PROOFS

We first recall a definition due to Wu-Tang [9].
A function G: RY — R is called (A, 1)-subconvex if

G(Az +y)) < w(G(x) +G(y))

for some A,z > 0 and all z,y € R™. A function is called y-subadditive if it is (1,7)-
subconvex. A function is called subadditive if it is 1-subadditive. The convex and
subadditive functions are special cases of subconvex functions.

Theorem 2.1. Suppose that F(t,z) = F1(t,x)+ Fx(t,x), where Fy and F» satisfy
assumption (A) and the following conditions:

(i) there exist M > 0, f € L'(0,T;R) and G: RN — R which is continuous and
(A, p)-subconvex for some A > % and 0 < p < 2X?, such that

Fi(t,z) = G(a)|f(2)]

for all |x| > M and a.e. t € [0,T;
(ii) there exist p1,pa € L' (0,T;RT) and o € [0,1) such that

[VEy(t, )| < pi(t)]x]* + pa(t)

for all x € RY and a.e. t € [0,T);

(iii)

1[G T T
= {%/0 |f(t)|dt+/0 Fg(t,x)dt} oo as 1] — .

Then problem (1.1) has at least one solution which minimizes ¢ on Hk.
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Proof. Let 8 = logyy2u. Then 8 < 2. In a way similar to Wu-Tang [9], by
the (A, p)-subconvexity and continuity of G(-), one can obtain that there exists a
constant ag > 0 such that

[f®)IG() < ao(2plz|” + 1) f ()]

for a.e. t € [0,7T] and all z € RY. Thus by assumption (A) and condition (i), we
have

Fi(t,z) = G)|f(8)] +p(t)

for all # € RY and a.e. t € [0,T] and for p € L'(0,T) given by

p(t) =~ max a(le)b(t) - ao(2ud” + DI (D).

It follows from (i) and Sobolev’s inequality that

(2.1) /OTFl(t,u(t))dt
/ Glu |dt+/Tp(t)dt

£ dt — /G )|dt—|—/Tp(t)dt

/G )
2;/0 GO f(t
1/TG |

T T
—a all8
()| dt — ao(2u| ||oo+1)/0 If(t)ldt+/0 p(t)dt
)| f(t)

T B/2
t|dt—C1</ |u(t)|2dt) —Cy+ Cs
0

for all u € H} and some constants C;, Ca, C3. It follows from assumption (ii) and
Sobolev’s inequality that

T

(2.2) 1Rt u(t) ~ Bt ) dt‘

(VFy(t,a + sii(t)), ii(t)) ds dt‘

</O/Opl(t)|ﬂ+sﬂ(t)|a|ﬁ(t)|dsdt+/0 pa(t)|a(t)|dt
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T T
21l + [|%) 1] / pa(t) dt + oo / pa(t) dt

2

3 ) T o /T
< _ - «

T
+ llleo / pa(t) dt
0

1 T T (a+1)/2
< Z/ la(t)|? dt 4+ Cylul®™ + Cs </ |u(t)|2dt)
0 0

+ Cs (/OT | (t)]? dt)l/2

for all u € H} and some positive constants Cy, Cs, Cs. It follows from (2.1) and
(2.2) that

T
+ 2l / pa(t) dt
0

o) = %/O |u(t)|2dt+/0 Fl(t,u(t))dt—i—/o Byt u(t)) — Fa(t, a)] dt

T
+ / Fy(t,u)dt
0

T T T B/2
5 | tora s [ eoaisaa- o [Caora) e
T

1 T (a+1)/2
- —/ lu(t)|? dt — Cylul?™ — Cs (/ |1l(t)|2dt>

4 0 0

T 1/2 T
—Cs (/ |u(t)|2dt> +/ Fy(t,w)dt
0 0
1 (T T B8/2
= Z/ |’l'1,(t)|2dt—01 (/ |’U,(t)|2dt> —Cy 4+ C5
0 0

e ( /0 i dt>(a+1)/2 ~ Ce ( /0 " ao)? dt)l/Q

(A@)|f(t)| dt Fy(t,a)dt
T |’U|2a (fo Uu |f | + fo 2 u) _ C4>

WV

pluf? jaf*
for all w € H%, which implies that
plu) — +oo

as |lu|| — oo by (iii), because o < 1, 8 < 2, and

1/2

T
||| = co0 <= <|u|2 —I—/ |it(t)|2dt> — 0.
0

By Theorem 1.1 and Corollary 1.1 in Mawhin-Willem [4], the proof is completed. [

377



Theorem 2.2. Suppose that F(t,z) = F1(t,x)+ Fx(t,x), where Fy and F» satisfy
assumption (A) and the following conditions:

(i) there exist M > 0, f € L'(0,T;R) satisfying fOT |f(t)|dt # 0 and G: RN — R
which is continuous and (A, p)-subconvex for some A > % and 0 < p < 2)\2 such
that

Fi(t,z) = Gx)|f(t)]
for all |x| > M and a.e. t € [0,T);
(ii) there exist § € [0,2), ky € L1(0,T;R™"), and ks € L*(0,T;R) such that

|Ba(t, )] < Ka(t)]e]® + ka(t)

for all x € RY and a.e. t € [0,T);

(iii)
G(x)
|z°

— 400 as |z| — 0.

Then problem (1.1) has at least one solution which minimizes ¢ on H.

Proof. By condition (ii) and Sobolev’s inequality, one has

T T
(2.3) A gu#@»mMgZ;mﬂmmoP+@@na

T T
<2(al’ + %) [ m@der [
0 0
T §/2
<D(/|MW%Q + Dolal® + Dy
0

for all u € H%: and some constants Dy, Da, and Ds. It follows from (2.1) and (2.3)
that

o= [ laorars [ Feuw)a
22 [iwra-o([Naora) cire
i [ ' |u<t>|2dt>6/2
oyt (S [ a2

for all uw € H}, which implies that

p(u) — +o0
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as |lu|| — oo by (iii), because § < 2, § < 2, and

1/2

T
||| = co0 = <|u|2 —I—/ |u(t)|2dt> — 00.
0
By Theorem 1.1 and Corollary 1.1 in Mawhin-Willem [4], the proof is completed. O

Theorem 2.3. Suppose that F(t,z) = Fi(t,x)+ Fa(t,x), where Fy and F; satisfy
assumption (A) and the following conditions:

(i) there exist M > 0, f € L*(0,T;R) satisfying fOT |f(t)|dt #0, and G: RY — R
which is continuous and (A, p)-subconvex for some A > % and 0 < pu < 2)\? such
that

Fi(t,z) > G(@)|f(t)]

for all |x| > M and a.e. t € [0,T);
(ii) there exist g(t) € L'(0,T;R) and h(t) € L'(0,T;RY) such that

Fy(t, x) = (h(t),z) +g(t)

for all z € RY and a.e. t € [0,T];
(i)
G(z)
]

— 400 as |z| — oco.

Then problem (1.1) has at least one solution which minimizes ¢ on Hk.

Proof. By condition (ii) and Sobolev’s inequality, one has

(2.4) / Fo(t, u(t)) dt > / ((h(t), @+ (1)) + g(t)] dt

T
>—Hanoo/ |dt—|u|/ |dt+/ oL
T
> ([ tora)” ~pifal 0,
0
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for all u € H%: and some constants Dy, D5, and Dg. It follows from (2.1) and (2.4)
that

o =5 [ lioFat+ [ Fuw)a
1 T. 1 /T B T. B/2
>3 [ tiopas s [ ooalola-a [ aora)
T 1/2
—CQ+C?,—D4</O |u(t)|2dt> — Dslu| + Dg

1 /T T B/2
= 5 / |u(t)|2 dt — C1 (/ |’U,(t)|2 dt) —Cy 4+ C;5
0 0

Dy (/OT ()P dt)l/Q + Do + |l (ﬁ /OT GOW| (1)) dt — D5)

for all u € H}, which implies that
p(u) — 400

as |lu|| — oo by (iii), because § < 2 and
T 1/2
||| = co0 <= (|u|2 —I—/ |u(t)|2dt> — 00.
0
By Theorem 1.1 and Corollary 1.1 in Mawhin-Willem [4], the proof is completed. [

Remark 2.1. In [8], the case that G is subadditive is considered. Our theorems
generalize that result to the case that G is (A, u)-subconvex by modifying some
conditions. Moreover, the restriction about F»(¢,x) is also modified. Especially, our
Theorem 2.1 generalizes the restriction about |V Fy (¢, x)| in [8].

Theorem 2.4. Suppose that F(t,z) = Fi(t,x)+ Fa(t,x), where Fy and F; satisfy
assumption (A) and the following conditions:

(i) Fi(t,z) is (A, u)-subconvex for a.e. t € [0,T] and there exist § € [0,2), 6 €
LY(0,T;R*) and w € L'(0,T;R) such that

Fi(t,x) <O()|z]° +w(t)

for all z € RY and a.e. t € [0,T);
(ii) there exist q(t) € L'(0,T;R) and h(t) € L'(0,T;RY) such that

B(t,2) = (h(t), x) +q(t)
for all z € RY and a.e. t € [0,T);
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(iii)
1

T
ﬁ/ Fi(t,z)dt — +o0  as |z| — oo.
Tl Jo

Then problem (1.1) has at least one solution which minimizes ¢ on H.
Proof. By the (\, u)-subconvexity of Fi(t,-), one has
T 1 [T T
(2.5) / Fu(tu(t)) dt > —/ Fu(t, \a) dt —/ Ryt —a(t)) dt
0 HJo 0
17T T
> —/ Fu(t, Aa) dt —/ 10(6)[(1)|° + w(t)] d
0 0

i
1 T T T

> —/ Fl(t,)\a)dt—HaHgo/ H(t)dt—/ w(t) dt
K Jo 0 0

1T T 5/2
>—/ Fl(t,)\u)dt—E1</ |u(t)|2dt> B
K Jo 0

for all u € H% and some constants Ey, Eo. By condition (ii), one has
T T
(2.6) / Fy(t,u(t))dt > / [(h(t),u + u(t)) + ¢(t)] dt
0 0

T

T T
:/0 (h(t),u)dt—i—/o (h(t),u(t))dt+/0 o(t) dt
—|ﬂ|/0 |h(15)|0hf—Hﬁ”oo/O |h(15)|01t+/O q(t)dt
T

1/2
—E3</ |u(t)|2dt> — Eylu| + Es
0

for all u € H}: and some constants F3, Ey, E5. It follows from (2.5) and (2.6) that

WV

WV

_! Tf[t 2 ! U
e =5 [ ti@Fa+ [P

> %/OT ()2 dt — B (/OT MOk dt)é/Q By By (/OT ()P dt)

[ Fu(t, 2a) dt
— -k
plul

1/2

+E5+|’U,|<

for all u € H}, which implies that

p(u) — +o0
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as |lu|| — oo by (iii), because ¢ < 2 and

T 1/2
||| — oo <= (|u|2 —I—/ |u(t)|2dt> — 00.
0
By Theorem 1.1 and Corollary 1.1 in Mawhin-Willem [4], the proof is completed. [

Corollary 2.1. Suppose that F(t,x) = Fy(t,z)+Fs(t,x), where Fy and F» satisfy
assumption (A) and the following conditions:

(1) Fi(t.x) is (\, p)-subconvex for a.e. t € [0,T], where A > % and p < 2)\%;
(i) there exist q(t) € L'(0,T;R) and h(t) € L*(0,T;RY) such that

Fy(t,x) = (h(t), x) + q(t)

for all z € RY and a.e. t € [0,T);
(i)
1

T
ﬁ/ Fi(t,z)dt — +o0 as |z| — oo.
| Jo

Then problem (1.1) has at least one solution which minimizes ¢ on H.

Proof. Let 8 =logyy 2p. Then 8 < 2. In a way similar to Wu-Tang [9], by the
(A, p)-subconvexity of Fi(t,-) and assumption (A) one can prove that

Fi(t,z) < co(2u]z)? + 1)b(t)

fora.e.t € [0,T]and allz € RY, where 3 < 2, ¢y = Jnax a(s). Thus by Theorem 2.4,
the proof is completed. o O

Remark 2.2. In [10], the case with fOT h(t)dt = 0 is considered. Our Theo-
rem 2.4 and Corollary 2.1 prove the conclusion holds as fOT h(t)dt = 0 is omitted by
modifying some conditions.

Lemma A (see [7]). Assume that F satisfies assumption (A) and
F(t,z) - +o00 as |z] — o©

uniformly for a.e. t € [0,T]. Then there exist n(t) € L'(0,T;R) and a subadditive
function G: RY — R such that

G(x) +n(t) < F(t,2)
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for all z € RY and a.e. t € [0,T] and
G(z) - +o0  as || — o0
and
0<G(z) < |z|+1
for all v € RY.

Theorem 2.5. Suppose that F(t,z) = Fi(t,x)+ Fa(t,x), where Fy and F; satisfy
assumption (A) and the following conditions:

(i)

Fi(t,x) - +o00  as |z| — o0

uniformly for a.e. t € [0,T7;
(ii) there exist v(t) € L'(0,T;R) and h(t) € L'(0,T;RY) with fo t)dt = 0 such
that
Fy(t,x) = (h(t),z) +v(t)

for all z € RY and a.e. t € [0, 7).

Then problem (1.1) has at least one solution which minimizes ¢ on H.

Proof. By condition (ii) and Sobolev’s inequality one has
T T
(2.7) / Fy(t,u(t)) dt > / (A (1), +a(t)) + v(t)] dt
0 0
T T
> —|\a||oo/ |h(t)|dt+/ v(t)dt
0 0

T 1/2
_H (/ ok dt) +H,
0

for all u € H} and some constants H; and H>. By Lemma A, (2.7), and Sobolev’s

WV

inequality one has

T T T
go(u):%/o |'()|2dt+/ Fy(t,u(t ))dt+/0 Fy(t,u(t))dt

/ |th+/ G(u dt+/ ()dt—Hl</0T|ﬂ(t)|2dt)1/2+H2
/ |2dt+/ G(u)dt — /G
+/OT <>dt—H1(/O |<>|2dt) + Hy

> %/OT () 2 dt + TG(a) — T(|[ill o + 1) + Hs — Hy (/OT Iit(t)|2dt)1/2 o
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for all u € H} and some constant Hs. From the coercivity of G we obtain
plu) = +oo as [lul| — oo,

because
1/2

T
||| — co0 = <|u|2 —I—/ |u(t)|2dt> — 0.
0
By Theorem 1.1 and Corollary 1.1 in Mawhin-Willem [4], the proof is completed. [

Remark 2.3. In [2], A. Fonda and J.-P. Gossez obtained an abstract theorem
in which it is necessary to seek a functional b. However, we find that in general
it is difficult to find the functional b satisfying the conditions of the theorem. It
is therefore not very suitable for practical use. In our conclusions, for the second
order Hamiltonian systems, we start from the property of F' itself to seek suitable
restrictive conditions so that the necessity of finding b is avoided. This is easier.

Acknowledgement. The authors would like to thank the referee for valuable
suggestions.
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