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1. INTRODUCTION

We will consider the existence, multiplicity, and nonexistence of positive solutions
for the fractional differential equation with integral boundary conditions

D%+ Ap(t)f(u) =0, te(0,1),
(1.1) u'(0) = 1 fy po(s)g(u(s)) ds,
u(1) = v [ pr(s)h(u(s))ds,

where A > 0, p > 0, v > 0,1 < a < 2, D% is the Caputo fractional derivative of
order 1 < a < 2 defined by (see [1])

Du(t) = DG, ult) — F(llt(g)a)ta - Fé/(i))a)tla, l<a<?,
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where ) ) .
_ d 22— o d 1 11—«
=g I““u(t) = T2 =) /0 (t—s) "“u(s)ds

is the Riemann-Liouville fractional derivative of order «, and

Dy, u(t)

P ou(t) = ﬁ /O (t — 5)"u(s) ds

is the Riemann-Liouville fractional integral of order 2 — «, see [1].

Differential equations of fractional order occur more frequently in different research
areas and engineering, such as physics, chemistry, control of dynamical systems, etc.
Recently, many authors have paid attention to the existence of a solution to boundary
value problems for fractional differential equations, such as [2]-[10], etc. However,
as far as we know, there are few papers dealing with the existence, multiplicity, and
nonexistence of positive solutions to integral boundary value problem for fractional
differential equations, in which the derivative is the Caputo fractional derivative. It is
well known that fractional derivatives are generalizations of the derivative of integer
order, and there are several kinds of fractional derivatives, such as Riemann-Liouville
fractional derivative, Marchaud fractional derivative, Caputo fractional derivative,
etc. As cited in [11], a number of works have appeared, especially in the theory
of viscoelasticity and in hereditary solid mechanics, where fractional derivatives are
used to get a better description of material properties. Mathematical modelling
based on enhanced rheological models naturally leads to differential equations of
fractional order and the necessity of the formulation of initial conditions to such
equations. Applied problems require definitions of fractional derivatives to illustrate
the initial value problems in Physics containing the expressions of f(a), f'(a), etc.
In fact, the same requirements apply for boundary conditions. Caputo fractional
derivative exactly satisfies these demands. Herein, in this paper, we establish the
existence, multiplicity, and nonexistence of positive solutions to integral boundary
value problems for fractional differential equations, by means of the fixed point in-
dex.

Definition 1.1. We call a function u(t) a positive solution of problem (1.1) if
u(t) € C([0,1]), u(t) = 0, t € (0,1) and it satisfies problem (1.1).
We assume:
CHAX>0,pu=20,rvr>20,1<a<2
(C2) t"ip;: [0,1] — [0,400) is continuous, t"ip;(t) is nonidenticaly vanishing,
0<r<1,i=0,1, and vp; — upo = 0 for t € (0, 1];
(C3) f,g,h: [0,400) — [0, +00) are continuous, h(u) = g(u) for all u € [0, +00),
and f(u) > 0, h(u) — g(u) > 0, h(u) > 0 for u € [0,400) and |u]| > 0,
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where |lu|| = max |u(t)| is the norm of the continuous functions space

Let

te[0,1]
([0, 1]).
fo= lim @, foo = lim E, (h —g)o= lim (x)—g(m)v
|z|—0 |$| || —o00 |$| |z|—0 |J)|
(h—g)w = Tim MBI =9@) o BE) g, @)
° |z]—o00 |$| ’ |z|—0 |$| ’ ° || —o00 |$|

Our main results are:

Theorem 1.1. Assume that conditions (C1)—(C3) hold.

(a)
(b)
()
(d)

If fo=0=ho and foo = 00 (or (h — g)oo = 00 Or hoo = 00), then for all A > 0,
w >0, v >0 problem (1.1) has a positive solution.

If fo = 00 and foo =0 = hwo, then for all A > 0, u > 0, v > 0 problem (1.1) has
a positive solution.

If (h— g)o = 00 and foo = 0 = ho, then for all X > 0, u > 0, v > 0 problem
(1.1) has a positive solution.

If hg = o0 and foo = 0 = hwo, then for all A > 0, p > 0, v > 0 problem (1.1)
has a positive solution.

Theorem 1.2. Assume that conditions (C1)—(C3) hold.

(a)

(b)

If fo =0=hg or foo = 0 = hoo = 0, then there exist A\g > 0, g > 0, vg > 0
such that for the three cases: (1) A > Ao, p =2 0, v > 0; (2) A > 0, p > po,
v>20;(3) A>0,u>0,v >y, problem (1.1) has a positive solution.

If fo = 00 or fo = 00, then there exist A\g > 0, po > 0, vy > 0 such that for all
0< A< A, 0< p< g, 0< v <y, problem (1.1) has a positive solution.

If (h — g)o = 0 or (h — g)eo = 00, then there exist Ag > 0, po > 0, vy > 0 such
that for all 0 < A\ < X, 0 < pt < po, 0 < v < v, problem (1.1) has a positive
solution.

If hg = 00 or hoo = 00, then there exist Ag > 0, pg > 0, vy > 0 such that for all
0 <A< Ao, 0< 1< g, 0< v <y, problem (1.1) has a positive solution.

If fo =0 = hg, foo = 0= h, then there exists py > 0 such that for the three
cases: (1) A > X, 020, v20;(2) A>0, u>po,v=0;3) A>0, >0,
v > 1y, problem (1.1) has two positive solutions;

If fo = foo = 0 (or (h—g)o = (h — g)ooc = 00, 0or hg = hoo = 0), then
there exist A\g > 0, ug > 0, v9 > 0 such that for all 0 < X\ < Ag, 0 < p < po,
0 < v < vy, problem (1.1) has two positive solutions.
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(g) If fo < 00, hp < 00 and fo < 00, hoo < 00, then there exist g > 0, o > 0,
vo > 0 such that for all 0 < X\ < Ag, 0 < p < po, 0 < v < vy, problem (1.1) has
no positive solution.

(h) If fo > 0 and f > 0, then there exists \g > 0 such that for all A > Ao, pp = 0,
v > 0, problem (1.1) has no positive solution.

(G) If (h—g)o > 0 and (h — g)oo > 0, then there exists po > 0 such that for all
A >0, u> po, v =0, problem (1.1) has no positive solution.

(k) If hg > 0 and he > 0, then there exists vy > 0 such that for all A > 0, u > 0,
v > vy, problem (1.1) has no positive solution.

2. PRELIMINARIES

We will have some results which are very important for us to prove Theorems 1.1
and 1.2.

Lemma 2.1. Let n € C((0,1]), t'n € C(]0,1]), 0 < r < 1 and 0¢, 01 € L1(0,1).
Then the unique solution of the boundary value problem

D*u+n(t)=0, t€(0,1), 1<a<2,
(2.1) u'(0) —,ufo oo(s)ds,
u(1) zufo o1(s)ds

/Gts s)ds (1—t)/oloo(s)ds—i—u/olal(s)ds,

is

where

(2.2) G(t,s) =

Moreover, the function G(t, s) satisfies the following conditions:
(1) G(t,s) >0 for allt,s € [0,1], G(t,s) > 0 for all t,s € (0,1), and

nax G(t,s) = G(s,s), se€]0,1].

(2) min G(t,8) = (1 —6*V)G(s,8) = (1 —§*71) max G(t,s), 0 < s < 1, where

YL 0<t<
F<y<d<Ll
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Proof. Since t"n € C[0,1], equation (2.1) means that the Caputo fractional
derivative D%u € C..[0, 1] exists on [0, 1]. According to the definition of the Caputo
fractional derivative, we have that u € L1(0,1) and I?~®u(t) € C?[0,1]. Thus,
applying the operator I to both sides of equation (2.1) and using some facts from
[1], we obtain

u(t) = c1 + cot — In(t)
for some constants ¢;, i = 1,2. Using the boundary conditions of problem (2.1), we
can calculate that ¢z = ¢4 = 0,¢2 = ufol oo(s)ds, 1 = z/fol o1(s)ds + In(1) —
I fol 00(s)ds. Consequently, the solution of problem (2.1) is

1 1 1
u(t):z//o al(s)ds—i—Io‘n(l)—u/o 00(8)d8+ut/0 oo(s)ds — I%n(t).

Thus, the unique solution u(t) of problem (2.1) can be written as

u(t)z/o G(t,s)n(s)ds—u(l—t)/o UQ(S)dS—I—l//O o1(s)ds

where G(t, s) is defined in (2.2).

As for the properties of (1), (2) of the function G(¢, s), we can easily obtain them
in the same way as in Lemma 2.8 [10]. In view of the expression for the function
G(t,s), we easily find that G(t,s) > 0, t,s € [0,1], and G(t,s) > 0, t,s € (0,1),
max G(t,s) = G(s,s) = (1 —s5)* ! /T(a). On the other hand, we have

0<t<1

—s)e (5 —g)>!

(1—s) Fa§6 ) 7 s € [0,9],
in { (1—-s)*t—(—s)1 (1-s)! }
. - I'a) © o)

2l Gl ) = (=gt - (g —s)! s € [r,9]
_ e , s 0ls

(L= = 5= 9

) o) , s€]0,4],

and
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Thus, we have

min G(t,s) > (1 — 5“-”% =(1-0""HG(s,8), 0<s<1
V<E<S ) = F(Oé) ) ) X X
The proof is complete. O

Hence, we know that the solution to problem (1.1) is

1 1 1
u(t) = A / G(t, 5)p(s)  (u)ds — (1 — 1) / po(s)g () ds + v / p1(3)h(u) ds
~ ) / G(t, s)p(s) f(u) ds + (1 — ) / po(s)(h(u) — g(u)) ds
+ / (vpa(s) — (1 — D)po(s))h(u) ds.

As a result, the solution u of problem (1.1) can be written in the form

1 1
(2.3) u(t) = A / G(t, 5)p(s) (u(s)) ds + (1 — 1) / po(s)(h(u) — g(u)) ds
+ / (vpr(5) — (1 — D)pols))h(u) ds.

Lemma 2.2. Assume that conditions (C1)-(C3) hold. Then u € C[0,1] is a
solution of problem (1.1) if and only if w € C]0,1] is a solution of the integral
equation (2.3).

Proof. First we prove the necessity. Let u € C[0,1] be a solution of prob-
lem (1.1). Applying the method used for proving Lemma 2.1, we can obtain that
u € C]0,1] is a solution of the integral equation (2.3), and hence the necessity is
proved.

Now, we prove the sufficiency. Let u € C[0, 1] be a solution of the integral equa-
tion (2.3). Applying the operator D* to both sides of (2.3), we have D%u(t) =
—Ap(t) f(u(t)); moreover, we can also verify that u(t) satisfies the boundary condi-
tions u/(0) = ,ufol po(s)g(u(s))ds,u(l) = l/fo1 p1(s)h(u(s))ds. Thus, we verify that
u € C[0,1] is a solution of problem (1.1). Thus, the sufficiency is proved.

The following is a well-known result concerning the fixed point index. O
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Lemma 2.3 ([12]). Let E be a Banach space and K a cone in E. For r > 0,
define K, = {u € K; |ju|| < r}. Assume that T: K, — K is completely continuous
such that Tx # 0 for x € 0K, = {u € K; |u|]| =r}.

(i) If||Tu| > |lu| for u € OK,, then

i(T, Ko K) = 0.
(ii) If | Tu|| < ||u|| for u € OK,, then

(T, Ky, K) = 1.
Let £ <7 <6 <1, and define K to be a cone in C[0, 1] by
K ={ue C[0,1]; u(t) >0,t € [0,1] and min wu(t) > (1 — 5§ H)||ul}.

RESES

Define Ty: K — C[0,1] by

1
(2.4) /\/ G(t, s)p(s)f (w) ds + p(1 —t)/o po(s)(h(w) — g(u)) ds
+A<wm) (1 = Opo(s) h(u) ds.

Lemma 2.4. Let assumptions (C1)—(C3) hold, then T: K — K is completely
continuous.

Proof. By the assumptions (C;)—(C3) and since G(t,s) > 0, t,s € [0,1], we
have Tu(t) > 0, Tu(t) € C[0,1] for u € K. Moreover, for v € K, from assumptions
(C1)~(C3), Lemma 2.1 and 1 —y > 1 -8 > 1 -6 6L —v > 65— >0,
1:%4—%<'y+5a_1<1+1:2,wehave

ut) = A [ Gt 1 ds+ 11 =1) [ po(e)(h(w) - a(w)ds

+ [ mi) = 1 = Opos)hw ds

0

< /\/O G(s, s)p(s)f(u)ds
_ 1 1

—|—§1_751)_q/ po(s)(h(u) — g(u)) ds—f—/o vp1(s)h(u)ds
/\/ G(s,s)p )ds—%/o po(s)g(u)ds

2 — 5 - 5o~ 1)

T gai /0 p1(s)h(u)ds,
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vrgtlgéTu (t) = vgltngé( / G(t, s)p(s)f(u)ds — p(1 — t)/o po(s)g(u)ds
1
+1//O pl(s)h(u)ds)
— 5o h / G(s,s)p(s)f(u)ds — (1—7)/0 po(s)g(u)ds
—|—1//0 p1(s)h(u)ds
1 -~ 1
—=0 (3 [ Geperwas - 152 [ as
y 1
1 -~ 1
> (-0 (3 [ Glspeswas - {52 [ g as
(2 — ~ — a1 1
PO [ o)
> (1= )| Tull.

Hence, the operator T: K — K is well defined. O
We can complete the remaining part of the proof, by standard arguments; here we

omit it.

Lemma 2.5. Assume that (C1)—(C3) hold. Let uw € K and r > 0. Then there
exists A\g > 0 such that

ITu|| > ||ul| foruw € 0, A > Xg, =0, v=0,

where Q, = {u € K; |lu|]| <r}, 00, ={ue K; |u]| =r}.
Proof. For fixed r > 0, let \g = r((1 — 6> )m, ff G(s,5)p(s) ds)_l, where

r = ; by (C3), m; > 0). Then, f € 00, A > Ao, 20,
m r(lféur—nll)ngl‘ullgr f(u) ( y( ) m ) en, 1or u 0, 1

v > 0, by Lemma 2.1, we have

min Tu(t) = min ( / G(t,s)p(s)f(u(s))ds+ p(l —t)/o po(s)(h(u) —g(u))ds

<t <)

+ [ mi(s) = 1 = ()it ds)

)
> A(1- 51 / G(s, 5)p(s) (u(s)) ds

~
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1
> Am,(1— 60‘*1)/ G(s,s)p(s)ds

)
> Aom(1 — 5&-1)/ (s, $)p(s)ds = = [[ul.
Y

which implies that ||Tu|| > ||u|| for v € 9Qy, A > Ao, =0, v > 0. O

By similar arguments, we can also obtain the following results:

Lemma 2.6. Assume that (C1)—(C3) hold. Let w € K and r > 0. Then there
exists pp > 0 such that

|Tul| > [Ju|| forue 0y, A >0, u> po, v =0,
where Q, = {u € K; |u|]| <71}, 0Q, ={u e K; |Ju|| =r}.

Lemma 2.7. Assume that (C1)—(C3) hold. Let w € K and r > 0. Then there
exists vg > 0 such that

ITu| > ||ul| foruwe dQ, A>0, u=0, v> v,
where Q, = {u € K; |u|]| <71}, 0Q, ={u e K; |u|| =r}.

We also have the following result:

Lemma 2.8. Assume that (C1)—(C3) hold. Let w € K and r > 0. Then there
exist positive constants Ao, o, Vo > 0 such that

|[Tul| < Jul| foruwe 9y, 0 <A< Xy, 0< i< po, 0< v <y,

where Q, = {u € K; |lu|]| <r}, 00, ={ue K; |u]| =r}.

Proof. For fixed r > 0, let

r r
Ao = . Mo = ,
3My, fol G(s, s)p(s)ds 3My,, fol po(s)ds
r
vy = 1 R
3Mpr [y p1(s)ds
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where My, = max f(u) + 1, Mp, = max h(u) + 1. Then, for u € 0Q,, 0 < XA < Ao,

flull<r llull<r
0 < p< g, 0<v <1y, we have

1 1
ITu(t)] = A / G(t, 5)p(5) f (u(s)) s + (1 — 1) / Po(s)(h(u) — g(u)) ds
+/O (vp1(s) — p(1 —t)po(s))h(u)ds

1

1 1
< [ Gt spss) s+ =) [ ph s+ [ o s
1

1 1
<)\Mf,«/ G(s,s)p(s)ds—l—uMhr/ po(s)ds—l—l/Mh,«/ p1(s)ds
0 0 0

1

1 1
< )\oMf,,/ G(s, 8)p(s)ds + poMp, / po(s)ds + voMp, / p1(s)ds
0 0 0

which implies that ||Tu|| < ||u|| for v € 09, 0 < A < Ag, 0 < p < g, 0 < v < 1.

3. PROOF OF THEOREM 1.1

In view of Lemma 2.2, it is sufficient to find a fixed point u € K of the operator
T: K — K defined by (2.4). It follows from Lemma 2.4 that the operator T: K — K
is completely continuous. Moreover, from Lemma 2.4 and assumptions (C1)—(C3),
if we fix r >0, and K, = {u € K; ||u| <r}, and 0K, = {u € K; ||u|| =7}, we can
obtain that T: K, — K is completely continuous, Tu # 0 for u € 0K..

(a )Byvirtue of fo=0=hgy, for0 <e< ()\folG( s)p(s )ds—l—ufopo )ds +
l/fo p1(s ds) , there exists a positive ; > 0 such that

f(u) <elul, h(u) <elu| for 0 < |u| < r;.

Let Q,, ={u € K: |u|| <ri}. For u € 08,, we have

1 1
Tu(t)] = A / G(t, $)p(s)  (u)ds + (1 — 1) / Po(s)(h(u) — g(u)) ds
+/ (vp1(s) — (1 —t)po(s)h(u)ds
0

1

/ G(s,8)p(s)f(u)ds + u(l —t) /01 po(s)h(u)ds + 1// p1(s)h(u)ds

0
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1 1
)\5/ G(s,s)p |u|ds—|—u5/ po(s)|u|ds—|—1/5/ p1(s)|u|ds
0

6r1</Gss ds+u/1 ()ds+1//01p1(s)ds)<r1,

which implies that ||Tu|| < ry = |Jul| for u € 9Q,,.
If foo = o0, then, for M > (A(1 —6°71)2 ff G(s,5)p(s) ds)_l, there exists a
positive N > 0 such that
f(u) > M|u| for |u| > N.

Take 72 > max{r;, N/(1— 8§71}, and let Q,, = {u € K; ||u|]| < r2}. Then, for
w € 0y, u(t) = (1 =3 Y|lul| = (1 —6* Hre > N for v < t < 6, hence we have

u(t) = A / Gt $)p(s) F(u(s)) ds + p(1 — ) / po(s) (h(u) — g(u)) ds
1
+ / (vpr(s) — (1 — Dpo(s))h(u) ds
> / G(t, 5)p(s) F(u(s)) ds

)
> MA(L — g 1)2 / G(s, 8)p(s)||u]| ds

> lull,

which implies that ||Tu|| > ||u|| for v € 09, .
It follows from Lemma 2.3 that

i(T,9.,K)=1 and (T,Q,,,K)=0.
By the additivity of the fixed point index we have

i(Tan \QT’UK) =
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which implies that 7' has a fixed point v € ,, \ Q,,, by virtue of the existence
property of the fixed point index. From Lemma 2.2, the fixed point u € Q,., \ Q,, is
a positive solution of problem (1.1).

By the same reasoning, we can obtain that problem (1.1) has a positive solution,
under fo =0 = hg and (h — g)oo = 00 OF hoo = 0.

(b) By fo = o0, for M > (A(1—46>71)? ff G(s,5)p(s) ds)_1 there exists a positive
r1 > 0 such that

f(u) > Mlu| for 0 < |u] <ry.

Let Q,, ={u € K; ||u|]| < ri}. For u € 08,, we have

Tu(t) > A / G(t, 5)p(s)f(u(s)) ds
)
> / G(t, 5)p(s) f(u(s)) ds
)
> MA(L— 5o 1)? / G(s, )p(s)||ul| ds

> [lufl,

which implies that ||Tu| > ||u|| for u € 8(2“

By foo =0=heo,for0<e< 1 )\fo ds—i—ufo po(s ds—H/fO p1(s)ds)?
there exists a positive N > 0 such that

flu) <elul, h(u) <elul for |u| > N.

Therefore,

flu) <elul+C1, h(u) <elul +Cy

for u € [0, +00), where Cy = [max flu)+1,Cy = [max h(u) + 1. Let Q,, = {u €

SUX SUX

K; |Ju|| < 72}, where

1 1 1
r9 > max {7“1, 2 (/\Cl / G(s, s)p(s)ds + puCs / po(s)ds +vCsy / p1(s) ds) }
0 0 0
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Then, for v € 012,, we have

ITu(t)] = A / G(t, $)p(s)f (u) ds + (1 — 1) / po(s)(h(u) — g(uw)) ds
1
+ / (vp(s) — (1 — B)po(s))h(u) ds
<A / G(t, $)p(s)f (u) ds + (1 — 1) / po(s)h(u) ds + v / p1(3)h(u) ds

(/Gss IUIdS+u/1 (s)|u|ds+u/01p1<s>|u|ds>

1

+ A4 / G(s, s)p(s)ds + pCs /0 po(s)ds +vCsy / pi(s)ds

0

Erg(/Gss ds+u/1 ()ds—i—u/olpl(s)ds)

1 1
+ MO / G(s, s)p(s)ds + puCo / po(s)ds +vCsy / pi(s)ds
0 0
<2

\5"' = T2,

5
which implies that ||Tu|| < re = |Ju|| for u € 9Q,,.
It follows from Lemma 2.3 that

i(T,9.,K)=0, «(T,Q,,K)=1.
By the additivity of the fixed point index we have
(T, \ Oy, K) = 1,
which implies that 7' has a fixed point u € Q,, \ Q,,, by virtue of the existence
property of the fixed point index. From Lemma 2.2, the fixed point u € Q,, \ Q,, is

a positive solution of problem (1.1).

In the same way we can complete the proofs of (¢) and (d). Here, we omit them.
(]
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4. PROOF OF THEOREM 1.2

In view of Lemma 2.2, it is sufficient to find a fixed point u € K of the operator
T: K — K defined by (2.4). It follows from Lemma 2.4 that operator T: K — K
is completely continuous. Moreover, from Lemma 2.4 and assumptions (C1)—(C3),
if we fix r > 0, put K, = {u € K; |lu|| <r}, and 0K, = {u € K; ||u|| =r}, we can
obtain that T': K, — K is completely continuous, Tu # 0 for u € 0K,

(a) For fixed 1 > 0, by Lemma 2.5 there exists A\g > 0 such that

ITu| > ||ul| for uw e dQ, A > Ao, u=0, v=0.

If fo = 0 = ho, then, according to Theorem 1.1(a), there exists a positive constant
rg < 11 such that
[Tul| <re =lul] for wuwe 0.

If fo = 0 = heo, then, according to Theorem 1.1(b), there exists a positive
constant r3 > max{ry,r2} such that

[Tul| <rs =|ul] for wuwe 0Q,.
It follows from Lemma 2.3 that
(7,92, K)=0 and i(T,9,,K)=1 and i(T,Q,,K)=1.
By the additivity of the fixed point index we have
i(T, 2, \ Uy, K) = =1, (T, Q0 \ 9y, K) =1,

which implies that 7' has a fixed point v € Q,, \ Q,, or u € Q,, \ Q,, provided
fo =0 = hg or foo = 0 = he, respectively. Consequently, problem (1.1) has a
positive solution for A > A, > 0, v > 0.
According to Lemmas 2.6, 2.7 and Theorem 1.2(a), we can complete the proof.
(b) Fix a number r; > 0. Lemma 2.8 implies that there exist A\g > 0, po > 0,
1o > 0 such that

ITul| < [Jul| forue 0, 0 <A< Ao, 0< o< pio, 0< v <.

If fo = oo, then, for M > 1/A(1 — §21)2 fj G(s, s)p(s) ds, there exists a positive
7 > 0 such that
f(u) > Mlu| for 0 < |u| <T.
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Let Q, ={u € K: |Ju|| <re}, 0 <ry < {r,7}. For u € 0£),, we have
)
Tu(t) > AM(1 — 5“—1)/ (s, 5)p(s)[u| ds
8!

)
S AM(1— §o-1)2 / G(s, 5)p(s)||ul| ds

> lull,

which implies that [|[Tul| > |lu|| for u € 0%,,.
If foo = 00, then, for M > (A(1—071)2 ff G(s,5)p(s) ds)_1 there exists a positive
N > 0 such that
f(u) > M|u| for |u] > N.

Let 73 > max{ry,N/(1—6*"1)} and let Q,, = {u € K: |Ju| < r3}. Then for
u € 98, we have u(t) > (1 — 5% 1)|jul| = (1 —6* )rs > N for v < t < 6, hence we
have

6

Tut) > A [ Glt.s)pls) f(u(s) ds
! 5
> /\M(l—é(’_l)Q/ (s, $)p(s)|[ul ds

> [lufl,

which implies that ||Tu|| > ||u|| for u € 9Q,.,.
It follows from Lemma 2.3 that

(7,92, K)=1 and i(T,9,,K)=0 and (T, Q,,K)=0.
By the additivity of the fixed point index we have
i(Tth\ﬁva):la i(Tan\ﬁTUK):_L

which implies that T has a fixed point u € Q,, \Q,, or u € Q,,\Q,, provided fy = 0o
or foo = 00, respectively. Consequently, problem (1.1) has a positive solution for
0< A<, 0 < o, 0 <V <.

By the same method, we can verify the results of (c) and (d).

(e) Fix two numbers 0 < r3 < 4. Lemma 2.5 implies that there exists \g > 0
such that

(|Twl] > |u|| for we 09, (i=3,4), A>Xo, 4 =0, v=0.
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Since fo = 0 = ho, foo = 0 = heo, according to the proof of Theorem 1.2(a),
0 < r; <rzand ry > 74 such that

ITu|| < |Jul| for ue 09, (i=1,2),
and it follows from Lemma 2.3 that

(7,9, K)=1, «(T,Q,.,,K)=1,
and

i(T,Qy, K)=0, 4(T,Q,,K)=0.

Hence, i(T, 2, \Qr,, K) = —1,4(T,Q,,\Qy,, K) = 1. Thus, T has two fixed points
up € Qpy \ Uy, U2 € Qp,y \ Qp,, which are distinet positive solutions of problem (1.1)
forall A > Ao, p >0, v > 0.

By very similar arguments, we can complete the proof.

(f) Fix two numbers 0 < r3 < r4. Lemma 2.8 implies that there exist A\g > 0,
o > 0, 9 > 0 such that

|1Tul| < Jul| for uwe 9, (1 =3,4), 0 <A< Xy, 0< pt < po, 0< v <y

Since fo = foo = 00, it follows from the proof of Theorem 1.2(b) that we can choose
0 <7y <rsgand ro > ry such that

|Tul| > ||u|| for u e 09, (1 =1,2),
and it follows from Lemma 2.3 that

i(T,9.,K)=0, «(T,Q,.,,K)=0,
and

i(T,Qy, K)=1, (T,Q,,K)=1.

Hence, i(T,Q, \ @, K) = 1, i(T,Q,, \ Q,, K) = —1. Thus, T has two fixed
points u; € Q. \ .y, ug € O, \ Q,,, which are distinct positive solutions of problem
(I.1) for all 0 < A < XA, 0 < po < o, 0 < v < vp.

According to Lemma 2.8, using similar arguments we can complete the proof,
under the assumption (h — g)o = (b — ¢g)oo = 00 OF hg = hoo = 00.

(g) Since fo < 00, hg < 00 and foo < 00, how < 00, then there exist positive
number €;, 1 = 1,2,3,4 and 0 < ry < 79 such that,

flu) <eiful, h(u) <egful for fuf <,
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and
f(u) <eslul, h(u) <eglul for [ul > ro

Let

s < Ju| < 7“2}}.

Jul

s < Ju| < 7“2}, max{

Jul

€ = max {51, £92,€3,¢&4, max{

We obtain that

flu) <elul, h(u) <elul forue R;.
Assume that v(¢) is a positive solution of problem (1.1). Then for 0 < A < )\0, 0<
1< po, 0 < v < vy, where A\g = (6 fo (s,5)p(s) ds) . o = (6¢ fo po(s)ds) 1,
vy = (6e fo pi(s)ds) ! , we have

<e||v|(Ao/ G(s, ) )dS+M0/1P0(8)d8+Vo/01P1(S)dS)

T’

that is, [[v]| = || Tv| < 3|lv|| < [|v]|, which is a contradiction.
(h) Since fp > 0 and foo > 0, there exist positive numbers 7,72 and 0 < rq < o
such that,
fw) = mlul for |u| < rq,

and
F() > malul o fu] > s
Let
73 = min {nl,ng,mm{| K (1- (5‘1*1)7'1 < Jul € 7'2}}.

We can obtain that

fu)
fu)

> nzlu| for w e Ry, |u
> nzlu| for w e Ry, |u
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Let

1
Ao =

- Y
(1 —do=1)2p; ff G(s,s)p(s)ds

Assume that v(t) € K is a positive solution of problem (1.1). If ||v|| < r1, then, by
(4.1) , we have

fu(t) = nslv(t)], te]0,1].

On the other hand, if ||v]| > r1, then

: > _ sa—1 _ sa—1
min oft) > (1= 8] > (1 =),

which, together with (4.2), implies that

f(®) Zmnslo@®)], € y,d].

Hence, for A > Ao, > 0,v > 0, one has

o(t) = To(t) > A / G(t, 5)p(s)f (v(s)) ds

)
>\ / G(t,5)p(s) F(v(s)) ds

)
> (1- 5 s / G(s, s)p(s)[v| ds

5
6

G(s, 5)p(s)|v]| ds

> (1=5""nsdo [ Glss)p(s)|lv] ds

/
/6
.

> [lvll;

which produces a contradiction |[v|| > [Jv].

By the same arguments as in Theorem 1.2 (h), we can complete the proofs of
Theorem 1.2 (j), (k).
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