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Abstract. With the aid of the notion of weighted sharing and pseudo sharing of sets we
prove three uniqueness results on meromorphic functions sharing three sets, all of which
will improve a result of Lin-Yi in Complex Var. Theory Appl. (2003).
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1. INTRODUCTION AND MAIN RESULTS

In this paper by meromorphic functions we will always mean meromorphic func-
tions in the complex plane. We adopt the standard notation in the Nevanlinna theory
of meromorphic functions as explained in [8]. It will be convenient to let E denote
any set of positive real numbers of finite linear measure, not necessarily the same at
each occurrence. For a nonconstant meromorphic function h we denote by T'(r, h)
the Nevanlinna characteristic of h and by S(r, h) any quantity satisfying

S(r,h) =0o(T(r,h)) (r— o0, r ¢ E).

Let f and g be two non-constant meromorphic functions and let a be a finite
complex number. We say that f and g share a CM, provided that f —a and g — a
have the same zeros with the same multiplicities. Similarly, we say that f and g
share a IM, provided that f —a and g — a have the same zeros ignoring multiplicities.
In addition we say that f and g share oo CM if 1/f and 1/g share 0 CM, and we
say that f and g share co IM if 1/f and 1/g share 0 IM.

Let S be a set of distinct elements of CU{oo} and E;(S) = |J {z: f(2) —a =0},

a€sS

where each zero is counted according to its multiplicity. If we do not count the
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multiplicity the set |J {z: f(z) — a = 0} is denoted by E¢(S). If E¢(S) = E,(S)
a€sS
we say that f and g share the set S CM. On the other hand, if E¢(S) = E4(S), we

say that f and g share the set S IM.

Let m be a positive integer or infinity and a € CU {oc}. We denote by E,,)(a; f)
the set of all a-points of f with multiplicities not exceeding m, where an a-point is
counted according to its multiplicity. If E..)(a; f)=FEx)(a;g) for some a € CU {oo},
we say that f, g share the value a CM. For a set S of distinct elements of C we define
Em)(Sv f) = US Em)(aa f)

The uniqu(gless problem for entire or meromorphic functions sharing sets was
initiated by a famous question of F. Gross in [7]. In 1976 he posed the following
question:

Question A. Can one find two finite sets S; (j = 1,2) such that any two non-
constant entire functions f and g satisfying Ef(S;) = E,(S;) for j = 1,2 must be
identical?

In [7], Gross said that if the answer of Question A is affirmative it would be
interesting to know how large both sets would have to be?

In 1994, H. X. Yi posed the following question for meromorphic functions.

Question B [19]. Can one find three finite sets S; (j = 1,2, 3) such that any
two non-constant meromorphic functions f and g satisfying E;(S;) = E,(S;) for
j =1,2,3 must be identical?

In 1994 Yi [19] gave an affirmative answer to Question B and proved that there
exist three finite sets S; (with 7 elements), Sy (with 2 elements) and S5 (with 1
element) such that any two non-constant meromorphic functions f and g satisfying
E¢(S;) = Ey4(S;) for j =1, 2, 3 must be identical.

Gradually the research on Question A corresponding to meromorphic functions as
well as Question B gained pace and today it has become one of the most prominent
branches of the uniqueness theory. Among a number of situations depending on the
nature and the number of shared sets, the uniqueness of two meromorphic functions
was studied by many authors. Especially during the last few years a considerable
amount of work has been done to investigate the possible answer to Question B.
(ct. 1], [2]-[5], [6], [9], [13], [16], [17], [18], [19], [20], [21], [23]). In 2001 the idea of
gradation of sharing known as weighted sharing was introduced in [11], [12] which
measures how close a shared value is to being shared CM or to being shared IM. In
the following definition we explain the notion.

Definition 1.1 [11], [12]. Let k be a nonnegative integer or infinity. For a € CU
{00} we denote by Ej(a; f) the set of all a-points of f, where an a-point of multiplicity
m is counted m times if m < k and k + 1 times if m > k. If Ey(a; f) = Ex(a;9), we
say that f, g share the value a with weight k.
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We write f, g share (a, k) meaning that f, g share the value a with weight k.
Clearly, if f, g share (a, k) then f, g share (a,p) for any integer p, 0 < p < k. Also
we note that f, g share a value a IM or CM if and only if f, g share (a,0) or (a, c0),
respectively.

Definition 1.2 [11]. Let S be a set of distinct elements of C U {oo} and k a
nonnegative integer or co. We denote by Ef(S, k) the set |J Ex(a; f).

a€S
Clearly Ef(S) = Ef(S,00) and Ef(S) = E¢(S,0).

Recently the present author [1] has provided the affirmative answer to Question B
by applying the notion of weighted sharing. He has proved that if two non constant
meromorphic functions share one set S; (containing 1 element) CM, and two other
sets Sz (containing 1 element) and S; (containing 4 elements) with finite weight,
then f = ¢ with some restriction on the ramification index of f and ¢g at co. In
this paper, by using the idea of weighted sharing, we will investigate the possible
answer to Question B where solely the set sharing of the meromorphic functions will
be given as in the follows.

(1.1) P(w) = aw™ — n(n — 1)w? 4+ 2n(n — 2)bw — (n — 1)(n — 2)b?

where n > 3 is an integer and a and b are two nonzero complex numbers satisfying
ab" =2 # 2. We claim that the polynomial P(w) has only simple zeros.
In fact we consider the rational function

aw™

(1.2) R(w) =

n(n—1)(w—a1)(w—az)’
where o1 and a9 are two distinct roots of

n(n — Dw? — 2n(n — 2)bw + (n — 1)(n — 2)b* = 0.
From (1.2) we have

(n —2)aw™* (w — b)?

nn—1)(w—a1)? (w— ag)

(1.3) R (w) = 5
From (1.3) we know that w = 0 is a root with multiplicity n of the equation R(w) = 0
and w = b is a root with multiplicity 3 of the equation R(w) — ¢ = 0, where ¢ =
%ab”*Q.

Then

a(w —b)® Qn_3(w)

nn—1)(w—a1)(w—az)’

(1.4) R(w) —c =
where Q,,—3(w) is a polynomial of degree n — 3.
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Moreover, from (1.1) and (1.2) we have

P(w)
n(n—1)(w—a)(w—az)’

(1.5) R(w) — 1 =

Noting that ¢ = $ab" 2 # 1, from (1.3) and (1.5) we obtain that
P(w) = aw™ — n(n — 1)w?* — 2n(n — 2)bw + (n — 1)(n — 2)b?

has only simple zeros.
In 2003, Lin and Yi proved the following result which answered Question B and
improved the corresponding theorem in [19].

Theorem A [16]. Let S = {0}, Sz = {0} and S5 = {w | P(w) = 0}, where
P(w) is given by (1.1) and n > 5. Suppose that f and g are two non-constant
meromorphic functions satisfying E¢(S;,00) = E4(Sj,00) (j =1,2,3). Then f = g.

In [16], Yi and Lin made the following remark.

Remark 1.1. If the condition Ef(S2,00) = E4(S2,00) is replaced by a weaker
condition E¢(S2,0) = E4(S2,0) the conclusion of Theorem A remains true.

In this paper, we will prove the following three theorems which improve Theo-
rem A.

Theorem 1.1. Let Sy, So and S3 be defined as in Theorem A andn > 5. Suppose
that f and g are two non-constant meromorphic functions satisfying Ef(S1,4) =
Ey(S51,4), E¢(S2,0) = E4(S2,0) and Es)(S3, f) = E5)(53,9). Then f =g.

Theorem 1.2. Let Sy, So and S3 be defined as in Theorem A andn > 5. Suppose
that f and g are two non-constant meromorphic functions satisfying Ey(S1,00) =
Ey(S1,00), Ef(S2,0) = Ey4(S2,0) and Ey)(S3, f) = Ey4)(S3,9). Then f = g.

Theorem 1.3. Let Sy, So and S3 be defined as in Theorem A andn > 5. Suppose
that f and g are two non-constant meromorphic functions satisfying Ey(S1,2) =
E4(51,2), E¢(S2,0) = E4(S2,0) and Eg)(Ss, f) = Eg)(S3,9). Then f =g.

We also need the following definitions.

Definition 1.3 [10]. For a € CU{oo} we denote by N(r,a; f |= 1) the counting
function of simple a-points of f. For a positive integer m we denote by N(r,a; f |< m)
(N(rya; f |= m)) the counting function of those a points of f whose multiplici-
ties are not greater(less) than m where each a point is counted according to its
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multiplicity; denote by N(r,a; f |< m) (N(r,a;f |> m)) the counting function
of those a-points of f whose multiplicities are less (greater) than m; denote by
N(r,a; f |< m), N(rya; f |> m), N(r,a; f |[< m) and N(r,a; f |> m) the reduced
forms of N(r,a;f |< m), N(r,a; f |= m), N(r,a; f |< m) and N(r,a;f |> m),
respectively.

Definition 1.4 [1]. We denote by N(r,a; f |= k) the reduced counting function
of those a-points of f whose multiplicity is exactly k, where k > 2 is an integer.

Definition 1.5. Let f and g be two non-constant meromorphic functions such
that f and g share a value a IM where a € C U {co}. Let zp be an a-point of f
with multiplicity p, an a-point of g with multiplicity q. We denote by N (r,a; f)
(NL(r,a;g)) the counting function of those a-points of f and g where p > ¢ (q > p),
each a-point being counted only once.

Definition 1.6. Let f and g be two non-constant meromorphic functions and
m be a positive integer such that £,,)(a; f) = Ey,)(a; g) where a € CU {oo}. Let 2o
be an a-point of f with multiplicity p > 0, an a-point of g with multiplicity ¢ > 0.
We denote by NL (r,a; f) (N7 (r a;g)) the counting function of those a-points of
f and g where p > q (¢ > p), each a-point is counted only once.

Definition 1.7. For a positive integer p we denote N,(r,a; f) = N(r,a; f) +
N(r.a; f|>2)+...+ N(r,a; f |> p). Clearly N(r,a; f) = Ni(r, a; f).

Definition 1.8. Let m be a positive integer. Also let zo be a zero of f(z) —a of
multiplicity p and a zero of g(z) — a of multiplicity g. We denote by N f>m41(r, a; f |
g # a) (Nysm+1(r,a;g | f # a)) the reduced counting functions of those a-points of
f and g for whichp>m+1and ¢=0 (¢ =>m+1 and p =0).

Definition 1.9 [11], [12]. Let f, g share (a,0). We denote by N.(r,a; f,g) the
reduced counting function of those a-points of f whose multiplicities differ from the
multiplicities of the corresponding a-points of g.

Remark 1.2. Clearly N.(r,a; f,g9) = N.(r,a;9,f) = Nr(r,a; f) + Np(r,a;9).
If Eny(aif) = Eplaig), then No(raif.g) = Np'(raif) + N7 (raig) +
Nyzmii(r,ai f | g# a)+ Ngzmaa(r,as g | f # a).

Definition 1.10 [14]. Let a,b € CU {oco}. We denote by N(r,a;f | g = b)

the counting function of those a-points of f, counted according to their multiplicity,
which are b-points of g.

Definition 1.11 [14]. Let a,b1,b2,...,by € C U {oco}. We denote by N(r,a; f |
g # b1,b2,...,by) the counting function of those a-points of f, counted according to
their multiplicity, which are not the b;-points of g for i =1,2,...,¢q
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2. LEMMAS

In this section we present some lemmas which will be needed in the sequel. Let F'
and G be two non-constant meromorphic functions defined in C. Henceforth we will
denote by H, ® and V the following three functions:

- (250 - (5 2%),

FF -1 G G-1
!/ !
GI):FF—1_GG—1
and A o @ P &%
V:(F—1_F)_(m_E)ZF(F—n_G(G—l)'

Lemma 2.1 [15]. For E,,(1; F') = E,,)(1;G) and H # 0 we have

N(r,;F|l=1)=N(r1G|l=1) < N(r,H)+ S(r,F)+ S(r,G).

Lemma 2.2. If N(r,0; f(*) | f # 0) denotes the counting function of those zeros
of f*) which are not the zeros of f, where a zero of f*) is counted according to its
multiplicity, then

N(r,0; f®) | f #0) < kN(r,00; f) + Ni(r,0; f) + S(r, f).

Proof. By the first fundamental theorem and Milloux theorem ([see [8], Theo-
rem 3.1]) we get

N, 0 f%) | £ #0) < N(r,0; #) <N (r00; #) +m(r, #) +0(1)

SN, 0; f |[< k) + EN(r,0; f [> k) + EN(r,00; f) + S(r, f)
= Ni(r,0; f) + kN (r,00; f) + S(r, f).

O

Lemma 2.3. Let I and G be two meromorphic functions such that E,,)(1; F) =
E.y(1;G), where 1 < m < co. Then

— — 1 —
N1, F)+ N(r,1,G) — N(r, 1; F |= 1) + (% - 5) (Npsmpr(n1,F| G #£1)
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x7 1 ~m ~m
+Nezmi (LG | F £ 1)} + (m = 3 UV (0.5 F) + N (. 15,6))

g%wmnm+th®L

Proof. Since E,,)(1;F) = E.,y(1;G), we note that common zeros of F' —1 and
G — 1 upto multiplicity m are the same. Let zy be a 1-point of F' with multiplicity p
and a 1-point of G with multiplicity ¢. If p = m + 1 the possible values of ¢ are (i)
g=m+1, (ii) ¢ > m+ 2, (iii) ¢ = 0. Similarly, when p = m + 2 the possible values
of gare (i) g=m+1, (li) g=m+2, (iii) g =m+3, (iv) ¢g=0. If p > m+ 3 we
can similarly find the possible values of q. Now the lemma follows from the above
explanation. (I

Let f and g be two non-constant meromorphic functions and
(2.1) F=R(f), G=R(g),

where R(w) is given by (1.2). From (1.2) and (2.1) it is clear that

(22)  TEf)= 2T F)+80nf), Tlrg) = ~T(.G) +5(r.g).
(]

Lemma 2.4. Let F', G be given by (2.1) and let wy,ws...w, be the roots of
P(w) = 0.

If E,)(1; F) = E,,)(1;G), where 1 < m < oo, then

() Npsmar( 15 F | G # 1) < m~ [N(r,0; £) + N(r, 003 f) — Nos(r,0; )] + S(r, f)
(H) NGZMJrl(rv L G | F 7é 1) < mil[ﬁ(rv 0; g) + N(T, 05 g) - N®(7’, 0; g/)] + S(?“, g)’
where Ng(r,0; f') = N(r,0; f' | f # 0, w1,wsa...wy). Ng(r,0;g’) is defined similarly.

Proof. We prove (i) since (ii) can be proved in a similar way. Using Lemma 2.2

we get from (1.5) and (2.1) that
Nesmi1(n L F|G#1) <N F|>m+1)

< — (N(r,1;F) = N(r,1; F))

N

[Z (N(r,wj; f) = N(r,wj; f))

<.
Il
—

N
3|=3]= 3= 3|~ =

(N(r,0; f' | f #0) = Ng(r,0; f'))

[N(r,0; f) + N(r, 003 f) = Ng (r,0; f')] + S(r, ).
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Lemma 2.5. Let F, G be given by (2.1) and let wi,ws,...,w, be the roots of
P(w) = 0. If E,,,(1; F) = E,,)(1;G), where 1 < m < oo, then
() Nrsmir(r,LE | G # 1) + Np(r, LF) < m ' [N(r,0;f) + N(r,00; f) —
Neg(r, 0; )]+ S(r, ),
(i) Nezm1(r, ;G | F # 1) + Np(r,LG) < m~'[N(r,0;9) + N(r,c0;9) —
Ng(r;0;9)] + 5(r, 9)-
Proof. We prove (i) since (ii) can be proved in a similar way.

Since Npsmi1(r,1; F |G #1)+Np(r,1;F) < N(r,1; F |> m+1) the lemma can
be proved following the line of proof of Lemma 2.4. O

Lemma 2.6. Let F' and G be given by (2.1) and assume f, g share (0,0) and 0
is not a Picard exceptional value of f and g. Then ® = 0 implies F = G.

Proof. Suppose ® =0. Then by integration we obtain
F-1=C(G-1).

It is clear that if z¢ is a zero of f then it is a zero of g. So from (1.2) and (2.1) it
follows that F'(zp) = 0 and G(29) = 0. So C' =1 and hence F' = G. O

Lemma 2.7. Let F', G be given by (2.1) and let H # 0. If E,,,y(1; F) = E,y(1;G)
and f, g share (00, k) and (0,p), where 1 < m < oo and 0 < p < oo, then

[np+n—1]N(r,0; f [Zp+1) = [np+n—1N(r,0;g = p+1)
<SNP 1)+ N (r,1,6) + Npsmer (1, F | G £ 1)
+ Neomi1(r, ;G | F #1) + No(r,00; f, 9) + N(r, au; f)
+ N(r,az; f) + N(r,a1;9) + N(r, az; )
+ S(r, f)+ S(r,9).

Proof. Suppose 0 is a Picard exceptional value of f and g. Then the lemma
follows immediately.

Next suppose 0 is not a Picard exceptional value of f and g. Since H # 0 by
Lemma 2.6 we can deduce ® # 0. Let zg be a zero of f with multiplicity ¢ and a
zero of g with multiplicity r. From (1.2) and (2.1) we know that z; is a zero of F’
with multiplicity nq and a zero of G with multiplicity nr. Since f, g share (0;p), it
follows that F', G share (0;np) and so a zero of F' with multiplicity ¢ (= np + 1) is
a zero of G of multiplicity r (= np + 1) and vice versa. We note that F' and G have
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no zero of multiplicity ¢ where np < t < n(p + 1). So it is clear from the definition
of ® that zg is a zero of ® with multiplicity at least n(p + 1) — 1. So we have

np+n—1Nr0; f|=p+1)=np+n—1N(r0g|>p+1)
=[p+n—1N (r,0; F [>n(p+1))

N(r,0; )

N(r,00;®) + S(r, f) + S(r, 9)

N.(r,00; f,9) + N(r,au; f) + N(r,az; f)

+ N(r,a1;9) + N(r,az;9) + NT)(r, 1;F)+ NTLH)(T, 1;G)

+ Npsmi1(r, 5E |G #1)+ Ngsmii(r, ;G| F #1)

+ S(r, f)+ S(r, 9).

INCINN

O

Lemma 2.8. Let F' and G be given by (2.1) and assume f, g share (c0,0) and
oo Is not a Picard exceptional value of f and g. Then V = 0 implies F = G.

Proof. Suppose

V=0

Then by integration we obtain

1—%:/1(1—%).

It is clear that if zy is a pole of f then it is a pole of g. Hence from the definition of
F and G we have 1/F(zp) =0 and 1/G(%9) = 0. So A =1 and hence F' = G. O

Lemma 2.9. Let I, G be given by (2.1) and let H # 0. If E,,y(1; F) = E,,,y(1; G),
f, g share (00, k) and (0,p), where 1 < m < 0o, 0 < k < oo, then

[(n — 20k + 0 — 3N (1,00 [> k +1)
=[(n—2)k+n—3)]N(r,o0;g|>k+1)
N.(r,0;f,9) + N/ (r,1; F) + NV (r,1;G)
NF>m+1(ra LE|G#1)
Nosmii (5G| F # 1)+ S(r, f) + S(r, ).

<

Proof. Suppose oo is a Picard exceptional value of f and g. Then the lemma
follows immediately.
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Next suppose oo is not a Picard exceptional value of f and g. Since H # 0, from
Lemma 2.8 we have V' # 0. We suppose that zy is a pole of f with multiplicity ¢
and a pole of g with multiplicity . From (1.2) and (2.1) we know that z; is a pole
of f with multiplicity (n — 2)q and a pole of g with multiplicity (n — 2)r. Noting
that f, g share (co; k) from the definition of V' it is clear that zj is a zero of V' with
multiplicity at least (n — 2)(k + 1) — 1. So from the definition of V' we have

[(n—2)k+n—3]N(r,oo; f |> k+1)
=[(n—2)k+n-3|N(r,oo;g > k+1)
N(r,0;V) < N(r,o0; V) + S(r, f) + S(r,g)
N.(r.0:f.9) + NP (r. L F) + N7 (1, 1:G) + Nz (n L F | G # 1)
+ Nezm1(r LG | F#1)+8(r, f) + S(r, 9).

<
<

Lemma 2.10. Let F, G be given by (2.1) and let H # 0. If E,)(1;F) =
E.)(1;G) and f, g share (00,0) and (0, p), where 1 < m < 00, 0 < p < oo then

[m(n —3) = 2IN(r,00; f) < (m + 2)N(r,0; f) + S(r, f) + S(r, 9)-

Proof. First we note that since f, g share (0,p) they share (0,0). So using
Lemma 2.5, we obtain from Lemma 2.9 with £ = 0 that

(n—3)N(r,00; f)
SN0 )+ NP (L F) + NP (1,1,G) + Nesmir (n LE |G #1)
+ Nesmi1(r, ;G | F # 1)+ S(r, )+ S(r, g)
< N(r,0; f) —|—% [N(r,0; f) + N(r,00; f) + N(r,0; g) + N(r, 00; )]
+S(r, f)+ S(r,9)

< PEEN0:0) + - N(roci ) + (1) + S(rg).

Now the lemma follows. ([

Lemma 2.11. Let F, G be given by (2.1) and let H # 0. If E,)(1;F) =
E,)(1;G) and f, g share (c0,0) and (0,00), where 1 < m < oo, then

[m(n —3) = 2IN(r, 00; f) < 2N(r,0; f) + S(r, f) + S(r, 9).
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Proof. Since f, g share (0,00), we observe that N,.(r,0; f,g) = 0. So using
Lemma 2.5, we obtain from Lemma 2.9 with k£ = 0 that

(n—3)N(r,00; f) < N?)(T, 1; F) + N?)(T, LG)+ Npsmi1(r,; F| G #1)
+NG>m+1(rv]-;G | F# 1)+S(7",f)+5(7’,g)
< = [N0,05 )+ N(r,00; 1) + N(r, 0 9) + N(r, 003 9)]
+ 80, 4) +5(r,9)
< ZN(,0: )+ ZN(r,00: ) + (. ) + S, 9)

Now the lemma follows. O

Lemma 2.12. Let F, G be given by (2.1) and let H # 0. If E,)(1;F) =
E(1;G) and f, g share (00, k), (0,p) where 1 < m < oo, then

N1 Fl=1) <
F>m+1(7”7 LF|G#1)+ Ngemu(r ;G| F#1)
(r,b; f) + N(r.b;g) + No(r,0; f') + No(r,0; ¢'),

where No(r,0; f') denotes the reduced counting function corresponding to the zeros
of f’ which are not the zeros of f(f —b) and F—1, and No(r,0; g') is defined similarly.

Proof. From (1.2) and (2.1) we have

L (=2 (bR
(23) S A T e g

’_ ( )ag ( b)29/
24 & = =19 — )29 — o

It is obvious that the simple zeros of f — a7 and f — as are the simple poles of F', the
simple zeros of g — a1 and g — ay are the simple poles of G. It can be easily verified
that the simple zeros of f — ay, f — a2, ¢ — a1 and g — s are not the poles of H.
We note that the multiple zeros of f — aq, f — as and g — a1, g — ao are the zeros
of f/ and ¢’ respectively. Also the poles of H come from those poles (zeros) of f and
g whose multiplicities are different and those 1 points of F' whose multiplicities are
different from those of the corresponding 1 points of G. Since all the poles of H are
simple, using Lemma 2.1 we get the conclusion of the lemma from (1.2), (2.3) and
(2.4). O
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Lemma 2.13. Let F, G be given by (2.1) and let H # 0. If E,,)(1;F)
E,)(1;G) and f, g share (00, k), (0,p), where 3 < m < oo, then
(5 + TG ) + Tr,9)} <N (,05 ) + 2N(r,b: ) + Nr,003 f) + N(r, 059)

+2N(r,b; g) + N(r,00;9) + N.(r,0; f, 9) + N.(r,00; f, g)

— (5 =3) Nrmn (L F | G # D)+ Nezm (5G| F # 1)}
— (m= SN L E) + NP (5160 + S(rf) + S(r.g)
Proof. By the second fundamental theorem we get
(25) (m+1)T(r f)+ (n+1)T(r,9)

N(r,1;F) + N(r,0; f) + N(r,b; f) + N(r,00; f) + N(r,1;G) + N(r,0; )
+ N(r,b;9) + N(r,00;g) — No(r,0; f) —

NO(Ta 07 g/) + S(Ta f) + S(?", g)
Using Lemmas 2.3 and 2.12, we see that

(2.6) N(r,1;F)+ N(r,1;G) <

DN | =

[N(r,;F)+ N(r,1;G)]+ N(r,1; F |=1)

~ (5= 3)Nrmn (L F |G # D)+ Nezm (LG | F # 1)}
(m— —) { N r,l,F)+Nm)(r,1,G)}

< SAT( f)+ T(r, )k + N.(r,0: £.9) + Na(r.50 f,9)

+N(r,b; f) + N(r,b;g) + N (r, 1, F) + N (r, 1, G)

+ Nezm1( LF | G#1) + Nezmyi(r, ;G| F #1)
(— - —){NF>m+1(7“a17F |G# 1)+ Nezma(n, LG | F #1)}
( ) {NTL”)(r,l;F) TN (r,l;G)}

—’T_LN o(r,0; f') + No(r,0;¢") + S(r, f) + S(r, 9)

<5 AT

2

(r, /) +T(r,9)} + Nu(r,0; f, 9) + N(r,00; f, g)
+ N(r,b; f) + N(r,b;g)

B % B 5) {Nrzmu(nLF[G# 1)+ Nozma(r, G | F #£1)}
3

—(m =) {F P+ NP (1 1:6) 4+ Mo 05 )
+ NO(T7 07 g,) + S(T7 f) + S(T7 g)
Using (2.6) in (2.5) the lemma follows.
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Lemma 2.14 [22]|. If H =0, then F', G share (1,00).

Lemma 2.15. Let F, G be given by (2.1) and let H = 0. If f, g share (0,0) then
f and g share (0, 00).

Proof. If f and g have no zero then clearly f and g share (0, 00).

Next suppose that f and g have common zeros. Since H = 0 we have

_ AG+B

(2.7) T CG+D

where AD — BC # 0. Let zp be a common zero of f and g. From (2.1) it is clear
that zo is a common zero of F' and G. Consequently, from (2.7) we get B = 0. Hence
from (2.7) we get

AG
F=———.
CG+D
So F and G share (0,00), that is, f and g share (0, o). O

3. PROOFS OF THE THEOREMS

Proof of Theorem 1.1. Let F' and G be given by (2.1). Since Ej)(S3, f) =
Es5)(S3, f) it follows from (1.5) and (2.1) that E5)(1; F') = Es5)(1; G). Suppose H # 0.
Then by Lemma 2.13 for m =5, £k =0, p =4 we get

(3.1) (g - 2){T(r, f+T(r,g)}
<N(r,0;f|=5)+3N(r,00; f) — {Nps6(r, ; F | G #1)
+ Noso(n 5G| F £ 10} = WD (L) + N 1:60)}
+5(r, f) + 5(r, 9).

Using Lemma 2.4, Lemma 2.5, Lemma 2.7 for m = 5, k = 0 and p = 4, Lemma 2.9
for £ = 0 and noting that n > 5,

N.(r,00; f, ) < N(r,00; f)

and
N(r,0: ) < 5[N(0; ) + N(r,0:9)]
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we get

(3.2)
(g —2>{T(r,f)+T(r,g)} < N(r,0; f [>5) + ni_g[N (r, 1;F) + N2 (r, 1:G)
+ Nrso(r, 11 F | G #1) + Naso(r, 156G | F # 1)+ N(r,0: f |> 5)
A Npse(r,1;F |G #1) + Nese(r, 1,G | F £1)}
~ TN L)+ N 1.0} + S, )+ S(r,0)

<

n o — 3 =)
. > .
n_3N(T7O7f |/ 5)+n_3[NL(T717F)
+NY(r1,G) + Npse(r, 1, F | G #1) + Naso(r, 1;,G | F # 1)]
— {NF>6(’I“, 1;F | G 7& 1) +NG26(T7 1§G | F 7é 1)}
7 _

— SN L F) + N (L G)} + S(. f) + S(r 9)

n

D T
+ (N0 0,1) + N, 00 1)}

[ 2T (r, f) + 2T (r,g) + N.(r,o0; f, 9)

2N (r,0; f) + N(r,00; f)} + S(r, ) + S(r, 9)

n 1
ST =N (r,0; 21(r,
e LT+ FN 00 )+ 27(9)

+ %N(r 0;9) + g]v(r 00; f)}

n (6 — ){l{ N(r,0; f) + N(r,0;9)} + %N(r,oo;f)} +8(r, f) + S(r,9)

< g [ T ) + T} + TN G000 )]

+ O T ) + T} + 2N s )} + 500 + (0

Now using Lemma 2.10 for m = 5 in (3.2) we obtain

(33) (5 -2){T0.)+T(9)}
< a5 * om0 )+ 0]

(6 —n) Hl + L}{T(r, )+ T(r, g)}} +8(r, f) 4+ S(r,g),

T a3\ T e -1
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n n(22n — 65) (n—2)(6—n)
(5 2T am—3)Bn-DBn—17)  (n—3)0n— 17)){ (rf)+T(rg)}
<S(r, f)+5(r.9),

which is a contradiction. So H = 0. Hence Lemma 2.14 and Lemma 2.15 imply
respectively that F' and G share (1,00) and f, g share (0,00). So Ef(S3,00) =
E,4(Ss,00) and the theorem follows from Theorem A and Remark 1.1. O

Proof of Theorem 1.2.  Let F' and G be given by (2.1). Since Ey(Ss, f) =
E4(Ss, f) it follows from (1.5) and (2.1) that E4)(1; F') = E4(1;G). Suppose H # 0.
Then by Lemma 2.13 for m =4, k =0, p = co we get

(3.4) (5 2170 ) + T g)} < 3N (r,00: )

1 - —
— §{NF>5(T,1;F | G # 1) +NG)5(T,1;G | F # 1)}
5 __ _
~ SN LF) + N (n G)} + S(r, ) + S(r.g).
Using Lemma 2.5 and Lemma 2.9 for £ = 0, p = co we obtain
n
(35 (52T N+ T}
3
n—
+ Npss(r,LF |G #1) + Ngss(r, 1,G | F # 1)]
1 — —
— §{NF>5(T,1;F | G # ].) +N(;>5(7“,1;G | F 75 1)}

<

(N1 F) + N7 (. 1:G)

2N F) + WY (r,1:G)) 4 S(r, ) + ()

9 —n)
S 2(n—3)

(N(r,05 £) + N(r,o05 /)] + S(r, f) + S(r,g).
Now using Lemma 2.11 for m = 4 in (3.5) we obtain
(3:6) (52T ) +T(rg)}

<oy L W06 4 Tg)}] + S0 ) + S(rg)

2(n—=3) L4 2(4n — 14)
n_,__9-n I—n T T <S S
(5_ _8(n—3)_4(4n—14)(n—3)>{ )+ T(rg)} < St [)+ 59,

which is a contradiction for n > 5. So H = 0. Hence by Lemma 2.14 we get that F’
and G share (1,00). Now the theorem follows from Theorem A and Remark 1.1. O
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Proof of Theorem 1.3. Let F' and G be given by (2.1). Since Eg)(S3, f) =
Eg)(S3, f) it follows from (1.5) and (2.1) that Eg) (1; F') = Eg)(1;G). Suppose H # 0.
Then by Lemma 2.13 for m =6, £k =0, p = 2 we get
(3.7) (52470, +T.9)} <N(05f |2 3) + 3N(r, 005 f)

3. — —

— §{NF>7(T, L F | G # ].) +NG)7(7“, ].;G | F 75 1)}
9 __ —

— SND L F) + N (n ,G)} + S(r, ) + S(r.g).

Using Lemma 2.5, Lemma 2.7 for p = 2, Lemma 2.9 for kK = 0 we obtain

(3:8) (5 —2){T(r, )+ T(r.9)}

SN0 23+ — =[NP (r, 1L F) + N, 156)

+ Npz7(r,1;F |G #1) + Nesr(r, ;G | F # 1) + N(r,0; f |> 3)]
{Nps7(r,1;F |G # 1)+ Nasr(r, 5G| F #1)}

— AND (L F) + NY (r,1,G)} + S(r, ) + S(r,9)

-3)8n—-1)

(r, 0 f) + N(r, 003 f)}] + S(r, f) + S(r, g)

n

NGB G D+ T+ %M 00 f)| +8(r, 1) + 5(r.9)

[2T(r, f) + 2T (r, g) + N(r,00; f, g)

”£|

Now using Lemma 2.10 for m = 6 in (3.8) we obtain

(39 (5-2TC.H+T(g)}
n 13 16
< m [{E + m}{T(ﬁf) +T(r,9)}
S(r, )+ S(r, 9),

n 13n 16n
(3-2- 6(n—3)3n—1) 3(n—3)(3n— 1)(6n— 20)){T(T’ H+Trg)}
<S(r, f)+5(r,9),

which is a contradiction for n > 5. So H = 0. Hence Lemma 2.14 and Lemma 2.15
imply respectively that F and G share (1,00) and f, g share (0, 00). So E;(S3,00) =
E,(S3,00) and the theorem follows from Theorem A and Remark 1.1. g
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